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Introduccion

En este libro se presenta una introduccién a la demostacién asistida por ordenador usan-
do Isabelle/HOL!.

La presentacion se realiza mediante teorias de ejemplos y de ejercicios.

El contenido del libro se ha utilizado en los cursos de Razonamiento automatico? del
Master Universitario en Logica, computacion e inteligencia artificial de la Universidad
de Sevilla.

Cuaderno de bitacora

En esta seccion se registran los cambios realizados en las sucesivas versiones del libro.

Version del 6 de agosto de 2018

= Se ha cambiado el titulo de “DAO: Demostracion Asistida por Ordenador” a “De-
mostracion asistida por ordenador con Isabelle/HOL”.
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Capitulo 1

Programacion funcional con
Isabelle/HOL

1.1. Tema: Programacion funcional con Isabelle/HOL

chapter {* Tema 1: Programacion funcional en Isabelle *}

theory T1
imports Main
begin

section {* Introduccidn *}

text {* Esta notas son una introduccidon a la demostracion asistida
utilizando el sistema Isabelle/HOL/Isar. La version de Isabelle
utilizada es la 2012.
En este capitulos se presenta el lenguaje funcional que estd
wnclutdo en Isabelle. El lenguaje funcional es muy parecido a
Haskell. #}

section {* Numeros naturales, enteros y booleanos *}

text {* En Isabelle estdn definidos los nimero naturales con la sintazis
de Peano usando dos constructores: 0 (cero) y Suc (el sucesor).

Los numeros como el 1 son abreviaturas de los correspondientes en la
notacion de Peano, en este caso "Suc 0".
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El tipo de los numeros mnaturales es nat.
Por ejemplo, el siguiente del 0 es el 1. *}
value "Suc 0" -- "= 1"

text {* En Isabelle estd defintda la suma de los numeros naturales:
(z + y) es la suma de T e y.

Por ejemplo, la suma de los numeros naturales 1 y 2 es el numero
natural 3. *}

value "(1::nat) + 2" -- "= 3"
text {* La notaction del par de dos puntos se usa para asignar un tipo a
un término (por ejemplo, (1::nat) significa que se considera que 1 es

un numero natural).

En Isabelle estd definida el producto de los numeros naturales:
(z * y) es el producto de z e y.

Por ejemplo, el producto de los numeros naturales 2 y 3 es el numero
natural 6. *}

value "(2::nat) * 3" -- "= g"

text {* En Isabelle estd definida la division de numeros naturales:
(n div m) es el cociente entero de z entre y.

Por ejemplo, la diviston natural de 7 entre 3 es 2. *}
value "(7::nat) div 3" -- "= 2"

text {* En Isabelle estd definida el resto de division de numeros
naturales: (n mod m) es el resto de dividir n entre m.

Por ejemplo, el resto de dividir 7 entre 3 es 1. *}

value "(7::nat) mod 3" -- "= 1"
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text {* En Isabelle también estdn defintdos los niumeros enteros. El tipo
de los enteros se representa por int.

Por ejemplo, la suma de 1 y -2 es el numero entero -1. *}
value "(1::int) + -2" -- "= -1"

text {* Los numerales estdan sobrecargados. Por ejemplo, el 1 puede ser
un natural o un entero, dependiendo del contexto.

Isabelle resuelve ambigiedades mediante inferencia de tipos.

A veces, es mnecesario usar declaraciones de tipo para resolver la
ambrguedad.

En Isabelle estdn definidos los walores booleanos (True y False), las
conectivas (%, , , y ) y los cuantificadores (y ).

El tipo de los booleanos es bool. *}

text {* La conjuncion de dos formulas verdaderas es wverdadera. *}
value "True True" -- "= True"

text {* La conjuncion de un formula verdadera y una falsa es falsa. *}
value "True False" -- "= False"

text {* La disyuncion de una formula verdadera y una falsa es
verdadera. *}

value "True False" -- "= True"

text {* La disyuncion de dos formulas falsas es falsa. *}
value "False False" -- "= False"

text {* La negacton de una formula verdadera es falsa. *}
value "nTrue" -- "= False"

text {* Una formula falsa tmplica una formula verdadera. *}
value "False True" -- "= True"

text {* Un lema tintroduce una propostcion segutda de una demostraction.
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Isabelle dispone de wvartos procedimientos automdticos para gemerar
demostractones, uno de los cuales es el de simplificacion (llamado
stmp) .

El procedimiento simp aplica un conjunto de reglas de reescritura, que
wnictalmente contiene un gran numero de reglas relativas a los objetos
definidos. *}

text {* Ej. de stmp: Todo elemento es igual a s% mismo. *}
lemma "x. x = x"
by simp

text {* Ej. de simp: Eziste un elemento igual a 1. *}
lemma "x. x = 1"
by simp

section {* Definictones no recursivas *}

text {* La disyuncion exclusiva de 4 y B se verifica si una es verdadera
y la otra no lo es. *}

definition xor :: "bool bool bool" where
"xor AB (A #HB) (BA B)"

text {* Prop.: La disyuncion exclusiva de dos formulas verdaderas es
falsa.

Dem.: Por simplificacion, usando la definicton de la disyuncion
exclusiva.

*}

lemma "xor True True = False"
by (simp add: xor_def)

text {* Se afiade la definicidon de la disyuncion exclusiva al conjunto de
reglas de simplificacion automdticas. *}

declare xor_def[simp]
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lemma "xor True False = True"
by simp

section {* Definiciones locales *}

text {* Se puede astgnar valores a variables locales mediante ’let’ y
usarlo en las expresiones dentro de ’in’.

Por ejemplo, st z es el numero natural 3, entonces "zxz=9". *}
value "let x = 3::nat in x * x" -- "= 9"
section {#* Pares *}

text {* Un par se representa escribiendo los elementos entre paréntests
y separados por coma.

El tipo de los pares es el producto de los tipos.

La funcion fst devuelve el primer elemento de un par y la snd el
sequndo.

Por ejemplo, st p es el par de numeros naturales (2,3), entonces la
suma del primer elemento de p y 1 es igual al segundo elemento de
p. *}

value "let p = (2,3)::nat € nat in fst p + 1 = snd p"

section {* Listas *}

text {* Una lista se representa escribiendo los elementos entre
corchetes y separados por comas.

La lista vacta se representa por [].
Todos los elementos de una lista tienen que ser del mismo tipo.
El tipo de las listas de elementos del tipo a es (a list).

El término (z#zs) representa la lista obtenida aftadiendo el elemento z
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al principio de la lista zs.

Por ejemplo, la lista obtenida afiadiendo sucesivamente a la lista
vacta los elementos ¢, b y a es [a,b,c]. *}

value "a#(b#(c#[1))" -- "= [a,b,c]"
text {* Funciones de descompostion de listas:
% (hd zs) es el primer elemento de la lista zs.

4 (tl zs) es el resto de la lista zs.

Por ejemplo, st zs es la lista [a,b,c], entonces el primero de zs es a
y el resto de zs es [b,c]. *}

value "let xs = [a,b,c] in hd xs = a tl1 xs = [b,c]" -- "= True"

text {* (length zs) es la longitud de la lista zs. Por ejemplo, la
longitud de la lista [1,2,3] es 3. *}

value "length [1,2,3]" -- "= 3"

text {* En la sesidon 47 de "Isabelle/HOL Higher-Order Logic"
http://qoo.gl/sFSFF se encuentran mds definiciones y proptedades de
las listas. *}

section {* Registros #*}

text {* Un registro es una coleccion de campos y valores.

Por ejemplo, los puntos del plano se pueden representar mediante
registros con dos campos, las coordenadas, con wvalores enteros. *}

record punto =
coordenada_x :: int
coordenada_y :: int

text {* Ejemplo, el punto pt tiene de coordenadas 3 y 7. *}

definition pt :: punto where
"pt (lcoordenada_x = 3, coordenada_y = 7[)"
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text {* Ejemplo, la coordenada = del punto pt es 3. *}

value "coordenada_x pt" -- "= 3"

text {* Ejemplo, sea pt2 el punto obtenido a partir del punto pt
cambiando el valor de su coordenada T por 4. Entonces la coordenada T
del punto pt2 es 4. *}

value "let pt2 = pt(|coordenada_x:=4|) in coordenada_x (pt2)" -- "= 4"

section {* Funciones andnimas *}

text {* En Isabelle pueden definirse funciones anonimas.

Por ejemplo, el walor de la funcion que a un numero le asigna su dobdle
aplicada a 1 es 2. *}

value "(x. x + x) 1::nat" -- "= 2"
section {* Condicionales *}

text {* El walor absoluto del entero z es z, st "z 0" y es -z en caso
contrarto. *}

definition absoluto :: "int int" where
"absoluto x (if x O then x else -x)"

text {* Ejemplo, el valor absoluto de -3 es 3. *}
value "absoluto(-3)" -- "= 3"

text {* Def.: Un nimero natural n es un sucesor st es de la forma
(Suc m). *}

definition es_sucesor :: "mnat bool'" where
"es_sucesor n (case n of
0 False
| Suc m True)"
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text {* Ejemplo, el nimero 3 es sucesor. *}
value "es_sucesor 3" -- "= True"
section {* Tipos de datos y definiciones recursivas *}

text {* Una lista de elementos de tipo a es la lista Vacta o se obtiene
aftadiendo, con Cons, un elemento de tipo a a una lista de elementos de
tipo a. *}

datatype ’a Lista = Vacia | Cons ’a "’a Lista"

text {* (conc zs ys) es la concatenacion de las lista zs e ys. Por
ejemplo,
conc (Cons a (Cons b Vacia)) (Cons c Vacia)
= Cons a (Cons b (Cons c Vacia))

*}

fun conc :: "’a Lista ’a Lista ’a Lista" where
"conc Vacia ys = ys"
| "conc (Cons x xs) ys = Cons x (conc xs ys)"

value "conc (Cons a (Cons b Vacia)) (Cons c Vacia)"
-- "= Cons a (Cons b (Cons ¢ Vacia))"

text {* (suma n) es la suma de los primeros n numeros naturales. Por
ejemplo,
suma 3 = 6

*}

fun suma :: '"nat nat" where
"suma O = Q"
| "suma (Suc m) (Suc m) + suma m"

value '"suma 3" -- "= 6"

text {* (sumalImpares n) es la suma de los n primeros nimeros
wmpares. Por ejemplo,
sumalmpares 3 = 9

*}
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fun sumalmpares :: "nat mnat'" where
"sumalmpares O = 0"
| "sumaImpares (Suc n)

(2 * (Suc n) - 1) + sumalmpares n"
value "sumalmpares 3" -- "= 9"

end

1.2. Ejercicios: Programacién funcional con Isabelle/HOL

chapter {* T1R1: Programacion functonal en Isabelle *}

theory T1R1
imports Main

begin
BeXt ¥ —o oo
Ejercicto 1. Definir, por recursion, la funcion
longitud :: ’a list nat

tal que (longitud zs) es la longitud de la listas zs. Por ejemplo,
longitud [4,2,5] = 3

fun longitud :: "’a list nat" where
"longitud [] = 0"
| "longitud (x#xs) = 1 + longitud xs"

value "longitud [4,2,5]" -- "= 3"

teXt {F —o e
Ejercicto 2. Definir la funcion
fun entercambia :: ’a & ’b ’b F ’a
tal que (intercambia p) es el par obtenido intercambiando las
componentes del par p. Por ejemplo,
intercambia (u,v) = (v,u)

fun intercambia :: "’a E ’b ’b E ’a" where
"intercambia (x,y) = (y,x)"
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value "intercambia (u,v)" -- "= (v,u)"
TeXE {F mm oo oo
Ejercicto 3. Definir, por recursion, la funcion
wnversa :: ’a list ’a list

tal que (inversa zs) es la lista obtenida invirtiendo el orden de los

elementos de xzs. Por ejemplo,
inversa [a,d,c] = [c,d,a]

fun inversa :: "’a list ’a list" where
"inversa [] = "
| "inversa (x#xs) = inversa xs @ [x]"

value "inversa [a,d,c]" -- "= [c,d,al"
BeXE {F —m oo
Ejercicto 4. Definir la funcion
repitte :: nat ’a ’a list

tal que (repite n z) es la lista formada por n copias del elemento
z. Por ejemplo,
repite 3 a = [a,a,a]

__________________________________________________________________ *}
fun repite :: "nat ’a ’a list" where
"repite 0 x = [I"
| "repite (Suc n) x = x # (repite n x)"
value "repite 3 a" -- "= [a,a,al]"
BeXE {F —m oo
Ejercicto 5. Definir la funcion
conc :: ’a list ’a list ’a list
tal que (conc zs ys) es la concatencion de las listas zs e ys. Por
ejemplo,
conc [a,d] [b,d,a,c] = [a,d,b,d,a,c]
__________________________________________________________________ *}

fun conc :: "’a list ’a list ’a list'" where
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"conc [] ys = ys"
| "conc (x#xs) ys

x # (conc xs ys)"
value "conc [a,d] [b,d,a,c]" -- "= [a,d,b,d,a,c]"

teXt {# —- - oo
Ejercicto 6. Definir la funcion
coge :: nat ’a list ’a list
tal que (coge n xs) es la lista de los n primeros elementos de zs. Por
ejemplo,
coge 2 [a,c,d,b,e] = [a,c]

__________________________________________________________________ *}
fun coge :: "nmat ’a list ’a list" where

"coge n [] — [] ]
| "coge O xs = []"

| "coge (Suc n) (x#xs) = x # (coge n xs)"

value "coge 2 [a,c,d,b,e]l" -- "= [a,c]"
text {# —c oo
Ejercicto 7. Definir la funcion
eltmina :: nat ’a list ’a list

tal que (eltmina n xzs) es la lista obtenida eliminando los n primeros
elementos de zs. Por ejemplo,
elimina 2 [a,c,d,b,e] = [d,b,e]

fun elimina :: '"nat ’a list ’a list'" where
"elimina n [] = [

| "elimina O xs

| "elimina (Suc n) (x#xs)

XSII

elimina n xs"

value "elimina 2 [a,c,d,b,el" -- "= [d,b,el"
text {# —c o
Ejercicto 8. Definir la funcion
esVacia :: ’a list bool

tal que (esVacta zs) se werifica st zs es la lista wacta. Por ejemplo,
esVacta [] = True
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__________________________________________________________________ *}
fun esVacia :: '"’a list Dbool" where
"esVacia [] = True"
| "esVacia (x#xs) = False"
value "esVacia []" -- "= True"
value "esVacia [1]" -- "= False"
teXt ¢ —mmmmmmmm e e e e
Ejercicto 9. Definir la funcion
wnversadc :: ’a list ’a list
tal que (inversadc zs) es a tnversa de zs calculada usando
acumuladores. Por ejemplo,
inversadc [a,c,b,e] = [e,b,c,al
__________________________________________________________________ *}
fun inversaAcAux :: '"’a list ’a list ’a list" where
"inversaAcAux [] ys = ys"
| "inversaAcAux (x#xs) ys = inversaAcAux xs (x#ys)"
fun inversaAc :: '"’a list ’a list" where
"inversaAc xs = inversaAcAux xs []"
value "inversaAc [a,c,b,e]l" -- "= [e,b,c,al"
teXt {#* mmmmmm e e e
Ejercicto 10. Definir la funcion
sum :: mnat list nat
tal que (sum zs) es la suma de los elementos de zs. Por ejemplo,
sum [3,2,5] = 10
__________________________________________________________________ *}
fun sum :: "nat list nat" where
"sum [] — Ou

| "sum (x#xs) = x + sum xs"

value "sum [3,2,5]" -- "= 10"
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TeXE {F — oo
Ejercicto 11. Definir la funcion
map :: (’a ’b) ’a list ’b list
tal que (map f zs) es la lista obtenida aplicando la funcion f a los
elementos de zs. Por ejemplo,
map (z. 2*z) [3,2,5] = [6,4,10]

fun map :: "(’a ’b) ’a list ’b list" where
"map £ [] N
| "map f (x#xs) (f x) # map f xs"

value "map (x. 2#%x) [3::nat,2,5]" -- "= [6,4,10]"

end
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Capitulo 2

Razonamiento sobre programas

2.1. Tema: Razonamiento sobre programas

chapter {* Tema 2: Razomamiento sobre programas *}

theory T2
imports Main
begin

text {*
En este tema se demuestra con Isabelle las proptedades de los
programas funcionales como se expone en el tema 8 del curso
"Informatica'" que puede leerse en
http://www.cs.us.es/"jalonso/cursos/i1m/temas/tema-8t.pdf

Todas las demostractones se hacen automdticamente por simplificacion e

induccion.
*}
TeXt {# —o oo -
Ejemplo 1. Definir, por recursion, la funcion
longitud :: ’a list nat

tal que (longitud zs) es la longitud de la listas zs. Por ejemplo,
longitud [4,2,5] = 3

fun longitud :: "’a list nat" where
"longitud [] = 0"
| "longitud (x#xs) = 1 + longitud xs"

21
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value "longitud [4,2,5]" -- "= 3"

teXt {# —o e
Ejemplo 2. Demostrar que
longitud [4,2,5] = 3

------------------------------------------------------------------- *}
lemma "longitud [4,2,5] = 3"
by simp
BeXE {F —mmm oo
Ejemplo 3. Definir la funcion
fun tntercambia :: ’a & ’b ’b £ ’a
tal que (intercambia p) es el par obtenido intercambiando las
componentes del par p. Por ejemplo,
intercambia (u,v) = (v,u)
__________________________________________________________________ *}
fun intercambia :: "’a & ’b ’b E ’a" where
"intercambia (x,y) = (y,x)"
value "intercambia (u,v)" -- "= (v,u)"
TeXE {F mm oo oo
Ejemplo 4. Demostrar que
intercambia (intercambia (z,y)) = (z,y)
___________________________________________________________________ *}

lemma "intercambia (intercambia (x,y)) = (x,y)"

by simp
TeXt {# —o oo
Ejemplo 5. Definir, por recursion, la funcion
tnversa :: ’a list ’a list

tal que (inversa zs) es la lista obtenida invirtiendo el orden de los
elementos de xzs. Por ejemplo,
inversa [a,d,c] = [c,d,a]
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fun inversa :: "’a list ‘’a list" where
"inversa [] = []"
| "inversa (x#xs) inversa xs @ [x]"

value "inversa [a,d,c]" -- "= [c,d,al"

TeXE {# —c oo
Ejemplo 6. Demostrar que
inversa [z] = [z]

lemma "inversa [x] = [x]"
by simp

TeXt {# —-mm oo
Ejemplo 7. Definir la funcion
reptte :: nat ’a ’‘a list
tal que (repite n =) es la lista formada por n copias del elemento
z. Por ejemplo,
repite 3 a = [a,a,a]

fun repite :: "nat ’a ’a list" where
"repite 0 x = [I"
| "repite (Suc n) x = x # (repite n x)"

value "repite 3 a" -- "= [a,a,a]"
teXt {# mo e

Ejemplo 8. Demostrar que
longitud (repite n z) = n

lemma "longitud (repite n x) = n"
by (induct n) auto

TeXE ¥ —m oo
Ejemplo 9. Definir la funcion
conc :: ’a list ’a list ’a list

tal que (conc zs ys) es la concatencion de las listas zs e ys. Por
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ejemplo,
conc [a,d] [b,d,a,c] = [a,d,b,d,a,c]

fun conc :: "’a list ’a list ’a list'" where
"conc [] ys = ys"
| "conc (x#xs) ys = x # (conc xs ys)"

value "conc [a,d] [b,d,a,c]" -- "= [a,d,b,d,a,c]"

teXt {F mm e
Ejemplo 10. Demostrar que
conc xs (conc ys zs) = (conc zs ys) zs

lemma "conc xs (conc ys zs) = conc (conc xs ys) zs"
by (induct xs) auto

teXt {# mo e
Ejemplo 11. Refutar que
conc TS Ys = conc Ys TS

lemma "conc xs ys = conc ys xs"
quickcheck
oops

text {* Encuentra el contraejemplo,
zs = [a\<"isub>2]
ys = [a\<"isub>1] *}

TeXE {# —o oo
Ejemplo 12. Demostrar que
conc zs [] = zs

lemma "conc xs [] = xs"
by (induct xs) auto
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Ejemplo 13. Demostrar que
longitud (conc zs ys) = longitud zs + longitud ys

lemma "longitud (conc xs ys) = longitud xs + longitud ys"
by (induct xs) auto

TeXL % —o oo
Ejemplo 14. Definir la funcion
coge :: nat ’a list ’a list

tal que (coge n zs) es la lista de los n primeros elementos de zs. Por
ejemplo,
coge 2 [a,c,d,b,e] = [a,c]

__________________________________________________________________ *}
fun coge :: "nat ’a list ’a list" where

llCoge n [] = [] "
| "coge O xs = [

| "coge (Suc n) (x#xs) = x # (coge n xs)"

value "coge 2 [a,c,d,b,e]l" -- "= [a,c]"
teXt {#* mmmmmmm e e
Ejemplo 15. Definir la funcion
eltmina :: nat ’a list ’a list

tal que (elimina n zs) es la lista obtenida eliminando los m primeros
elementos de xzs. Por ejemplo,
eltmina 2 [a,c,d,b,e] = [d,b,e]

__________________________________________________________________ *}
fun elimina :: "nat ’a list ’a list'" where

"elimina n [] = [
| "elimina O xs = xs"

| "elimina (Suc n) (x#xs) elimina n xs"

value "elimina 2 [a,c,d,b,e]l" -- "= [d,b,e]l"
TeXt ¥ —o oo

Ejemplo 16. Demostrar que
conc (coge n zs) (elimina n zs) = zs
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lemma "conc (coge n xs) (elimina n xs) = xs"
by (induct rule: coge.induct) auto

text {* coge.induct es el esquema de induccidon asociado a la definicion
de la funcidn coge.
n. Pn [];
z s. P 0 (z#zs);
nzzs. Pnzs P (Suc n) (z#zs)
Pnz
Puede verse usando "thm coge.induct"”. *}

teXt {#* mmmmmmm e e
Ejemplo 17. Definir la funcion
esVacia :: ’a list bool
tal que (esVacta zs) se wverifica st zs es la lista wvacta. Por ejemplo,
esVacta [] = True
esVacia [1] = False
------------------------------------------------------------------ *}
fun esVacia :: '"’a list Dbool" where
"esVacia [] = True"
| "esVacia (x#xs) = False"
value "esVacia []" -- "= True"
value "esVacia [1]" -- "= False"
teXt {#* mmmmmmm e e e
Ejemplo 18. Demostrar que
esVacia s = esVacia (conc zs xs)
------------------------------------------------------------------- *}

lemma "esVacia xs = esVacia (conc xs xs)"
by (induct xs) auto

TeXE ¥ —m oo
Ejemplo 19. Definir la funcion
wnversadc :: ’a list ’a list

tal que (inversadc zs) es a inversa de zs calculada usando
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acumuladores. Por ejemplo,
wnversadc [a,c,b,e] = [e,b,c,a]

fun inversaAcAux :: '"’a list ’a list ’a list'" where
"inversaAcAux [] ys = ys"
| "inversaAcAux (x#xs) ys = inversaAcAux xs (x#ys)"

fun inversalAc :: "’a list ’a list" where
"inversaAc xs = inversaAcAux xs []1"

value "inversalAc [a,c,b,el" -- "= [e,b,c,al"

TeXt {# —o oo
Ejemplo 20. Demostrar que
inversadcduz zs ys = (inversa zs)0ys

lemma inversaAcAux_es_inversa:
"inversaAcAux xs ys = (inversa xs)Qys"
by (induct xs arbitrary: ys) auto

=5 S e e
Ejemplo 21. Demostrar que
tnversadc xS = inversa Ts

corollary "inversaAc xs = inversa xs"
by (simp add: inversaAcAux_es_inversa)

teXt {# —- oo
Ejemplo 22. Definir la funcion
sum :: nat list mnat
tal que (sum xs) es la suma de los elementos de zs. Por ejemplo,
sum [3,2,5] = 10

fun sum :: "nat list nat'" where
Ilsum [:l = Oll

| "sum (x#xs) = x + sum xs"
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value "sum [3,2,5]" -- "= 10"

teXt {# —o e
Ejemplo 23. Definir la funcion
map :: (’a ’b) ’a list ’b list
tal que (map f zs) es la lista obtenida aplicando la funcion f a los
elementos de xzs. Por ejemplo,
map (x. 2%x) [3,2,5] = [6,4,10]

------------------------------------------------------------------ *}
fun map :: "(’a ’b) ’a list ’b list" where
nmap f [] - [] "
| "map f (x#xs) = (f x) # map f xs"
value "map (x. 2*x) [3::nat,2,5]" -- "= [6,4,10]"
TeXL {# —o oo
Ejemplo 24. Demostrar que
sum (map (z. 2%z) zs) = 2 * (sum zs)
------------------------------------------------------------------- *}
lemma "sum (map (x. 2*x) xs) = 2 * (sum xs)"
by (induct xs) auto
teXt {F m oo
Ejemplo 25. Demostrar que
longitud (map f xs) = longitud zs
___________________________________________________________________ *}

lemma "longitud (map f xs) = longitud xs"
by (induct xs) auto

section {* Referencias *}

text {x*
4 J.A. Alonso. "Razonamiento sobre programas" http://goo.gl/R0603
4 G. Hutton. "Programming in Haskell'". Cap. 13 "Reasoning about
programms".
% S. Thompson. "Haskell: the Craft of Functional Programming, 3rd
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Ed<tion. Cap. 8 "Reasoning about programms'.
% L. Paulson. "ML for the Workimg Programmer, 2nd Edition". Cap. 6.
"Reasoning about functional programs'.

*}

end

2.2. Ejercicios: Razonamiento sobre programas

chapter {* T2R1: Razonamiento sobre programas *}

theory T2R1
imports Main
begin

teXt {F mo oo
Ejercicto 1. Definir la funcion
sumalmpares :: nat mnat
tal que (sumaImpares n) es la suma de los n primeros numeros
impares. Por ejemplo,
sumalmpares b5 = 256

fun sumalImpares :: '"nat nat" where
"sumalmpares 0 = 0"
| "sumaImpares (Suc n) = sumalmpares n + (2*n+1)"

value "sumalmpares 5" -- "= 25"

teXt {# mo e
Ejercicio 2. Demostrar que
sumalmpares n = n¥n

lemma "sumaImpares n = n*n"
by (induct n) auto

TeXE % —o oo
Ejercicto 3. Definir la funcion
sumaPotenciasDeDosMasUno :: nat nat
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tal que
(sumaPotenciasDeDosMasUno n) = 1 + 270 + 271 + 272 + ... + 2°n.

Por ejemplo,
sumaPotenciasDeDosMasUno 3 = 16
*}

fun sumaPotenciasDeDosMasUno "nat nat" where

"sumaPotenciasDeDosMasUno 0 = 2"
| "sumaPotenciasDeDosMasUno (Suc n) =
sumaPotenciasDeDosMasUno n + 2~ (n+1)"

value '"sumaPotenciasDeDosMasUno 3" -- "= 16"
TeXt {# —o oo
Ejercicio 4. Demostrar que
sumaPotenciasDeDosMasUno n = 2~ (n+1)
------------------------------------------------------------------- *}
= 2°(n+1)"

lemma "sumaPotenciasDeDosMasUno n
by (induct n) auto

text {*
Ejercicto 5. Definir la funcion
copia :: mat ’a ’a list
tal que (copia n z) es la lista formado por n copias del elemento

z. Por ejemplo,
copta 3 z = [z,z,x]
*}

’a ’a list" where

[] "

x # copia n x"

fun copia :: "nat
"copia 0 x
| "copia (Suc n) x

value "copia 3 x" -- "= [x,x,x]"

text {*
Ejercicto 6. Definir la funcion
todos :: (’a bool) ’a list bool
tal que (todos p zs) se werifica st todos los elementos de zs cumplen

la propiedad p. Por ejemplo,
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todos (z. z>(1::nat)) [2,6,4] True
todos (z. z>(2::nat)) [2,6,4]

Nota: La conjuncion se representa por

False

__________________________________________________________________ *}
fun todos :: "(’a bool) ’a list bool" where
"todos p L[] = True"
| "todos p (x#xs) = (p x todos p xs)"
value "todos (x. x>(1::nat)) [2,6,4]" -- "= True"
value "todos (x. x>(2::nat)) [2,6,4]" -- "= False"
teXt {# —- oo
Ejercicio 7. Demostrar que todos los elementos de (copta n z) son
1guales a x.
------------------------------------------------------------------- *}
lemma "todos (y. y=x) (copia n x)"
by (induct n) auto
teXt {# —- oo
Ejercicto 8. Definir la funcion
factR :: nat nat
tal que (factR n) es el factorial de n. Por ejemplo,
factR 4 = 24
------------------------------------------------------------------ *}
fun factR :: "nat mnat" where
"factR 0 = 1"

| "factR (Suc n) Suc n * factR n"

value '"factR 4" -- "= 24"

teXt {# mo e
Ejercicto 9. Se considera la siguiente definicion iterativa de la
funcion factorial

factI :: "nat mnat" where
factI n = factI’ n 1

factI’ :: nat mnat mnat" where
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factI’ 0 T =T

factI’ (Suc n) z = factI’ n (Suc n)*z
Demostrar que, para todo n y todo =, se tiene

factI’ n z = x * factR n

------------------------------------------------------------------- *}
fun factI’ :: "nat nat mnat" where
"factI’ O x = x"
| "factI’ (Suc n) x = factI’ n (Suc n)*x"
fun factI :: '"mat mnat" where
"factI n = factI’ n 1"
value "factI 4" -- "= 24"
lemma fact: "factI’ n x = x * factR n"
by (induct n arbitrary: x) auto
teXt {# mo e
Ejercicio 10. Demostrar que
factI n = factR n
------------------------------------------------------------------- *}

corollary "factI n = factR n"
by (simp add: fact)

TeXE ¥ —m oo
Ejercicio 11. Definir, recursivamente y sin usar (@), la funcion
amplia :: ’a list ’a ’a list

tal que (amplia zs y) es la lista obtenida aftadiendo el elemento y al
final de la lista zs. Por ejemplo,
amplta [d,a] t = [d,a,t]

fun amplia :: "’a list ’a ’a list" where
"amplia [] y = [yl"
| "amplia (x#xs) y = x # amplia xs y"

value "amplia [d,al] t" -- "= [d,a,t]"



2.2. Ejercicios: Razonamiento sobre programas

33

teXt {F —m oo

Ejercicio 12. Demostrar que
amplia zs y = zs @ [y]

lemma "amplia xs y = xs @ [y]"
by (induct xs) auto

end
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Capitulo 3

Deduccion natural en 16gica
proposicional

3.1. Tema: Deduccidon natural en légica proposicional

chapter {* Tema 3: Deduccidn natural proposicional con Isabelle/HOL *}

theory T3
imports Main
begin

text {x*
En esta seccion se presentan los ejemplos del tema de deduccion natural
proposicional stguiendo la presentacion de Huth y Ryan en su libro
"Logic in Computer Science" http://goo.gl/qsVpY y, mds concretamente,
a la forma como se explica en la astgnatura de "Logica tnformatica” (LI)
http://goo.gl/AwDiv

La pagina al lado de cada ejemplo indica la pdgina de las transparencias
de LI donde se encuentra la demostracion. *}

subsection {* Reglas de la conjuncion *}

text {*
Ejemplo 1 (p. 4). Demostrar que

p g, T q T.
*}

- "La demostracidon detallada es"

35
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lemma ejemplo_1_1:

assumes 1: "p q" and

2: "r"

shows "q "
proof -

have 3: "q" using 1 by (rule conjunct2)

show 4: "q r'" using 3 2 by (rule conjI)
ged

text {*
Notas sobre el lenguaje: En la demostracton anterior se ha usado
14 "assumes" para wndicar las hipdtesis,
4 "and" para separar las hipdtesis,
14 "shows" para wndicar la conclusion,
% "proof" para iniciar la prueba,
1% "qged" para terminar la pruebas,
4 "-" (después de "proof") para no usar el método por defecto,
14 "have" para establecer un paso,
% "using" para usar hechos en un paso,
% "by (rule ..)" para indicar la regla con la que se peueba un hecho,
U

"show" para establecer la conclusion.

Notas sobre la ldgica: Las reglas de la conjuncion son

4 conjgl: P; § P @
% conjunctl: P { P
% conjunct2: P { @

+}
text {* Se pueden dejar implicitas las reglas como sigue *}

lemma ejemplo_1_2:

assumes 1: "p q" and

2: "r"

shows "q "
proof -

have 3: "q" using 1

show 4: "q r" using 3 2
ged

text {*
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Nota sobre el lenguaje: En la demostracion anterior se ha usado
4 ".." para indicar que se prueba por la regla correspondiente. *}

text {* Se pueden eliminar las etiquetas como sique *}

lemma ejemplo_1_3:

assumes "p q"

Ilrll

shows "qg r"
proof -

have "q" using assms(1)

thus "q r" using assms(2)
ged

text {*
Nota sobre el lenguaje: En la demostracion anterior se ha usado
4 "assms(n)" para indicar la hipdtesis n y
4 "thus" para demostrar la conclusion usando el hecho anterior.
Ademds, no es necesarto usar and entre las hipdtesis. *}

text {* Se puede automatizar la demostracidon como sigue *}

lemma ejemplo_1_4:
assumes "p q"

llrll
shows "qg "
using assms
by auto
text {x*

Nota sobre el lenguaje: En la demostracion anterior se ha usado
% "assms" para indicar las hipotesis y
4 "by auto” para demostrar la concluston automdticamente. *}

text {* Se puede automatizar totalmente la demostraction como stgue *}
lemma ejemplo_1_5:

Ilp q; r q rll
by auto
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text {x*
Nota sobre el lenguaje: En la demostracion anterior se ha usado
4 " ... " para representar las hipdtesis,
4 ";" para separar las hipdtesis y
% "" para separar las hipdtesis de la conclusion. *}

text {* Se puede hacer la demostracion por razonamiento hacta atrds,
como sigue *}

lemma ejemplo_1_6:

assumes "p q"

and "r"

shows "qg r"
proof (rule conjI)

show "q" using assms(1l) by (rule conjunct2)
next

show "r" using assms(2) by this
ged

text {*
Nota sobre el lenguaje: En la demostracion anterior se ha usado
4 "proof (rule r)" para tindicar que se hard la demostracion con la
regla T,
% "next"” para indicar el comienzo de la prueba del siguiente
subobjetivo,
4 "this" para indtcar el hecho actual. *}

text {* Se pueden dejar implicitas las reglas como sigue *}

lemma ejemplo_1_7:

assumes "p q"

llrll

shows "qg r"
proof

show "q" using assms(1)
next

show "r'" using assms(2)
ged

text {*
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Nota sobre el lenguaje: En la demostracion anterior se ha usado
% "." para indicar por el hecho actual. *}

subsection {* Reglas de la doble negacion *}

text {*
La regla de eliminacion de la doble negacion es
4 notnotD: nii P P

Para ajustarnos al tema de LI wamos a introducir la siguiente regla de
wntroduccion de la doble negacion

% notnotI: P nn P

aunque, de momento, no detallamos su demostracion.

*}

lemma notnotl [intro!]: "P 1#n P"
by auto

text {#
Ejemplo 2. (p. &)
p, fi(q r) dmp r
*}

- "La demostracidon detallada es"
lemma ejemplo_2_1:
assumes 1: "p" and

2: "an(q )"
shows "hnp r"
proof -
have 3: "anp" using 1 by (rule notnotI)
have 4: "q 1" using 2 by (rule notnotD)
have 5: "r" using 4 by (rule conjunct2)
show 6: "anp r" using 3 5 by (rule conjI)
ged

- "La demostracién estructurada es"
lemma ejemplo_2_2:
assumes "p"
"hi(q )"
shows "anp r"
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proof -
have "nnp" using assms(1)
have "q r" using assms(2) by (rule notnotD)
hence "r"
with ‘anp¢ show "anp r"
ged

text {*
Nota sobre el lenguaje: En la demostracion anterior se ha usado
% "hence" para indicar que se tiene por el hecho antercor,
4 ‘...° para referenciar un hecho y

% "with P show " para indicar que con el hecho anterior junto con el
hecho P se demuestra {. *}

- "La demostracién automatica es"
lemma ejemplo_2_3:
assumes "p"
"hi(q )"
shows "hnp r"
using assms
by auto

text {* Se puede demostrar hactia atrdas *}

lemma ejemplo_2_4:

assumes "p"

"hn(q "

shows "hnp r"
proof (rule conjI)

show "nfip" using assms(1) by (rule notnotI)
next

have "q 1r" using assms(2) by (rule notnotD)

thus "r" by (rule conjunct2)

ged

text {* Se puede eliminar las reglas en la demostraction anterior, como
sigue: *}

lemma ejemplo_2_5:
assumes "p"
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"hi(q )"
shows "anp r"
proof
show "hfip" using assms(1)
next
have "q 1" using assms(2) by (rule notnotD)
thus "r"

ged
subsection {* Regla de eliminacton del condicional *}

text {*
La regla de eliminacion del condicional es la regla del modus ponens
4 mp: P §; P §

*}

text {*
Ejemplo 3. (p. 6) Demostrar que
ip ¢, fip g T fAp T Ap
*}

- "La demostracién detallada es"
lemma ejemplo_3_1:

assumes 1: "fp q" and

2: "np q r ap"

shows "r ap"
proof -

show "r fp" using 2 1 by (rule mp)
ged

- "La demostracién estructurada es"
lemma ejemplo_3_2:

assumes "hp q"

"ip q r np"

shows "r ap"
proof -

show "r fp" using assms(2,1)
ged

- "La demostracidén automitica es"
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lemma ejemplo_3_3:
assumes "hp q"

llflp q r flpll
shows "r np"
using assms
by auto
text {*

Ejemplo 4 (p. 6) Demostrar que

p,p ¢ p (g 7) r
*}

- "La demostracidén detallada es"
lemma ejemplo_4_1:
assumes 1: "p" and
2: "p q" and
3:"p (q@ "
shows "r"
proof -
have 4: "q" using 2 1 by (rule mp)
have 5: "q 1r" using 3 1 by (rule mp)
show 6: "r" using 5 4 by (rule mp)
ged

- "La demostracidén estructurada es"
lemma ejemplo_4_2:
assumes "p"
llp qll
"p (@ »"
shows "r"
proof -
have "q" using assms(2,1)
have "q r" using assms(3,1)
thus "r" using ‘q¢
ged

- "La demostracidn automatica es"
lemma ejemplo_4_3:

"p; P ¢ p (@ ) "
by auto
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subsection {* Regla derivada del modus tollens x}

text {#
Para ajustarnos al tema de LI wamos a introducir la regla del modus
tollens
4 mt: F G, 6 nF
aunque, de momento, sin detallar su demostracion.

*}

lemma mt: "F G; nG naF"
by auto

text {#
Ejemplo & (p. 7). Demostrar
p (qg r), p, fir fgq
*}

- "La demostracidon detallada es"
lemma ejemplo_5_1:
assumes 1: "p (q r)" and

2: "p" and
3: "ar"
shows "nq"

proof -
have 4: "q 1" using 1 2 by (rule mp)
show "fq" using 4 3 by (rule mt)

ged

- "La demostracién estructurada es"
lemma ejemplo_5_2:
assumes "p (q 1r)"
llpll
Ilflrll
shows "aq"
proof -
have "q r" using assms(1,2)
thus "fiq" using assms(3) by (rule mt)
ged
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- "La demostracién automatica es"
lemma ejemplo_5_3:
assumes "p (q 1)"

Ilpll
lli’lrll
shows "aq"
using assms
by auto
text {x*
Ejemplo 6. (p. 7) Demostrar
ip ¢, fig p
*}

- "La demostracién detallada es"
lemma ejemplo_6_1:

assumes 1: "ap q" and

2: "aq"

shows '"p"
proof -

have 3: "anp" using 1 2 by (rule mt)

show "p" using 3 by (rule notnotD)
ged

- "La demostracién estructurada es"
lemma ejemplo_6_2:

assumes "hp q"

llflqll

shows "p"
proof -

have "nhp" using assms(1,2) by (rule mt)

thus "p" by (rule notnotD)

ged

- "La demostracidén automatica es"
lemma ejemplo_6_3:
"ip q; hq p"
by auto

text {*
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Ejemplo 7. (p. 7) Demostrar
p g, g 7ip
*}

- "La demostracién detallada es"
lemma ejemplo_7_1:
assumes 1: "p 1Aq" and
2: "qg"
shows "np"
proof -
have 3: "hAnq" using 2 by (rule notnotI)
show "fip" using 1 3 by (rule mt)
ged

- "La demostracién detallada es"
lemma ejemplo_7_2:
assumes "p 1nq"
llqll
shows "hp"
proof -
have "nhq" using assms(2) by (rule notnotI)
with assms(1) show "ap" by (rule mt)
ged

- "La demostracién estructurada es"
lemma ejemplo_7_3:
np ﬁq, q ﬁpu
by auto

subsection {* Regla de introduccion del condicional *}

text {*
La regla de introduccion del condicional es
4 wmpI: (P §) P @

*}

text {*
Ejemplo 8. (p. 8) Demostrar
p g fig fp
*}



46 Capitulo 3. Deduccién natural en légica proposicional

- "La demostracién detallada es"
lemma ejemplo_8_1:

assumes 1: "p q"

shows '"nq np"
proof -

{ assume 2: "hq"

have "fp" using 1 2 by (rule mt) }
thus "fq #p" by (rule impI)

ged

text {*
Nota sobre el lenguaje: En la demostracion anterior se ha usado
4 "{ ... }" para representar una caja. *}

- "La demostracién estructurada es"
lemma ejemplo_8_2:

assumes "p q"

shows '"nq np"
proof

assume '"nq"

with assms show "fip" by (rule mt)
ged

- "La demostracién automatica es"
lemma ejemplo_8_3:

assumes "p q"

shows '"nq np"
using assms
by auto

text {*
Ejemplo 9. (p. 9) Demostrar
ng fup p g
*}

- "La demostracién detallada es"
lemma ejemplo_9_1:

assumes 1: "nq nap"

shows "p 1nnq"
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proof -
{ assume 2: "p"

nxx

have 3: "Afnp" using 2 by (rule notnotI)
have "ffiq" using 1 3 by (rule mt) }
thus "p nnq" by (rule impI)

ged

- "La demostracién estructurada es"
lemma ejemplo_9_2:

assumes "hq Aap"

shows "p nnq"
proof

assume "p"

hence "hnp" by (rule notnotI)

with assms show "nfg" by (rule mt)
ged

- "La demostracién automatica es"
lemma ejemplo_9_3:

assumes "hq Aap"

shows "p 1nnq"
using assms
by auto

text {x*
Ejemplo 10 (p. 9). Demostrar

p p
*}

- "La demostracién detallada es"

lemma ejemplo_10_1:
llp pll

proof -

{ assume 1: "p"

have "p" using 1 by this }

thus "p p" by (rule impI)

ged

- "La demostracidon estructurada es"
lemma ejemplo_10_2:
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llp pll
proof (rule impI)

ged

- "La demostracidén automatica es"
lemma ejemplo_10_3:

llp pll
by auto

text {x*
Ejemplo 11 (p. 10) Demostrar
(g r) ((ig #up) (» 7))
*}

- "La demostracién detallada es"
lemma ejemplo_11_1:
"(q@ r) ((3q np) (p )"
proof -
{ assume 1: "q "
{ assume 2: "nq #np"
{ assume 3: "p"
have 4: "Afp" using 3 by (rule notnotI)
have 5: "Afq" using 2 4 by (rule mt)
have 6: "q" using 5 by (rule notnotD)
have "r" using 1 6 by (rule mp) }
hence "p r" by (rule impI) }
hence "(Aq #np) p r" by (rule impI) }
thus "(q r) ((iq #p) p )" by (rule impI)
ged

- "La demostracién hacia atras es"
lemma ejemplo_11_2:
"(@ r) ((dq np) (p "
proof (rule impI)
assume 1: "q "
show "(aq #p) (p )"
proof (rule impI)
assume 2: '"nq np"
show "p "
proof (rule impI)
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assume 3: '"p"
have 4: "Afp" using 3 by (rule notnotI)
have 5: "Afiq" using 2 4 by (rule mt)
have 6: "q" using 5 by (rule notnotD)
show "r" using 1 6 by (rule mp)
ged
ged
ged

- "La demostracién hacia atrds con reglas implicitas es"
lemma ejemplo_11_3:
"(q@ r) ((3q np) (p )"
proof
assume 1: "q "
show "(&iq #p) (p )"
proof
assume 2: '"nq np"
show "p "
proof
assume 3: '"p"
have 4: "nnp" using 3 ..
have 5: "Afq" using 2 4 by (rule mt)
have 6: "q" using 5 by (rule notnotD)
show "r" using 1 6 ..
qed
ged
ged

- "La demostracidén sin etiquetas es"
lemma ejemplo_11_4:
"(g r) ((ag np) (p )"
proof
assume '"q r"
show "(dq #p) (p )"
proof
assume "hq ap"
show "p "
proof
assume "p"
hence "nnp"
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with ‘Aq #Hp‘ have "hng" by (rule mt)
hence "q" by (rule notnotD)
with ‘q r‘ show "r"
gqed
ged
ged

- "La demostracidén automatica es"
lemma ejemplo_11_5:
"(g r) ((ag np) (p )"
by auto

subsection {* Reglas de la disyuncion *}

text {x*
Las Teglas de la introduccidon de la disyuncion son
4 disjIi: P P
4 disgI2: § P {
La regla de elimacion de la disyuncion es
% disjE: P {; P R; § R R

*}
text {*
Ejemplo 12 (p. 11). Demostrar
p 9 9 p
*}

- "La demostracién detallada es"
lemma ejemplo_12_1:
assumes "p q"
shows "q p"
proof -
have "p q" using assms by this
moreover
{ assume 2: "p"
have "q p" using 2 by (rule disjI2) }
moreover
{ assume 3: "q"
have "q p" using 3 by (rule disjI1) }
ultimately show "q p" by (rule disjE)
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text {*
Nota sobre el lenguaje: En la demostracion anterior se ha usado
% "moreover" para separar los bloques y
4 "ultimately" para unir los resultados de los bloques. *}

- "La demostracidén detallada con reglas implicitas es"
lemma ejemplo_12_2:
assumes "p q"
shows "q p"
proof -
note ‘p q°
moreover
{ assume "p"
hence "q p" .. }
moreover
{ assume "g"
hence "q p" .. }
ultimately show "q p"
ged

text {*
Nota sobre el lenguaje: En la demostracion anterior se ha usado
14 "note" para coptar un hecho. ¥}

- "La demostracidén hacia atrds es"
lemma ejemplo_12_3:
assumes 1: "p q"
shows "q p"
using 1
proof (rule disjE)
{ assume 2: "p"
show "q p" using 2 by (rule disjI2) }
next
{ assume 3: "q"
show "q p" using 3 by (rule disjI1l) 7
ged

- "La demostracién hacia atrds con reglas implicitas es"
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lemma ejemplo_12_4:
assumes "p q"
shows "q p"
using assms
proof
{ assume "p"
thus "q p" .. }
next
{ assume "q"
thus "q p" .. }
ged

- "La demostracidon automatica es"
lemma ejemplo_12_5:
assumes "p q"

shows "q p"
using assms
by auto
text {x*

Ejemplo 13. (p. 12) Demostrar

g P 9 p T
*}

- "La demostracién detallada es"
lemma ejemplo_13_1:
assumes 1: "q "
shows "p q p "
proof (rule impI)
assume 2: "p q"
thus "p "
proof (rule disjE)
{ assume 3: "p"
show "p r'" using 3 by (rule disjI1) 7
next
{ assume 4: "q"
have 5: "r" using 1 4 by (rule mp)
show "p r'" using 5 by (rule disjI2) 7
ged
ged
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- "La demostracién estructurada es"
lemma ejemplo_13_2:
assumes "q r"
shows "p q p 1"
proof
assume "p q"
thus "p "
proof
{ assume "p"
thus "p r" .. }
next
{ assume "g"
have '"r'" using assms
thus "p r" .. }
ged
ged

[P 1

q

- "La demostracién automatica es"
lemma ejemplo_13_3:

assumes "q r"

shows "p q p "
using assms
by auto

subsection {* Regla de copia *}

text {*
Ejemplo 14 (p. 13). Demostrar
p (¢ p)
*}

- "La demostracidén detallada es"
lemma ejemplo_14_1:
"p (@ p)"
proof (rule impI)
assume 1: "p"
show "q p"
proof (rule impI)
assume "q"
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show "p" using 1 by this
ged
ged

- "La demostracién estructurada es"
lemma ejemplo_14_2:

"p (@ p)"
proof

assume "p"

thus "q p"
ged

- "La demostracidon automatica es"
lemma ejemplo_14_3:

up (q p) "
by auto

subsection {* Reglas de la negacion *}

text {x*
La regla de eliminacion de lo falso es
1% FalseE: False P
La regla de eliminacion de la negacion es
% motE: nP; P R
La regla de introduccion de la negacion es
4 notI: (P False) 1P

*}
text {#
Ejemplo 15 (p. 15). Demostrar
npq P 9
*}

- "La demostracién detallada es"
lemma ejemplo_15_1:

assumes 1: "ap q"

shows "p q"
proof (rule impI)

assume 2: '"p"

note 1
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thus "q"
proof (rule disjE)
{ assume 3: "fip"
show "q" using 3 2 by (rule notE) }
next
{ assume 4: "q"
show "q" using 4 by this}
ged
ged

- "La demostracién estructurada es"
lemma ejemplo_15_2:
assumes "hp q"
shows "p q"
proof
assume "p"
note ‘hp q°
thus "q"
proof
{ assume "fp"
thus "q" using ‘p‘ .. }
next
{ assume "g"
thus "q" . }
ged
ged

- "La demostracidn automatica es"
lemma ejemplo_15_3:
assumes "np q"

shows "p q"
using assms
by auto
text {x*

Ejemplo 16 (p. 16). Demostrar

P ¢, p ng nup
*}

- "La demostracién detallada es"
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lemma ejemplo_16_1:
assumes 1: "p q" and
2: "p 1nq"
shows "np"
proof (rule notI)
assume 3: '"p"
have 4: "q" using 1 3 by (rule mp)
have 5: "Ag" using 2 3 by (rule mp)
show False using 5 4 by (rule notE)
ged

- "La demostracidn estructurada es"
lemma ejemplo_16_2:
assumes "p q"

llp i’lqll
shows "np"
proof
assume "p"
have "q" using assms(1) ‘p°
have "fq" using assms(2) ‘p‘

thus False using ‘q‘
ged

- "La demostracién automatica es"
lemma ejemplo_16_3:
assumes "p q"
llp ﬁqll
shows "np"
using assms
by auto

subsection {* Reglas del bicondicional *}

text {#
La regla de introduccion del bicondicional es
4 offI: P Q; § P P §
Las reglas de eliminacion del bicondicional son
4 <ffD1: § P, § P
4 <ffD2: P §; § P
*}
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text {*

Ejemplo 17 (p. 17) Demostrar

*}

- "La demostracién detallada es"

lemma ejemplo_17_1:

" @ (q p

proof (rule iffI)

{ assume 1: "p q"
have 2: "p" using 1
have 3: "q" using 1
show "q p" using 3

next

{ assume 4: "q p"
have 5: "q" using 4
have 6: "p" using 4
show "p q" using 6

by (rule conjunctl)
by (rule conjunct2)
2 by (rule conjI) }

by (rule conjunctl)
by (rule conjunct2)
5 by (rule conjI) }

ged

- "La demostracién estructurada es"
lemma ejemplo_17_2:
" @ (q P
proof
{ assume 1: "p q"
have "p" using 1 ..
have "qQ" using 1 ..

show "q p" using ‘q‘ ‘p‘ .. }
next
{ assume 2: "q p"
have "q" using 2 ..
have "p" using 2 ..
show "p q" using ‘p¢ ‘q‘ .. }

ged

- "La demostracioén automitica es"
lemma ejemplo_17_3:

u(p q) (q p)n
by auto
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text {x*
Ejemplo 18 (p. 18). Demostrar

p ¢ pP 9 P ¢
*}

- "La demostracién detallada es"
lemma ejemplo_18_1:
assumes 1: "p q" and
2: "p q"
shows "p q"
using 2
proof (rule disjE)
{ assume 3: "p"
have 4: "q" using 1 3 by (rule iffD1)
show "p q" using 3 4 by (rule conjI) }
next
{ assume 5: "q"
have 6: "p" using 1 5 by (rule iffD2)
show "p q" using 6 5 by (rule conjI) }
ged

- "La demostracién estructurada es"
lemma ejemplo_18_2:
assumes "p q"
llp qll
shows '"p q"
using assms(2)
proof
{ assume "p"
with assms(1) have "q"
with ‘p‘ show "p q" .. }
next
{ assume "g"
with assms(1) have "p"
thus "p q" using ‘q‘ .. }
ged

- "La demostracidn automatica es"
lemma ejemplo_18_3:
assumes "p q"
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llp qll
shows "p q"
using assms
by auto

subsection {* Reglas derivadas *}
subsubsection {* Regla del modus tollens *}

text {x*
Ejemplo 19 (p. 20) Demostrar la regla del modus tollens a partir de
las reglas bdsicas.

*}

- "La demostracién detallada es"
lemma ejemplo_20_1:

assumes 1: "F G" and

2: "AG"

shows "nF"
proof (rule notI)

assume 3: "F"

have 4: "G" using 1 3 by (rule mp)

show False using 2 4 by (rule notE)
ged

- "La demostracién estructurada es"
lemma ejemplo_20_2:
assumes "F G"

IlflGll
shows "nF"
proof
assume "F"

with assms (1) have "G"
with assms(2) show False ..
ged

- "La demostracidn automatica es"
lemma ejemplo_20_3:
assumes "F G"
lli’lGll
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shows "hF"
using assms
by auto

subsubsection {* Regla de la introduccion de la doble negacidn *}

text {*
Ejemplo 21 (p. 21) Demostrar la regla de tintroduccion de la doble
negacton a partir de las reglas bdsicas.

*}

- "La demostracidén detallada es"
lemma ejemplo_21_1:

assumes 1: "F"

shows "nnF"
proof (rule notI)

assume 2: "aF"

show False using 2 1 by (rule notE)
ged

- "La demostracidén estructurada es"
lemma ejemplo_21_2:

assumes "F"

shows "nnF"
proof

assume "AF"

thus False using assms
ged

- "La demostracidén automatica es"
lemma ejemplo_21_3:

assumes "F"

shows "nnF"
using assms

by auto
subsubsection {* Regla de reduccidon al absurdo *}

text {*
La regla de reduccion al absurdo en Isabelle se correponde con la
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regla cldsica de contradiccion
4 ccontr: (fP False) P

*}
subsubsection {* Ley del tercio excluso *}

text {*
La ley del tercio excluso es
1% excluded_middle: 1P P

*}

text {*
Ejemplo 22 (p. 23). Demostrar la ley del tercto excluso a partir de
las reglas bdsticas.

*}

- "La demostracién detallada es"
lemma ejemplo_22_1:
"F  aF"
proof (rule ccontr)
assume 1: "a(F aF)"
thus False
proof (rule notE)
show "F aF"
proof (rule disjI2)
show "AF"
proof (rule notI)
assume 2: "F"
hence 3: "F 1#F" by (rule disjIl)
show False using 1 3 by (rule notE)
ged
qed
ged
ged

- "La demostracidn estructurada es"
lemma ejemplo_22_2:
IIF lell
proof (rule ccontr)
assume "A(F aF)"
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thus False
proof (rule notE)
show "F aF"
proof (rule disjI2)
show "nF"
proof (rule notI)
assume "F"
hence "F aF"
with ‘a4(F 1F) ‘show False ..
ged
ged
ged
ged

- "La demostracién automatica es"
lemma ejemplo_22_3:
IIF ﬁFll
using assms
by auto

text {*
Ejemplo 23 (p. 24). Demostrar
p g fp ¢
*}

- "La demostracién detallada es"
lemma ejemplo_23_1:

assumes 1: "p q"

shows "np q"

proof -
have "fp p" by (rule excluded_middle)
thus "ap q"

proof (rule disjE)
{ assume "fp"
thus "fp q" by (rule disjIl) }
next
{ assume 2: "p"
have "q" using 1 2 by (rule mp)
thus "fip q" by (rule disjI2) }
ged
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ged

- "La demostracidén estructurada es"
lemma ejemplo_23_2:

assumes "p q"

shows "np q"

proof -
have "np p"
thus "#ap q"
proof
{ assume "fp"
thus "ap q" .. }
next

{ assume "p"
with assms have "q"
thus "ap q" .. }
ged
ged

- "La demostracién automatica es"
lemma ejemplo_23_3:

assumes "p q"

shows "np q"
using assms
by auto

subsection {* Demostractones por contradiccion *}

text {#
Ejemplo 24. Demostrar que
np, P 4 4
+}

- "La demostracidon detallada es"
lemma ejemplo_24_1:
assumes "np"
llp qll
shows "q"
using ‘p q°¢
proof (rule disjE)
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assume "p"

with assms(1) show "q" by contradiction
next

assume "q"

thus "q" by assumption
ged

- "La demostracién estructurada es"
lemma ejemplo_24_2:

assumes "np"

llp qll

shows "q"
using ‘p q°
proof

assume "p"

with assms(1) show "qg"
next

assume "q"

thus "q"
ged

- "La demostracidn automatica es"
lemma ejemplo_24_3:
assumes "hp"

llp qll
shows "q"
using assms
by auto
end

3.2. Ejercicios: Deduccion natural en 16gica proposicional

chapter {* T3R1: Deduccion natural proposictonal *}
theory T3R1
imports Main

begin

text {*
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El objetivo de esta relacion es lemas usando solo las reglas bdsticas
de deduccion natural de la ldgica proposicional.

Los ejercticios son los de la asignatura de "Logica informdtica" que se
encuentran en http://qoo.gl/yrPLn

Las reglas bdsicas de la deduccton natural son las sigutentes:

4 conjgl: P; § P @

4 conjunctl: P { P

% conjunct2: P { @

% notnotD: nn P P

% notnotl: P nn P

4 mp: P Q; P @

4 mt: F G, nG nF

4 impl: (P q) P @

% disjll: P P g

4 disgI2: g P g

% disjE: P {Q;, P R, § R R
1% FalseE: False P

4 notE: nP; P R

% notl: (P False) 1P

4 1ffI: P ;9 P P =4
4 1ffD1: Q=pP;, g P

4 1ffD2: P=g, g P

i ccontr: (P False) P

% excluded_middle: 1P P

text {x*
Se usardn las reglas notnotI y mt que demostramos a continuacion.

*}

lemma notnotI: "P 1nn P"
by auto

lemma mt: "F G; nG nF"
by auto
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section {* Implicaciones *}

TeXt {# —m oo
Ejercicto 1. Demostrar

P 4 p g

- "La demostracién detallada es"
lemma ejercicio_1_1:

assumes 1: "p q" and

2: "p"

shows "q"

proof -
show "q" using 1 2 by (rule mp)

ged

- "La demostracién estructurada es"
lemma ejercicio_1_2:

assumes "p q"

llpll

shows "q"

proof -
show "q" using assms

ged

- "La demostracién automatica es"
lemma ejercicio_1_3:
assumes "p q"
Ilpll
shows "q"
using assms
by auto

teXt {# mo e
Ejercicio 2. Demostrar

p 9 9 7T, p T

- "La demostracidon detallada es"
lemma ejercicio_2_1:
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assumes 1: "p q" and
2: "q r" and
3: "p"
shows "r"
proof -

have 4: "q" using 1 3 by (rule mp)
show "r" using 2 4 by (rule mp)
ged

- "La demostracién estructurada es"
lemma ejercicio_2_2:
assumes "p q"
llq rll
Ilpll
shows '"r"
proof -
have "q" using assms(1,3)
show "r'" using assms(2) °
ged

¢

q

- "La demostracién automatica es"
lemma ejercicio_2_3:
assumes "p q"
Ilq rll
llpll
shows '"r"
using assms
by auto

text {# -

Ejercicio 3. Demostrar
p (¢ r)p ¢, p T

- "La demostracion detallada es"
lemma ejercicio_3_1:
assumes 1: "p (q 1r)" and
2: "p q" and
3: "p"
shows "r"
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proof -
have 4: "q" using 2 3 by (rule mp)
have 5: "q r" using 1 3 by (rule mp)
show "r" using 5 4 by (rule mp)

ged

- "La demostracidén estructurada es"
lemma ejercicio_3_2:
assumes "p (q 1r)"
llp qll
llpll
shows "r"
proof -
have "q" using assms(2,3)
have "q r" using assms(1,3)
thus "r" using ‘q‘
ged

- "La demostracidon automatica es"
lemma ejercicio_3_3:
assumes "p (q 1r)"

llp qll
llpll
shows "r"
using assms
by auto
TeXt ¥ —o oo

Ejercicto 4. Demostrar
p 9 9 T p T

- "La demostracién detallada es"
lemma ejercicio_4_1:

assumes 1: "p q" and

2. llq rll

shows "p "
proof (rule impI)

assume 3: '"p"

have 4: "q" using 1 3 by (rule mp)
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show "r'" using 2 4 by (rule mp)
ged

- "La demostracidn estructurada es"
lemma ejercicio_4_2:
assumes "p q"

llq rll
shows "p "
proof
assume "p"

with assms(1) have "q"
with assms(2) show "r"
ged

- "La demostracidén automatica es"
lemma ejercicio_4_3:
assumes "p q"

llq rll
shows "p "
using assms
by auto
teXt {# —-mm oo

Ejercicio 5. Demostrar
p (¢ r) q (p )

- "La demostracién detallada es"
lemma ejercicio_5_1:
assumes 1: "p (q )"
shows "q (p )"
proof (rule impI)
assume 2: "q"
show "p "
proof (rule impI)
assume 3: '"p"
have "q r" using 1 3 by (rule mp)
thus "r" using 2 by (rule mp)
ged
ged
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- "La demostracién estructurada es"
lemma ejercicio_b5_2:
assumes "p (q )"
shows "q (p »)"
proof
assume "q"
show "p "
proof
assume "p"
with assms(1) have "q r"
thus "r" using ‘q‘
ged
ged

- "La demostracién automatica es"
lemma ejercicio_5_3:

assumes "p (q )"

shows "q (p )"
using assms
by auto

=5 S e e
Ejercicto 6. Demostrar

p (¢ ) (p q) (p r)

- "La demostracidén detallada es"
lemma ejercicio_6_1:
assumes 1: "p (q )"
shows "(p @ ((p "
proof (rule impI)
assume 2: "p q"
show "p "
proof (rule impI)
assume 3: '"p"
have 4: "q" using 2 3 by (rule mp)
have 5: "q r" using 1 3 by (rule mp)
show "r" using 5 4 by (rule mp)
ged
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ged

- "La demostracién estructurada es"
lemma ejercicio_6_2:
assumes "p (q 1r)"
shows "(p q (p D"
proof
assume "p q"
show "p "
proof
assume "p"
with ‘p q° have "q"
have "q 1r" using assms(1)
thus "r" using ‘q‘

€~ ¢

1%

ged
ged

- "La demostracién automatica es"
lemma ejercicio_6_3:

assumes "p (q 1r)"

shows "(p @ ((p "
using assms
by auto

text {# -

Ejercicio 7. Demostrar
p g9 p

- "La demostracién detallada es"
lemma ejercicio_7_1:

assumes 1: '"p"

shows "qg p"
proof (rule impI)

assume 2: "q"

show "p" using 1 by this
ged

- "La demostracidon estructurada es"
lemma ejercicio_7_2:
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assumes "p"

shows "qg p"
proof

assume "q"

show "p" using assms(1)
ged

- "La demostracién automatica es"
lemma ejercicio_7_3:

assumes "p"

shows "qg p"
using assms

by auto
teXt {F —m e
Ejercicio 8. Demostrar
p (¢ p)

- "La demostracién detallada es"
lemma ejercicio_8_1:
"p (@ p)"
proof (rule impI)
assume 1: "p"
show "q p"
proof (rule impI)
assume 2: "q"
show "p" using 1 by this
ged
ged

- "La demostracién estructurada es"
lemma ejercicio_8_2:
"p (@ p)"
proof
assume "p"
show "q p"
proof
assume "q"
show "p" using ‘p°
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ged
ged

- "La demostracidon automatica es"
lemma ejercicio_8_3:

up (q p) "
by auto

text {# -

Ejercicio 9. Demostrar
p q (qg 7v) (p 7)

- "La demostracién detallada es"
lemma ejercicio_9_1:
assumes 1: "p q"
shows "(q r) (p )"
proof (rule impI)
assume 2: "q 1"
show "p "
proof (rule impI)
assume 3: '"p"
have 4: "q" using 1 3 by (rule mp)
show "r" using 2 4 by (rule mp)
ged
ged

- "La demostracién estructurada es"
lemma ejercicio_9_2:
assumes "p q"
shows "(qg r) (p »n"
proof
assume '"q r"
show "p "
proof
assume "p"
with assms(1) have "qg"
with ‘q r‘ show "r"
ged
ged



74 Capitulo 3. Deduccién natural en légica proposicional

- "La demostracidén automdtica es"
lemma ejercicio_9_3:

assumes "p q"

shows "(q r) (p on"
using assms
by auto

teXt {F mo e
Ejercicio 10. Demostrar

p (g (r s)) r (qg (p s))

- "La demostracién detallada es"
lemma ejercicio_10_1:
assumes 1: "p (q (r s)"
shows "r (q (p s)"
proof -
{ assume 2: "r"
{ assume 3: "q"
{ assume 4: "p"
have 5: "q (r s)" using 1 4 by (rule mp)
have 6: "r s" using 5 3 by (rule mp)
have 7: "s" using 6 2 by (rule mp) }
hence 8: "p s" by (rule impI) }
hence 9: "q (p )" by (rule impI) }
thus 10: "r (q (p s))" by (rule impI)
ged

- "Una variante de la demostracidén anterior es"
lemma ejercicio_10_1b:
assumes 1: "p (q (r s))"
shows "r (q (p s)"
proof (rule impI)
assume 2: '"r"
show "q (p s)"
proof (rule impI)
assume 3: "q"
show "p s"
proof (rule impI)
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assume 4: '"p"
have 5: "q (r s)" using 1 4 by (rule mp)
have 6: "r s" using 5 3 by (rule mp)
show "s" using 6 2 by (rule mp)
qed
ged
ged

- "La demostracién estructurada es"
lemma ejercicio_10_2:
assumes "p (q (r s)"
shows '"r (q (p s»H"
proof
assume "r"
show "q (p s)"
proof
assume "q"
show "p s"
proof
assume "p"
with assms(1) have "q (r s)"
hence "r s" using ‘q‘
thus "s" using ‘r¢
gqed
ged
ged

- "La demostracién automatica es"
lemma ejercicio_10_3:

assumes "p (q (r s))"

shows '"r (q (p s)"
using assms
by auto

text {# —- e

Ejercicio 11. Demostrar

(p (¢ 7v)) ((p @ (@ 1))

- "La demostracién detallada es"
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lemma ejercicio_11_1:
"@p (@ 1) ((p @ (P TH"
proof -
{ assume 1: "p (q ©)"
{ assume 2: "p q"
{ assume 3: "p"
have 4: "q" using 2 3 by (rule mp)
have 5: "q 1r" using 1 3 by (rule mp)
have 6: "r" using 5 4 by (rule mp) }
hence 7: "p 1" by (rule impI) }
hence 8: "(p q) (p )" by (rule impI) }
thus "(p (q ) ((p q@ (p ©))" by (rule impI)
ged

- "La demostracién estructurada es"
lemma ejercicio_11_2:

"p (@ 1) ((p @ (P "
proof

assume "p (q )"

{ assume "p q"

{ assume "p"
with ‘p q‘ have "q"

[N 4

have "q r" using ‘p (q )¢ ‘p
hence "r" using ‘q‘ .. }
hence "p r" .. }
thus "(p @ (p D"

ged

- "La demostracidén automatica es"
lemma ejercicio_11_3:
"p (g 1) ((p @ (P )"
by auto

teXt {# mo e
Ejercicio 12. Demostrar
( ¢) r p (qg r)

- "La demostracidon detallada es"
lemma ejercicio_12_1:
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assumes 1: "(p q) "
shows "p (g )"
proof -
{ assume 2: "p"
{ assume 3: "q"
{ assume 4: "p"
have 5: "q" using 3 by this }
hence 6: "p q" by (rule impI)
have 7: "r" using 1 6 by (rule mp) 1}
hence 8: "q r" by (rule impI) }
thus 9: "p (g 1)" by (rule impI)
ged

- "La demostracién estructurada es"
lemma ejercicio_12_2:

assumes "(p q) r"

shows "p (q 1"
proof

assume "p"

{ assume "q"

{ assume "p"
have "q" using ‘q‘ . }

hence "p q"
with assms(1) have "r" .. }
thus "q ="

ged

- "La demostracién automatica es"
lemma ejercicio_12_3:

assumes "(p q) r"

shows "p (q »)"
using assms
by auto

section {* Conjunciones *}

teXt {# - oo

Ejercicto 13. Demostrar
p, 9 P ¢
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- "La demostracidén detallada es"
lemma ejercicio_13_1:
assumes 1: "p" and

2: "q"
shows "p q"
proof -
show "p q" using assms by (rule conjI)
ged

- "La demostracién estructurada es"
lemma ejercicio_13_2:
assumes "p"

Ilqll
shows "p q"
proof
show "p" using assms(1)
next

show "q" using assms(2)
ged

- "La demostracidén automatica es"
lemma ejercicio_13_3:
assumes "p"
llqll
shows "p q"
using assms
by auto

teXt {F mo oo
Ejercicio 14. Demostrar

p g9 p

- "La demostracién detallada es"
lemma ejercicio_14_1:

assumes 1: "p q"

shows "p"
proof -

show "p" using 1 by (rule conjunctl)
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ged

- "La demostracién estructurada es"
lemma ejercicio_14_2:

assumes "p q"

shows "p"
proof -

show "p" using assms
ged

- "La demostracién automatica es"
lemma ejercicio_14_3:

assumes "p q"

shows "p"
using assms
by auto

text {# -

Ejercicto 15. Demostrar
p 9 g

- "La demostracidon detallada es"
lemma ejercicio_15_1:
assumes 1: "p q"

shows "q"
proof -

show "q" using 1 by (rule conjunct2)
ged

- "La demostracién estructurada es"
lemma ejercicio_15_2:
assumes "p q"

shows "q"
proof -

show "q" using assms
ged

- "La demostracidn automatica es"
lemma ejercicio_15_3:
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assumes "p q"
shows "q"
using assms
by auto

teXt {* m oo
Ejercicio 16. Demostrar
p (¢ ) (p q) r

- "La demostracién detallada es"
lemma ejercicio_16_1:
assumes 1: "p (q 1r)"

shows "p g9 "
proof -

have 2: "p" using 1 by (rule conjunctl)

have 3: "q r" using 1 by (rule conjunct2)

have 4: "q" using 3 by (rule conjunctl)

have 5: "p q" using 2 4 by (rule conjI)

have 6: "r" using 3 by (rule conjunct2)

show 7: "(p q) 1r" using 5 6 by (rule conjI)
ged

- "La demostracién estructurada es"
lemma ejercicio_16_2:
assumes "p (q 1r)"
shows "(p q) "
proof
show "p q"
proof
show "p" using assms
next
have "q r'" using assms
thus "q"
ged
next
have "q r'" using assms
thus "r"
ged
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- "La demostracién automatica es"
lemma ejercicio_16_3:

assumes "p (q )"

shows "(p q) r"
using assms
by auto

text {# -

Ejercicio 17. Demostrar
(» ¢ r p (qg r)

- "La demostracidn detallada es"
lemma ejercicio_17_1:
assumes 1: "(p q) "

shows "p (q "
proof -

have 2: "p q" using 1 by (rule conjunctl)

have 3: "p" using 2 by (rule conjunctl)

have 4: "q" using 2 by (rule conjunct2)

have 5: "r" using 1 by (rule conjunct2)

have 6: "q 1" using 4 5 by (rule conjI)

show 7: "p (q )" using 3 6 by (rule conjI)
ged

- "La demostracién estructurada es"
lemma ejercicio_17_2:

assumes "(p q) r"

shows "p (q )"

proof
have "p q'" using assms ..
thus "p"

next

show "q "

proof
have "p q" using assms
‘thIlS Ilqll

next

show "r'" using assms ..
ged
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ged

- "La demostracién automatica es"
lemma ejercicio_17_3:

assumes "(p q) r"

shows "p (q »)"
using assms
by auto

teXt {F mo oo
Ejercicio 18. Demostrar

p 9 p 4g

- "La demostracién detallada es"
lemma ejercicio_18_1:

assumes 1: "p q"

shows "p q"
proof (rule impI)

assume 2: '"p"

show "q" using 1 by (rule conjunct2)
ged

- "La demostracién estructurada es"
lemma ejercicio_18_2:

assumes "p q"

shows "p q"
proof

assume "p"

show "q" using assms
ged

- "La demostracién automatica es"
lemma ejercicio_18_3:

assumes "p q"

shows "p q"
using assms
by auto
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Ejercicio 19. Demostrar
(» ¢ (@ 7v) p q r

- "La demostracién detallada es"
lemma ejercicio_19_1:
assumes 1: "(p q) (p »"
shows "p q "
proof (rule impI)
assume 2: '"p"
have 3: "p q" using 1 by (rule conjunctl)
have 4: "q" using 3 2 by (rule mp)
have 5: "p r" using 1 by (rule conjunct2)
have 6: "r" using 5 2 by (rule mp)
show 7: "q 1" using 4 6 by (rule conjI)

ged

- "La demostracién estructurada es"
lemma ejercicio_19_2:
assumes "(p q) (p "
shows "p q "
proof
assume "p"
show "q "
proof
have "p q" using assms
thus "q" using ‘p¢

next
have "p r'" using assms
thus "r" using ‘p‘
ged
ged

- "La demostracidén automatica es"
lemma ejercicio_19_3:

assumes "(p q@ (p D"

shows "p q r"
using assms
by auto
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teXt {* m oo
Ejercicio 20. Demostrar

p g r (p g0 (» 7)

- "La demostracién detallada es"
lemma ejercicio_20_1:
assumes 1: "p q "

shows "p @) (p )"
proof (rule conjI)
ShOW llp qll

proof (rule impI)
assume 2: '"p"
have "q r" using 1 2 by (rule mp)
thus "q" by (rule conjunctl)
ged
next
show "p "
proof (rule impI)
assume 3: '"p"
have "q 1r" using 1 3 by (rule mp)
thus "r" by (rule conjunct2)
ged
ged

- "La demostracién estructurada es"
lemma ejercicio_20_2:
assumes "p q r"
shows "(p @ (p 1"
proof
show "p q"
proof
assume "p"
have "q r'" using assms
thus "q"
ged
next
show "p "

€~ ¢

P

proof
assume "p"
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[N 4

have "q r'" using assms ‘p
thus "r"
ged

ged

- "La demostracién automatica es"
lemma ejercicio_20_3:

assumes "p q 1"

shows "(p @ (p 1"
using assms
by auto

text {# -

Ejercicio 21. Demostrar
p (g r)p gqgr

- "La demostracién detallada es"
lemma ejercicio_21_1:

assumes 1: "p (q )"

shows "p q "
proof (rule impI)

assume 2: "p q"

have 3: "p" using 2 by (rule conjunctl)
have 4: "q" using 2 by (rule conjunct2)
have 5: "q r" using 1 3 by (rule mp)
show 6: "r" using 5 4 by (rule mp)

ged

- "La demostracién estructurada es"
lemma ejercicio_21_2:
assumes "p (q 1)"
shows "p q "
proof
assume "p q"
hence "p"
have "q" using ‘p q°
have "q r" using assms(1)
thus "r" using ‘q‘
ged
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- "La demostracidén automdtica es"
lemma ejercicio_21_3:

assumes "p (q )"

shows "p q "
using assms
by auto

teXt {F mo e
Ejercicio 22. Demostrar

p ¢ r p (g 7)

- "La demostracién detallada es"
lemma ejercicio_22_1:
assumes 1: "p q r"
shows "p (g )"
proof (rule impI)
assume 2: '"p"
{ assume 3: "q"
have 4: "p q" using 2 3 by (rule conjI)
have "r" using 1 4 by (rule mp) }
thus "q r" by (rule impI)
ged

- "La demostracién estructurada es"
lemma ejercicio_22_2:
assumes "p q 1"
shows "p (q )"
proof
assume "p"
show "q "
proof
assume "q"
with ‘p‘ have "p q"
with assms(1) show "r"
ged
ged

- "La demostracidén automitica es"
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lemma ejercicio_22_3:
assumes "p q r"
shows "p (q 1)"

using assms

by auto

teXt {# —-mm oo

Ejercicio 23. Demostrar
( ¢) r p q r

- "La demostracién detallada es"
lemma ejercicio_23_1:
assumes 1: "(p q) "
shows "p q "
proof (rule impI)
assume 2: "p q"
have 3: "p q"
proof (rule impI)
assume 4: '"p"
show "q" using 2 by (rule conjunct2)
ged
show "r" using 1 3 by (rule mp)
ged

- "La demostracién estructurada es"
lemma ejercicio_23_2:
assumes "(p q) r"
shows "p q "
proof
assume "p q"
have "p q"
proof
assume '"p"
show "q" using ‘p q°
ged
with assms show '"r"
ged

- "La demostracidén automitica es"
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lemma ejercicio_23_3:
assumes "(p q) r"
shows "p q "

using assms

by auto

BeXE {#F —m oo
Ejercicto 24. Demostrar
p (¢ ) (p q) r

- "La demostracién detallada es"
lemma ejercicio_24_1:
assumes 1: "p (q )"
shows "p @ "
proof (rule impI)
assume 2: "p q"
have 3: "p" using 1 by (rule conjunctl)
have 4: "q" using 2 3 by (rule mp)
have 5: "q 1" using 1 by (rule conjunct2)
thus "r" using 4 by (rule mp)
ged

- "La demostracién estructurada es"
lemma ejercicio_24_2:
assumes "p (q 1r)"
shows "(p q) "
proof
assume "p q"
have "p'" using assms ..
with ‘p q‘ have "q"
have '"q r" using assms ..
thus "r" using ‘q‘
ged

- "La demostracién automatica es"
lemma ejercicio_24_3:

assumes "p (q )"

shows "(p q) r"
using assms
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by auto

section {* Disyunciones *}

text {# —- e

Ejercicio 25. Demostrar
p p g

- "La demostracién detallada es"
lemma ejercicio_25_1:

assumes 1: '"p"

shows "p q"
proof -

show "p q" using 1 by (rule disjIl)
ged

- "La demostracién estructurada es"
lemma ejercicio_25_2:

assumes "p"

shows "p q"
proof -

show "p q" using assms
ged

- "La demostracién estructurada es"
lemma ejercicio_25_3:

assumes "p"

shows "p q"
using assms
by auto

text {# -

Ejercicto 26. Demostrar
9 P 4

- "La demostracidon detallada es"
lemma ejercicio_26_1:
assumes 1: "q"
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shows "p q"
proof -

show "p q" using 1 by (rule disjI2)
ged

- "La demostracién estructurada es"
lemma ejercicio_26_2:

assumes "q"

shows "p q"
proof -

show "p q" using assms ..
ged

- "La demostracién estructurada es"
lemma ejercicio_26_3:

assumes "q"

shows "p q"
using assms

by auto
teXt {F m oo
Ejercicio 27. Demostrar
p 9 g p

- "La demostracién detallada es"
lemma ejercicio_27_1:

assumes 1: "p q"

shows "qg p"
using 1
proof (rule disjE)

assume "p"

thus "q p" by (rule disjI2)
next

assume "q"

thus "q p" by (rule disjI1)
ged

- "La demostracidon estructurada es"
lemma ejercicio_27_2:
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assumes "p q"

shows "qg p"
using assms
proof

assume "p"

thus llq pll
next

assume "q"

thuS Ilq pll
ged

- "La demostracién estructurada es"
lemma ejercicio_27_3:

assumes "p q"

shows "qg p"
using assms
by auto

text {# -

Ejercicio 28. Demostrar
9 7P 9 p T

- "La demostracién detallada es"
lemma ejercicio_28_1:

assumes 1: "q "

shows "p q p r"
proof (rule impI)

assume "p q"

thus "p "
proof (rule disjE)

assume "p"

thus "p r" by (rule disjIl)
next

assume "q"

have "r" using assms ‘q‘ by (rule mp)
thus "p r" by (rule disjI2)
ged
ged
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- "La demostracién estructurada es"
lemma ejercicio_28_2:
assumes "q r"
shows "p 9 p r"
proof
assume "p q"
thus "p "
proof
assume '"p"
thus "p "
next
assume "q"
have '"r'" using assms
thus "p "

¢ ¢

q

ged
ged

- "La demostracién automatica es"
lemma ejercicio_28_3:

assumes "q r"

shows "p 9 p r"
using assms
by auto

teXt {F mo oo
Ejercicio 29. Demostrar

p p P

- "La demostracién detallada es"
lemma ejercicio_29_1:
assumes 1: "p p"
shows "p"

using 1
proof (rule disjE)
assume "p"
thus "p" by this
next
assume "p"
thus "p" by this
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ged

- "La demostracién estructurada es"
lemma ejercicio_29_2:
assumes "p p"
shows "p"
using assms
proof
assume "p"
thus llpll
next
assume "p"
thuS Ilpll
ged

- "La demostracién estructurada es"
lemma ejercicio_29_3:

assumes "p p"

shows "p"
using assms
by auto

text {# -

Ejercicto 30. Demostrar
p p P

- "La demostracidén detallada es"
lemma ejercicio_30_1:
assumes 1: '"p"

shows "p p"
proof -

show "p p" using 1 by (rule disjI1)
ged

- "La demostracién estructurada es"
lemma ejercicio_30_2:

assumes "p"

shows "p p"
proof -
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show "p p" using assms ..
ged

- "La demostracién estructurada es"
lemma ejercicio_30_3:

assumes "p"

shows "p p"
using assms
by auto

teXt {F mm e
Ejercicto 31. Demostrar
p (¢ ) (p g r

- "La demostracién detallada es"
lemma ejercicio_31_1:
assumes 1: "p (q 1r)"

shows "(p g9 "
using 1
proof (rule disjE)
assume "p"

hence "p q" by (rule disjI1)
thus "(p q) r" by (rule disjIi1)
next
assume '"q r"
thus "(p q) r"
proof (rule disjE)
assume "q"
hence "p q" by (rule disjI2)
thus "(p q) r" by (rule disjIl)
next
assume "r"
thus "(p q) r" by (rule disjI2)
ged
ged

- "La demostracidn estructurada es"
lemma ejercicio_31_2:
assumes "p (q )"
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shows "(p q "
using assms

proof
assume "p"
hence "p q" ..
thus "(p q) r"
next

assume "q r"
thus "(p q) r"
proof
assume "q"
hence "p q"
thus "(p q) "
next
assume "r"
thus "(p q) "
ged
ged

- "La demostracién estructurada es"
lemma ejercicio_31_3:

assumes "p (q )"

shows "(p q) «r"
using assms
by auto

BeXE {F —m oo
Ejercicto 32. Demostrar
(p ¢ r p (qg r)

- "La demostracién detallada es"
lemma ejercicio_32_1:

assumes 1: "(p q) "

shows "p (@ )"
using 1
proof (rule disjE)

assume "p q"

thus "p (q )"

proof (rule disjE)



96 Capitulo 3. Deduccién natural en légica proposicional

assume "p"

thus "p (g 1r)" by (rule disjIl)
next

assume "q"

hence "q 1" by (rule disjI1)
thus "p (g 1)" by (rule disjI2)
ged
next
assume "r"
hence "q r" by (rule disjI2)
thus "p (g 1)" by (rule disjI2)
ged

- "La demostracién estructurada es"
lemma ejercicio_32_2:

assumes "(p q) r"

shows "p (q 1"
using assms
proof

assume "p q"

thus "p (q )"

proof

assume "p"

thus "p (q )"
next

assume "q"

hence "q r"
thus "p (q )"
ged
next
assume "r"
hence "q r"
thus "p (q )"
ged

- "La demostracién estructurada es"
lemma ejercicio_32_3:

assumes "(p q) r"

shows "p (q )"
using assms
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by auto

text {# -

Ejercicio 33. Demostrar
p (¢ ) (» ¢ (» r)

- "La demostracién detallada es"
lemma ejercicio_33_1:
assumes 1: "p (q )"
shows "@p @ (p o
proof -
have 2: "p" using 1 by (rule conjunctl)
have 3: "q r" using 1 by (rule conjunct2)
thus "(p @ (p D"
proof (rule disjE)
assume 4: "q"
have "p q" using 2 4 by (rule conjI)
thus "(p q) (p )" by (rule disjIl)
next
assume 5: "r"
have "q r" using 1 by (rule conjunct2)
thus "(p q) (p )"
proof (rule disjE)
assume "q"
have "p q" using ‘p‘ ‘q‘ by (rule conjI)
thus "(p q) (p 1©)" by (rule disjIl)
next
assume "r"
have "p r" using ‘p‘ ‘r‘ by (rule conjI)
thus "(p q) (p )" by (rule disjI2)
qed
ged
ged

- "La demostracién estructurada es"
lemma ejercicio_33_2:

assumes "p (q 1r)"

shows "(p @ (p 1"
proof -
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have '"p'" using assms ..
have "q r'" using assms ..
thus "(p q) (p )"
proof
assume "q"
with ‘p‘ have "p q" .
thus "(p q@ (p )" ..
next
assume "r"
hence "q "
thus "(p q) (p )"
proof
assume "q"
with ‘p‘ have "p q"
thus "(p @ ((p D"
next
assume "r"
with ‘p‘ have "p r"
thus "(p q) (p )"
qed
ged
ged

- "La demostracién automatica es"
lemma ejercicio_33_3:

assumes "p (q 1r)"

shows "(p @ (p 1"
using assms
by auto

teXt {F m oo
Ejercicio 34. Demostrar
(» ¢ (@ r) p (qg r)

- "La demostracidén detallada es"
lemma ejercicio_34_1:

assumes "(p q) (p )"

shows "p (q )"
using assms
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proof (rule disjE)
assume 1: "p q"
show "p (q )"
proof (rule conjI)
show "p" using 1 by (rule conjunctl)
next
have "q" using 1 by (rule conjunct2)
thus "q r" by (rule disjIl)
ged
next
assume 2: "p r"
hence 3: "p" by (rule conjunctl)
have "r'" using 2 by (rule conjunct2)
hence 4: "q r" by (rule disjI2)
show "p (q 1r)" using 3 4 by (rule conjI)
ged

- "La demostracién estructurada es"
lemma ejercicio_34_2:
assumes "(p q) (p "
shows "p (q n)"
using assms
proof
assume "p q"
show "p (q »)"
proof
show "p" using ‘p q
next
have "q" using ‘p q
thus "q ="
ged
next
assume "p r"
hence "p"
have "r" using ‘p r°
hence "q «r"
with ‘p‘ show "p (q 1"
ged

- "La demostracién estructurada es"
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lemma ejercicio_34_3:
assumes "(p q) (p )"
shows "p (q 1)"

using assms

by auto

BeXE {#F —m oo
Ejercicto 35. Demostrar
p (¢ ) (p q) (p T)

- "La demostracién estructurada es"
lemma ejercicio_35_1:
assumes "p (q 1r)"
shows "(p q) (p )"
using assms
proof
assume "p"
show "(p @ (p )"
proof
show "p q" using ‘p°
next
show "p r" using ‘p‘
ged
next
assume '"q r"
show "(p q@ (p )"

proof
have "q" using ‘q r°¢
thus llp qll

next

have "r" using ‘q rf
thus "p "
ged
ged

- "La demostracién detallada es"
lemma ejercicio_35_2:

assumes "p (q 1r)"

shows "(p q (p D"
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using assms
proof (rule disjE)
assume "p"
show "(p q) (p )"
proof (rule conjI)
show "p q" using ‘p‘ by (rule disjIl)
next
show "p r" using ‘p‘ by (rule disjIl)
ged
next
assume '"q r"
show "(p q) (p )"
proof (rule conjI)
have "q" using ‘q r°
thus "p q" by (rule disjI2)
next
have "r" using ‘q r‘ by (rule conjunct2)
thus "p r" by (rule disjI2)
ged
ged
- "La demostracidén automdtica es"
lemma ejercicio_35_3:
assumes "p (q )"
shows "(p q (p D"
using assms
by auto
TeXE {F mm oo
Ejercicio 36. Demostrar
(p q) (p r) p (qg 7T)
__________________________________________________________ *}

- "La demostracién estructurada es"
lemma ejercicio_36_1:

assumes "(p q@ (p D"

shows "p (q 1)"
proof -

have "p q" using assms ..

thus "p (q )"
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proof

assume "p"

thus "p (q )"
next

assume "q"

have "p r'" using assms
thus "p (q )"

proof

assume "p"

thus "p (q )"
next

assume "r"

with ‘q‘ have "q 1"
thus "p (q )"
qed
ged
ged

- "La demostracién detallada es"
lemma ejercicio_36_2:
assumes "(p q) (p "
shows "p (q 1"
proof -
have "p q" using assms by (rule conjunctl)
thus "p (q )"
proof (rule disjE)

assume "p"

thus "p (g 1)" by (rule disjIl)
next

assume "q"

have "p r" using assms by (rule conjunct2)
thus "p (q )"
proof (rule disjE)

assume "p"

thus "p (g 1)" by (rule disjIl)
next

assume "r"

have "q 1r" using ‘q‘ ‘r‘ by (rule conjI)
thus "p (g 1)" by (rule disjI2)
qed
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ged
ged

- "La demostracidén automatica es"
lemma ejercicio_36_3:

assumes "(p q@ (p D"

shows "p (q 1)"
using assms
by auto

text {* -~

Ejercicio 37. Demostrar
(p r) (¢ ) p q r

- "La demostracién estructurada es"
lemma ejercicio_37_1:
assumes "(p r) (g )"
shows "p q "
proof
assume "p q"
thus "r"
proof
assume '"p"
have "p r'" using assms
thus "r" using ‘p‘
next
assume "q"
have "q r'" using assms
thus "r" using ‘q‘
ged
ged

- "La demostracién detallada es"
lemma ejercicio_37_2:

assumes "(p r) (q D"

shows "p q r"
proof (rule impI)

assume "p q"

thus "r"
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proof (rule disjE)
assume "p"
have "p r" using assms by (rule conjunctl)
thus "r" using ‘p‘ by (rule mp)

next
assume "q"
have "q r" using assms by (rule conjunct2)
thus "r" using ‘q‘ by (rule mp)

ged

ged

- "La demostracidn automatica es"
lemma ejercicio_37_3:

assumes "(p r) (g )"

shows "p q "
using assms
by auto

teXt {# mo e
Ejercicio 38. Demostrar
p g r ( r) (g7

- "La demostracién estructurada es"
lemma ejercicio_38_1:
assumes "p q I"
shows "(p r) (q )"
proof
show "p "
proof
assume "p"
hence "p q"
with assms show "r"
ged
next
show "q I"
proof
assume "q"
hence "p q"
with assms show '"r"
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ged
ged

- "La demostracién detallada es"
lemma ejercicio_38_2:
assumes "p q I"
shows "(p r) (q 1"
proof (rule conjI)
show "p "
proof (rule impI)
assume "p"
hence "p q" by (rule disjI1)
show "r" using assms ‘p q° by (rule mp)
ged
next
show "q I"
proof (rule impI)
assume "q"
hence "p q" by (rule disjI2)
show "r'" using assms ‘p q‘ by (rule mp)
ged
ged

- "La demostracién automatica es"
lemma ejercicio_38_3:

assumes "p q I"

shows "(p r) (q 1"
using assms
by auto

section {* Negacion *}

text {# -

Ejercicto 39. Demostrar
p nfp

- "La demostracidén detallada es"
lemma ejercicio_39_1:
assumes "p"
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shows "anp"
proof -

show "hAfp" using assms by (rule notnotI)
ged

- "La demostracidén automatica es"
lemma ejercicio_39_2:
assumes "p"

shows "hnp"
using assms
by auto
BeXE {F mm oo
Ejercicto 40. Demostrar
p p g

- "La demostracién estructurada es"
lemma ejercicio_40_1:

assumes "np"

shows "p q"
proof

assume "p"

with assms(1) show "qg"
ged

- "La demostracién detallada es"
lemma ejercicio_40_2:

assumes "hp"

shows "p q"
proof (rule impI)

assume "p"

show "q" using assms(1) ‘p‘ by (rule notE)
ged

- "La demostracién automatica es"
lemma ejercicio_40_3:

assumes "hp"

shows "p q"
using assms
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by auto

text {# -

Ejercicio 41. Demostrar
p g fig 7p

- "La demostracién estructurada es"
lemma ejercicio_41_1:

assumes "p q"

shows "hq ap"
proof

assume "hq"

with assms(1) show "ip" by (rule mt)
ged

- "La demostracién detallada es"
lemma ejercicio_41_2:

assumes "p q"

shows "hq Aap"
proof (rule impI)

assume '"hq"

show "fp" using assms(1l) ‘Aiq‘ by (rule mt)
ged

- "La demostracién automatica es"
lemma ejercicio_41_3:

assumes "p q"

shows "iq np"
using assms
by auto

text {# -

Ejercicio 42. Demostrar
P ¢ fig p

- "La demostracidn estructurada es"
lemma ejercicio_42_1:
assumes "p q"
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llﬁqll

shows "p"
using assms(1)
proof

assume "p"

thus llpll
next

assume "q"

with assms(2) show "p"
ged

- "La demostracién detallada es"
lemma ejercicio_42_2:

assumes "p q"

lli’lqll

shows "p"
using assms(1)
proof (rule disjE)

assume "p"

thus "p" by this
next

assume "q"

show "p" using assms(2) ‘q‘ by (rule notE)
ged

- "La demostracién automatica es"
lemma ejercicio_42_3:
assumes "p q"
Ilflqll
shows "p"
using assms
by auto

teXt {# mo e
Ejercicio 42. Demostrar

P g, fip ¢

- "La demostracidon estructurada es"
lemma ejercicio_43_1:
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assumes "p q"
llﬁpll
shows "q"
using assms(1)
proof
assume "p"
with assms(2) show "qg"
next
assume "q"
thus "q"
ged

- "La demostracién detallada es"
lemma ejercicio_43_2:

assumes "p q"

llﬁpll

shows "q"
using assms(1)
proof (rule disjE)

assume "p"

show "q" using assms(2) ‘p‘ by (rule notE)
next

assume "q"

thus "q" by this
ged

- "La demostracidn automatica es"
lemma ejercicio_43_3:
assumes "p q"

lli’lpll
shows "q"
using assms
by auto
TeXE {# —m oo

Ejercicio 44. Demostrar
p q n(np ng)

- "La demostracién estructurada es"
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lemma ejercicio_44_1:
assumes "p q"

shows  "a(ip ng"
proof
assume "hp 1nq"
note ‘p q°
thus "False"
proof
assume '"p"

have "fp" using ‘dp 1nq°
thus "False" using ‘p°¢
next
assume "q"
have "nq" using ‘fp 1nq°
thus "False" using ‘qf
ged
ged

- "La demostracién detallada es"
lemma ejercicio_44_2:
assumes "p q"
shows  "a(dip ng"
proof (rule notI)
assume "hp nq"
note ‘p qf
thus "False"
proof
assume '"p"
have "fp" using ‘fp 1nq‘ by (rule conjunctl)
thus "False" using ‘p¢ by (rule notE)
next
assume "q"
have "fq" using ‘fp 1nq‘ by (rule conjunct2)
thus "False" using ‘q‘ by (rule notE)
ged
ged

- "La demostracidn automatica es"
lemma ejercicio_44_3:
assumes "p q"
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shows  "a(hp 1ag)"
using assms
by auto

text {# —- e

Ejercicio 45. Demostrar
p q n(np 1ng)

- "La demostracidén estructurada es"
lemma ejercicio_45_1:
assumes "p q"

shows  "a(ip ng"
proof

assume "hp 1nq"

thus "False"

proof

assume "hp"
have '"p'" using assms
with ‘dp¢ show "False"
next
assume "hq"
have '"q'" using assms
with ‘Aq‘ show "False"
ged
ged

- "La demostracién detallada es"
lemma ejercicio_45_2:
assumes "p q"
shows  "a(hp 1ag)"
proof (rule notI)
assume "hp nq"
thus "False"
proof
assume "hp"
have "p" using assms by (rule conjunctl)
show "False" using ‘fp‘ ‘p‘ by (rule notE)
next
assume "nq"
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have "q" using assms by (rule conjunct2)
show "False" using ‘Aq‘ ‘q‘ by (rule notE)
ged
ged

- "La demostracién automatica es"
lemma ejercicio_45_3:

assumes "p q"

shows  "a(ip ng"
using assms
by auto

TeXt {# —m oo
Ejercicto 46. Demostrar

n(p q) f1p 1ngq

- "La demostracién estructurada es"
lemma ejercicio_46_1:
assumes "a(p )"
shows "ap Aaq"
proof
show "hp"
proof
assume "p"
hence "p q"
with assms show "False"
ged
next
show '"ng"
proof
assume "q"
hence "p q"
with assms show "False"
ged
ged

- "La demostracidon detallada es"
lemma ejercicio_46_2:
assumes "a(p q)"
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shows "ap Aaq"
proof (rule conjI)
show "hp"

proof (rule notI)
assume "p"
hence "p q" by (rule disjI1)
show "False" using assms ‘p q° by (rule notE)

ged
next
show '"ng"
proof (rule notI)
assume "q"

hence "p q" by (rule disjI2)
show "False" using assms ‘p q° by (rule notE)
ged
ged

- "La demostracién automatica es"
lemma ejercicio_46_3:

assumes "a(p )"

shows "ap Aaq"
using assms
by auto

text {# -

Ejercicio 47. Demostrar
fip fig fil(p q)

- "La demostracién estructurada es"
lemma ejercicio_47_1:
assumes "hp Aaq"
shows "a(p q)"
proof
assume "p q"
thus False
proof
assume "p"
have "np'" using assms
thus False using ‘p°
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next
assume "q"
have "nq" using assms
thus False using ‘q‘
ged
ged

- "La demostracién detallada es"
lemma ejercicio_47_2:
assumes "hp Aaq"
shows "a(p q)"
proof (rule notI)
assume "p q"
thus False
proof (rule disjE)
assume "p"
have "fp" using assms by (rule conjunctl)
thus False using ‘p‘ by (rule notE)
next
assume "q"
have "fnq" using assms by (rule conjunct2)
thus False using ‘q‘ by (rule notE)
ged
ged

- "La demostracién automatica es"
lemma ejercicio_47_3:

assumes "hp aq"

shows "a(p q)"
using assms
by auto

TeXt {# —o oo
Ejercicto 48. Demostrar

fip fig #flp q)

- "La demostracidn estructurada es"
lemma ejercicio_48_1:
assumes "hp 1q"
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shows "a(p q)"
proof
assume "p q"
note ‘h4p 1n q°
thus False
proof
assume "hp"
have "p" using ‘p qf
with ‘Ap‘ show False
next
assume "nq"
have "q" using ‘p qf
with ‘Aq‘ show False
ged
ged

- "La demostracién detallada es"
lemma ejercicio_48_2:
assumes "ip Anq"
shows  "a(p q)"
proof (rule notI)
assume "p q"
note ‘4p 1u q°
thus False
proof (rule disjE)
assume "hp"
have "p" using ‘p q‘ by (rule conjunctl)
show False using ‘fip‘ ‘p‘ by (rule notE)
next
assume "hq"
have "q" using ‘p q‘ by (rule conjunct2)
show False using ‘fiq‘ ‘q‘ by (rule notE)
ged
ged

- "La demostracién automatica es"
lemma ejercicio_48_3:

assumes "hp aq"

shows "a(p q)"
using assms
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by auto

TeXt {# —m oo
Ejercicto 49. Demostrar
fi(p 1ip)

- "La demostracién estructurada es"
lemma ejercicio_49_1:

"a(p #p)"
proof

assume "p 1np"

hence "p"

have "hp" using ‘p ip°

thus False using ‘p°
ged

- "La demostracién detallada es"
lemma ejercicio_49_2:

"a(p #p)"
proof (rule notI)

assume "p ap"

hence "p" by (rule conjunctl)

have "fp" using ‘p #p‘ by (rule conjunct2)

thus False using ‘p‘ by (rule notE)
ged

- "La demostracidén automatica es"
lemma ejercicio_49_3:
"W(p @p)"
by auto

TeXt {# —o oo
Ejercicto 50. Demostrar

p np g

- "La demostracidn estructurada es"
lemma ejercicio_50_1:
assumes "p 1np"
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shows "q"
proof -

have "p'" using assms

have "np'" using assms

thus "q" using ‘p°¢
ged

- "La demostracién detallada es"
lemma ejercicio_50_2:

assumes "p 1p"

shows "q"
proof -

have "p" using assms by (rule conjunctl)

have "fp" using assms by (rule conjunct2)

thus "q" using ‘p‘ by (rule notE)
ged

- "La demostracién automatica es"
lemma ejercicio_50_3:

assumes "p 1np"

shows "q"
using assms
by auto
TeXE {F mm oo oo

Ejercicio 51. Demostrar

ifip p
__________________________________________________________ *}

- "La demostracién detallada es"
lemma ejercicio_bl_1:

assumes "hinp"

shows "p"
using assms

by (rule notnotD)

- "La demostracidén automatica es"
lemma ejercicio_b51_2:

assumes "hnp"

shows "p"
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using assms

by auto
teXt {# —o e
Ejercicio 52. Demostrar
p fip
------------------------------------------------------------------ *}
- "La demostracién estructurada es"
lemma ejercicio_b2_1:
llp ﬁpll
proof -
have "nnp ap"
thus "p np" by simp
ged
- "La demostracién detallada es"
lemma ejercicio_b2_2:
Ilp ﬁpll
proof -
have "afp 1#p" by (rule excluded_middle)
thus "p np" by simp
ged
- "La demostracién automatica es"
lemma ejercicio_b2_3:
llp ﬁpll
by auto
teXt {F mo oo
Ejercicio 53. Demostrar
( ¢) p) p
__________________________________________________________________ *}

- "La demostracidén estructurada es"
lemma ejercicio_b3_1:
"(p @ p) p"
proof
assume "(p q) p"
show '"p"
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proof (rule ccontr)
assume "hp"
have "A(p q)" using ‘(p q) p¢ ‘Ap‘ by (rule mt)
have "p q"
proof
assume "p"
with ‘dp¢ show "q"
ged
show False using ‘a(p q)°
ged
ged

4

P q

- "La demostracién detallada es"
lemma ejercicio_b3_2:
"((p @) p) p"
proof (rule impI)
assume "(p q) p"
show '"p"
proof (rule ccontr)
assume "hp"
have "a(p @) " using ‘(p q p°¢ ‘hp¢ by (rule mt)

have "p q"
proof (rule impI)
assume "p"
show "q" using ‘Ap‘ ‘p¢ by (rule notE)
ged
show False using ‘4(p q)‘ ‘p q‘ by (rule notE)
ged

ged

- "La demostracidén automitica es"
lemma ejercicio_53_3:

u((p q) P) pn
by auto

teXt {* — e

Ejercicio 54. Demostrar
ng fip p ¢
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- "La demostracién estructurada es"
lemma ejercicio_b4_1:
assumes "hq Anp"
shows "p q"
proof
assume "p"
show "q"
proof (rule ccontr)
assume "hq"
with assms have "np"
thus False using ‘p°
ged
ged

- "La demostracién detallada es"
lemma ejercicio_b4_2:
assumes "hq Anp"
shows "p q"
proof (rule impI)
assume "p"
show "q"
proof (rule ccontr)
assume "hq"
have "fp" using assms ‘fiq‘ by (rule mp)
thus False using ‘p‘ by (rule notE)
ged
ged

- "La demostracién automatica es"
lemma ejercicio_b4_3:

assumes "hq Aap"

shows "p q"
using assms
by auto

teXt {F m oo
Ejercicto 55. Demostrar
n(nip ng) p q
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- "La demostracién estructurada es"
lemma ejercicio_bb_1:
assumes "h(dip 1q)"
shows "p q"
proof -
have "ap p"
thus "p q"
proof
assume "hp"
have "aq q"
thus "p q"
proof
assume "hq"
with ‘fp¢ have "fp 1nq"
with assms show "p q"
next
assume "q"
thus "p q"
gqed
next
assume "p"
thus "p q"
ged
ged

- "La demostracién detallada es"
lemma ejercicio_b5_2:

assumes "h(dip 1q)"

shows "p q"

proof -
have "fp p" by (rule excluded_middle)
thus "p q"
proof

assume "hp"
have "iig q" by (rule excluded_middle)
thus "p q"
proof
assume "hq"
have "fp #q" using ‘Ap‘ ‘Aq‘ by (rule conjI)

show "p q" using assms ‘fp 10gq‘ by (rule notE)
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next
assume "q"
thus "p q" by (rule disjI2)
gqed
next
assume "p"
thus "p q" by (rule disjI1)
ged
ged

- "La demostracién automatica es"
lemma ejercicio_b55_3:

assumes "h(dip 1q)"

shows "p q"
using assms
by auto

TeXL {# —o oo
Ejercicto 56. Demostrar

i(ip 7ng) p q

- "La demostracién estructurada es"
lemma ejercicio_56_1:
assumes "a(dip 1fq)"
shows "p q"
proof
show '"p"
proof (rule ccontr)
assume "hp"
hence "ap 1nq"
with assms show False
ged
next
show "q"
proof (rule ccontr)
assume "hq"
hence "np nq"
with assms show False
ged
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ged

- "La demostracién detallada es"
lemma ejercicio_56_2:
assumes "a(ip 1fq)"
shows "p q"
proof (rule conjI)
show '"p"
proof (rule ccontr)
assume "hp"
hence "fip 1#q" by (rule disjIl)
show False using assms ‘fp #q°‘ by (rule notE)
ged
next
show "q"
proof (rule ccontr)
assume "hq"
hence "fip 10q" by (rule disjI2)
show False using assms ‘fp #q‘ by (rule notE)
ged
ged

- "La demostracién automatica es"
lemma ejercicio_56_3:

assumes "a(dip 1fq)"

shows "p q"
using assms
by auto

text {# -

Ejercicio 57. Demostrar
n(p q) 7np g

- "La demostracién estructurada es"
lemma ejercicio_b7_1:

assumes "i(p "

shows "ip 1nq"
proof -

have "np p"
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thus "ap nq"
proof
assume "hp"
thus "np A7q"

next
assume "p"
have "nq q"
thus "np 17q"
proof

assume "nq"
thus "Ap aq"

next
assume "q"
with ‘p‘ have "p q"
with assms show "np 10q"

ged

ged
ged

- "La demostracién detallada es"
lemma ejercicio_b7_2:
assumes "i(p "
shows "ip 1nq"
proof -
have "fp p" by (rule excluded_middle)
thus "ap nq"
proof (rule disjE)
assume "hp"
thus "fp 0q" by (rule disjIl)
next
assume "p"
have "fig q" by (rule excluded_middle)
thus "np 1nq"
proof
assume "nq"
thus "ap #q" by (rule disjI2)
next
assume "q"
have "p q" using ‘p‘ ‘q‘ by (rule conjI)
show "fip 1nq" using assms ‘p q‘ by (rule notE)
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ged
ged
ged
- "La demostracién automatica es"
lemma ejercicio_b7_3:
assumes "d(p "
shows "ip nq"
using assms
by auto
BeXE {F —mmm oo
Ejercicto 58. Demostrar
@ ¢ (¢ p)
---------------------------------------------------------- *}

- "La demostracién estructurada es"
lemma ejercicio_58_1:
" @ (q P
proof -
have "ap p"
thus "(p q) (q p)"
proof
assume "hp"
have "p q"
proof
assume "p"
with ‘fp¢ show "q"
gqed
thus "(p @ (q p)"
next
assume "p"
have "q p"
proof
assume "q"
show "p" using ‘p°
qed
thus "(p q) (q p)"
ged
ged
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- "La demostracién detallada es"
lemma ejercicio_58_2:
"p @ (@ p"
proof -
have "ip p" by (rule excluded_middle)
thus "(p q) (q p)"
proof
assume "hp"
have "p q"
proof (rule impI)
assume "p"
show "q" using ‘fAp‘ ‘p‘ by (rule notE)
gqed
thus "(p @ (q p)" by (rule disjI1)
next
assume "p"
have "q p"
proof
assume "q"
show "p" using ‘p‘¢ by this
qed
thus "(p q) (q p)" by (rule disjI2)
ged
ged

- "La demostracidn automatica es"
lemma ejercicio_58_3:

n(p q) (q p)n
by auto

end

3.3. Ejercicios: Argumentacidon l6gica proposicional
chapter {* T3R2: Argumentacion proposicional *}

theory T3R2
imports Main
begin
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El objetivo de esta es relacion formalizar y demostrar la correccion
de los argumentos usando solo las reglas bdsicas de deduccion natural
de la ldgtca propostcional (sin usar el método auto).

Las reglas bdsicas de la deduccton natural son las sigutentes:

4 conjgl: P; § P @
4 conjunctl: P { P
% conjunct2: P { @
% notnotD: nn P P
% notnotl: P nn P
4 mp: P Q; P @
4 mt: F G, nG nF
4 impl: (P q) P @
% disjll: P P g
4 disgI2: g P g
% disjE: P {Q;, P R, § R R
1% FalseE: False P
4 notE: nP; P R
% notl: (P False) 1P
4 1ffI: P ;9 P P =4
4 1ffD1: Q=pP;, g P
4 1ffD2: P=g, g P
i ccontr: (P False) P
*}
text {#

Se usardn las rTeglas notnotI y mt que demostramos a continuacion.

*}

lemma notnotI: "P nn P"
by auto

lemma mt: "F G; nG nF"
by auto
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Ejercicto 1. Formalizar, y demostrar la correccion, del siguiente
arqgumento
St no estd el mafiana ni el ayer escrito, entonces no estd el mafiana
escrito.
Usar M: El mafiana estd escrito.
A: El ayer estda escrito.

"La demostracidén automatica es:"
lemma ejercicio_1_1:

"aM nA aM"
by auto

"La demostracidén estructurada es:"
lemma ejercicio_1_2:
assumes "nM QA"
shows "aM"
using assms

"La demostracidén detallada es:"
lemma ejercicio_1_3:
assumes "HM nA"
shows "aM"
using assms by (rule conjunctl)

TeXE {F —m oo
Ejercicto 2. Formalizar, y demostrar la correccion, del stguiente
argumento

Siempre que un numero z es divisible por 10, acaba en 0. ELl nimero
T no acaba en 0. Por lo tanto, T no es divisible por 10.
Usar D para "el numero es divisible por 10" y
C para "el numero acaba en cero'.

"La demostracidén automatica es"
lemma ejercicio_2_1:

"C D; aD acC"
by auto

"La demostracidn estructurada es"
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lemma ejercicio_2_2:
assumes "C D"

lllell
shows "ac"
proof
assume "C"

with assms(1) have "D"
with assms(2) show False
ged

- "La demostracién detallada es"
lemma ejercicio_2_3:
assumes "C D"

Illell
shows "ac"
proof
assume "C"

with assms(1) have "D" by (rule mp)
with assms(2) show False by (rule notE)
ged

TeXt {# —-mmm e
Ejercicto 3. Formalizar, y demostrar la correccion, del stguiente

argumento

S1 no hay control de macimientos, entonces la poblacion crece
1limitadamente; pero si la poblacion crece tlimitadamente,

aumentard el indice de pobreza. Por consiguiente, st mo hay control

de nacimientos, aumentard el indice de pobreza.

Usar N: Hay control de nacimientos.
P: La poblacion crece ilimitadamente,
I: Aumentard el indice de pobreza.

- "La demostracidén automdtica es"
lemma ejercicio_3_1:
"aN P; P I aN I"
by auto

- "La demostracidon estructurada es"
lemma ejercicio_3_2:
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assumes "nN P"
IIP Ill

shows "aN  I"
proof

assume "AN"

with assms(1) have "P"

with assms(2) show "I"
ged

- "La demostracién detallada es"
lemma ejercicio_3_3:

assumes "N P"

IIP Ill

shows "aN  I"
proof (rule impI)

assume "nN"

with assms(1) have "P" by (rule mp)

with assms(2) show "I" by (rule mp)
ged

TeXE {F — oo
Ejercicto 4. Formalizar, y demostrar la correccion, del stguiente
argumento

St te llamé por teléfono, entonces recibiste mi llamada y no es
cierto que no te avisé del peligro que corrias. Por consiguiente,
como te llamé, es cierto que te avisé del peligro que corrias.
Usar T: Te llamé por teléfono.
R: Recibiste mi llamada.
P: Te avisé del peligro que corrias.

- "La demostracidén automatica es:"
lemma ejercicio_4_1:
"T R nnA T A"
by auto

- "La demostracidén estructurada es:"
lemma ejercicio_4_2:

assumes "T R nnA"

shows "T A"
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proof
assume "T"
with assms have "R 1nOnA"
hence "AnA"
thus "A" by (rule notnotD)
ged

- "La demostracién detallada es:"
lemma ejercicio_4_3:
assumes "T R AnA"
shows "T A"
proof (rule impI)
assume "T"
with assms(1) have "R nnA" by (rule mp)
hence "fnA" by (rule conjunct2)
thus "A" by (rule notnotD)
ged

text {# -
Ejercicto 5. Formalizar, y demostrar la correccion, del siguiente

argumento

S1 la vdlvula esta abierta o la monitorizacion estd preparada,
entonces se envia una sefial de reconocimiento Yy un mensaje de
funcionamiento al controlador del ordenador. St se envia un mensaje
de funcionamiento al controlador del ordemador o el sistema estd en
estado normal, entonces se aceptan las ordenes del operador. Por lo
tanto, st la valvula estd abierta, entonces se aceptan las drdenes

del operador.
Usar A : La vdlvula estda abierta.
P : La monitorizacion estd preparada.
R : Envia una sefial de reconocimiento.
F : Envia un mensaje de funcionamiento.
N : El ststema estd en estado nmormal.
0 : Se aceptan ordenes del operador.

- "La demostracidén automatica es"
lemma ejercicio_b5_1:

"A P R F; F N Or A Oxr"
by auto
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- "La demostracién estructurada es"
lemma ejercicio_b5_2:
assumes "A P R F"

"F N Or"

shows "A  Or"
proof

assume "A"

hence "A P"

with assms(1) have "R F"

hence "F"

hence "F N"

with assms(2) show "Or"
ged

- "La demostracién detallada es"
lemma ejercicio_5_3:
assumes "A P R F"

"F N Or"
shows "A  Or"
proof (rule impI)
assume "A"

hence "A P" by (rule disjIl)

with assms(1) have "R F" by (rule mp)

hence "F" by (rule conjunct2)

hence "F N" by (rule disjIl)

with assms(2) show "Or" by (rule mp)
ged

TeXt {# —- oo
Ejercicto 6. Formalizar, y demostrar la correccion, del siguiente
argumento

Cuando tanto la temperatura como la presion atmosférica permanecen
contantes, no llueve. La temperatura permanece constante. Por lo
tanto, en caso de que llueva, la presion atmosférica mo permanece
constante.
Usar T para "La temperatura permanece constante',
P para "La presion atmosférica permanece constante" y
L para "Llueve".
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- "La demostracidén automatica es"
lemma ejercicio_6_1:
"T P aL; T L #&p"
by auto

- "La demostracidén estructurada es"
lemma ejercicio_6_2:
assumes "T P aL"
IITII
shows "L npP"
proof
assume "L"
show "np"
proof
assume "P"
with ‘T¢ have "T P"
with assms(1) have "AL"
thus "False" using ‘L¢
ged
ged

- "La demostracién detallada es"
lemma ejercicio_6_3:
assumes "T P aL"
IITII
shows "L ap"
proof (rule impI)
assume "L"
show "aP"
proof
assume "P"
with ‘T‘ have "T P" by (rule conjI)
with assms(1) have "iL" by (rule mp)
thus "False" using ‘L¢ by (rule notE)
ged
ged

text {# -
Ejercicto 7. Formalizar, y demostrar la correccion, del siguiente
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argumento
S1 el general era leal, hubiera obedecido las ordenes, y st era
inteligente las hubiera comprendido. 0 el general desobedecid las
ordenes o no las comprendid. Luego, el gemeral era desleal o no era
inteligente.
Usar L: El general es leal.
0b: El general obedece las ordenes.
I: El general es inteligente.
C: El general comprende las oJrdenes.

- "La demostracidén automatica es"
lemma ejercicio_7_1:
"(L Ob) (I C); n0b #HC aL aI"
by auto

- "La demostracién estructurada es"
lemma ejercicio_7_2:
assumes "(L 0Ob) (I C)"
"no0b ac"
shows "al. aI"
using assms(2)
proof
assume "h0b"
have "L 0b" using assms(1)
hence "AL" using ‘A0b¢ by (rule mt)
thus "AL AI"
next
assume "hC"
have "I C" using assms(1)
hence "AI" using ‘AC‘ by (rule mt)
thus "AL AI"
ged

- "La demostracidén detallada es"
lemma ejercicio_7_3:
assumes "(L 0b) (I C)"
"n0b ac"
shows "al. aI"
using assms(2)
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proof (rule disjE)
assume "h0b"
have "L 0b" using assms(1) by (rule conjunctl)
hence "AL" using ‘A0b‘ by (rule mt)
thus "aL #AI" by (rule disjIl)
next
assume "hC"
have "I C" using assms(1) by (rule conjunct2)
hence "AI" using ‘AC‘ by (rule mt)
thus "AL #AI" by (rule disjI2)
ged

BeXE {F mm oo
Ejercicto 8. Formalizar, y demostrar la correccion, del stguiente
argumento

Me matan si no trabajo y si trabajo me matan. Me matan siempre me
matan.
Usar M: Me matan.
T: Trabajo.

- "La demostracidén automatica es"
lemma ejercicio_8_1:
"(mT M) (T M) M"
by auto

- "La demostracidén estructurada es"
lemma ejercicio_8_2:
assumes "(AT M) (T M)"
shows "M
proof -
have "aT T"
thus "M"
proof
assume "AT"
have "nT M" using assms
thus "M" using ‘AT
next
assume "T"
have "T M" using assms
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thus "M" using ‘T¢
ged
ged

- "La demostracién detallada es"
lemma ejercicio_8_3:
assumes "(MT M) (T M)"

shows "M

proof -
have "AT T" by (rule excluded_middle)
thus "M"

proof (rule disjE)
assume "AT"
have "AT M" using assms by (rule conjunctl)
thus "M" using ‘4T¢ by (rule mp)

next
assume "T"
have "T M" using assms by (rule conjunct2)
thus "M" using ‘T‘ by (rule mp)

ged

ged

BeXE {F mm oo
Ejercicto 9. Formalizar, y demostrar la correccion, del stguiente
argumento

En cierto experimento, cuando hemos empleado un fdrmaco 4, el
pactente ha mejorado constderablemente en el caso, y solo en el
caso, en que no se haya empleado también un fdrmaco B. Ademds, o se
ha empleado el farmaco A o se ha empleado el fdrmaco B. En
consecuencta, podemos afirmar que st mo hemos empleado el fdrmaco
B, el paciente ha mejorado considerablemente.
Usar A: Hemos empleado el fdrmaco 4.
B: Hemos empleado el fdrmaco B.
M: El pactente ha mejorado notablemente.

- "La demostracidn automatica es"
lemma ejercicio_9_1:
assumes "A (M #B)"
IIA Bll
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shows "nB M"
using assms
by auto

- "La demostracidén estructurada es"
lemma ejercicio_9_2:
assumes "A (M #HB)"
IIA Bll
shows "nB M"
proof
assume "AB"
note ‘A B
hence "A"
proof
assume "A"
thus "A"
next
assume "B"
with ‘AB¢ show "A"
ged
have "M 1B" using assms(1) ‘A€
thus "M" using ‘HB°
ged

- "La demostracidén detallada es"
lemma ejercicio_9_3:
assumes "A (M #HB)"
IIA Bll
shows "nB M"
proof (rule impI)
assume "AB"
note ‘A B
hence "A"
proof (rule disjE)
assume "A"
thus "A" by this
next
assume "B"
with ‘AB‘ show "A" by (rule notE)
ged
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have "M #B" using assms(1) ‘A¢ by (rule mp)
thus "M" using ‘B¢ by (rule iffD2)
ged

TeXE {F mm oo oo
Ejercicto 10. Formalizar, y demostrar la correccion, del siguiente
argumento

S trabajo gano dinero, pero si mo trabajo gozo de la wvida. Sin
embargo, st trabajo mo gozo de la vida, mientras que si no trabajo
no gano dinero. Por lo tanto, gozo de la vida st y solo st mo gano
dinero.
Usar p: Trabajo
q: Gano dinero.
r: Gozo de la wida.

- "La demostracidén automatica es"
lemma ejercicio_61_1:
"(p @ @p r); (p #Ar) (Hp #Hq) r nq"
by auto

- "La demostracién estructurada es"
lemma ejercicio_61_2:
assumes "(p q) (ip 1r)"
"(p fr) (ip #ng"
shows "r 1nq"
proof
assume "r"
hence "hnr" by (rule notnotI)
have "p #r" using assms(2)
hence "hp" using ‘Anr¢ by (rule mt)
have "fip 1#q" using assms(2)
thus "Aq" using ‘fip*
next
assume '"nq"
have "p q" using assms(1)
hence "fap" using ‘fiq‘ by (rule mt)
have "fip r" using assms(1)
thus "r" using ‘iip‘
ged
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- "La demostracidén detallada es"

lemma ejercicio_61_3:

assumes "(p q) (ip 1r)"
" (p ﬁr) (ﬁp ﬁq) "
shows "r 1nq"

proof (rule iffI)

assume "r"

hence "hnr" by (rule notnotI)

have "p #r" using assms(2) by (rule conjunctl)
hence "hp" using ‘Anr¢ by (rule mt)

have "fAp 10q" using assms(2) by (rule conjunct2)
thus "fq" using ‘Op‘ by (rule mp)

next

assume '"nq"

have "p q" using assms(1) by (rule conjunctl)
hence "fp" using ‘fiq‘ by (rule mt)

have "fip r'" using assms(1l) by (rule conjunct2)
thus "r" using ‘fp‘ by (rule mp)

ged

TeXE ¥ —m oo

Ejercicto 11. Formalizar, y demostrar la correccion, del siguiente
argumento
S1 Dios fuera capaz de evitar el mal y quisiera hacerlo, lo
haria. Si Dios fuera incapaz de evitar el mal, no seria
omnipotente; si nmo quistiera evitar el mal seria malévolo. Dios no
evita el mal. St Dios existe, es omnipotente y mo es
malévolo. Luego, Dios no existe.
Usar C: Dios es capaz de evitar el mal.
§: Dios quiere evitar el mal.
Om: Dios es omnipotente.
M: Dios es malévolo.
P: Dios evita el mal.
E: Dios eziste.

- "La demostracidn automatica es"

lemma ejercicio_11_1:

"C Q P; (1€ n0m) (AQ M); #aP; E Om OM #E"
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by auto

- "La demostracidén estructurada es"
lemma ejercicio_11_2:
assumes "C Q P"
"(a€C h0m) @Q M"

llﬁPll
"E' Om aM"
shows "HE"
proof
assume "E"

have "Om #M" using assms(4) ‘E¢
hence "Om"
hence "hnOm" by (rule notnotI)
have "AC nOm" using assms(2)
hence "hnC" using ‘hnOm¢ by (rule mt)
hence "C" by (rule notnotD)
have "AM" using ‘Om AM¢
have "AQ M" using assms(2)
hence "hnQ" using ‘AM¢ by (rule mt)
hence "Q" by (rule notnotD)
with ‘C¢ have "C Q"
with assms(1) have "P"
with assms(3) show False
ged

- "La demostracién detallada es"
lemma ejercicio_11_3:
assumes "C Q P"
"(RC n0m) @@Q M)"
llﬁPll
"E. Om aM"
shows "HE"
proof (rule notI)
assume "E"
with assms(4) have "Om #M" by (rule mp)
hence "Om" by (rule conjunctl)
hence "hnOm" by (rule notnotI)
have "AC #n0Om" using assms(2) by (rule conjunctl)
hence "hnC" using ‘hnOm¢ by (rule mt)
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hence "C" by (rule notnotD)
have "AM" using ‘Om 1#AM‘ by (rule conjunct2)
have "AQ M" using assms(2) by (rule conjunct2)
hence "HnQ" using ‘AM‘ by (rule mt)
hence "Q" by (rule notnotD)
with ‘C‘ have "C Q" by (rule conjI)
with assms(1) have "P" by (rule mp)
with assms(3) show False by (rule notE)
ged

end

3.4. Ejercicios: Eliminacion de conectivas

chapter {* T3R3: Eliminacidon de conectivas *}

theory T3R3
imports Main
begin

text {*

El objetivo de esta es relacion es demostrar como a partir de las
conectivas False, Yy pueden definirse las restantes.

TeXL {# —o oo
Ejercicto 1. Definir wusando Yy ; es dectr, sustituir en
(4 B) = indefinida
la indefinida por una formula que sdélo usa las conectivas Yy Yy
demostrar la equivalencia.

- "La demostracidén automatica es"
lemma bicondicional: "
(A B) = (A B) (B M)
by auto
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- "La demostracidén estructurada es"
lemma bicondicional_2: "
(A B) = (A B) (B A"
proof
assume "A B"
show "(A B) (B A)"
proof
show "A B"
proof
assume "A"
with ‘A B¢ show "B"
qed
next
show "B A"
proof
assume "B"
with ‘A B¢ show "A"
ged
ged
next
assume 1: "(A B) (B A)"
show "A B"
proof
assume "A"
have "A B"using 1
thus "B" using ‘A¢
next
assume "B"
have "B A"using 1
thus "A" using ‘B¢
ged
ged

- "La demostracidon detallada es"
lemma bicondicional_3: "
(A B) = (A B (B M)"
proof (rule iffI)
assume "A B"
show "(A B) (B A)"
proof (rule conjI)
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show "A B"
proof (rule impI)
assume "A"
with ‘A B¢ show "B" by (rule iffD1)
qed
next
show "B A"
proof (rule impI)
assume "B"
with ‘A B¢ show "A" by (rule iffD2)
ged
ged
next
assume 1: "(A B) (B A)"
show "A B"
proof (rule iffI)
assume "A"

have "A B'"using 1 by (rule conjunctl)
thus "B" using ‘A‘ by (rule mp)

next
assume "B"
have "B A"using 1 by (rule conjunct2)
thus "A" using ‘B‘ by (rule mp)

ged

ged

TeXE ¥ —m oo
Ejercicto 2. Definir 1i usando 1y False; es decir, sustituir en
(id) = indefinida
la indefinida por una formula que sélo usa las conectivas Yy False
y demostrar la equivalencia.

- "La demostracidén automdtica es"
lemma negacion:
"(AA) = (A False)"
by auto

- "La demostracidon estructurada es"
lemma negacion_2:
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"(AA) = (A False)"
proof
assume "hA"
show "A False"
proof
assume "A"
with ‘NA¢ show False
ged
next
assume "A False"
show "DA"
proof
assume "A"
with ‘A False‘ show False
ged
ged

- "La demostracidén detallada es"
lemma negacion_3:
"(hA) = (A False)"
proof (rule iffI)
assume "hA"
show "A False"
proof (rule impI)
assume "A"
with ‘NA¢ show False by (rule notE)
ged
next
assume "A False"
show "nA"
proof (rule notI)
assume "A"
with ‘A False‘ show False by (rule mp)
ged
ged

BeXE {F —m oo
Ejercicto 3. Definir wusando Yy False; es decir, sustituir en
(A B) = indefintida
la indefinida por una formula que sélo usa las conectivas 1y False
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y demostrar la equivalencia.

- "La demostracidén automdtica es"
lemma disyuncion:
"(A B) = ((A False) B)"
by auto

- "La demostracidn estructurada es"
lemma disyuncion_2:
"(A B) = ((A False) B)"
proof
assume "A B"
show "(A False) B"
proof
assume "A False"
note ‘A B¢
thus "B"
proof
assume "A"
with ‘A False‘ have False
thus "B"
next
assume "B"
thus "B"
ged
ged
next
assume "(A False) B"
show "A B"
proof -
have "nA A"
thus "A B"
proof
assume "hA"
have "A False"
proof
assume "A"
with ‘NA¢ show False
ged
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with ‘(A False) B¢ have "B"

thus "A B"
next
assume "A"
thus "A B"
ged
ged
ged

- "La demostracidén detallada es"
lemma disyuncion_3:
"(A B) = ((A False) B)"
proof (rule iffI)
assume "A B"
show "(A False) B"
proof (rule impI)
assume "A False"
note ‘A B¢
thus "B"
proof (rule disjE)
assume "A"
with ‘A False‘ have False by (rule mp)
thus "B" by (rule FalseE)

next
assume "B"
thus "B" by this
qed
ged
next
assume "(A False) B"
show "A B"
proof -
have "nA A" by (rule excluded_middle)
thus "A B"

proof (rule disjE)
assume "nA"
have "A False"
proof (rule impI)
assume "A"
with ‘DA¢ show False by (rule notE)
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ged
with ‘(A False) B‘ have "B" by (rule mp)
thus "A B" by (rule disjI2)

next
assume "A"
thus "A B" by (rule disjI1)

qed

ged
ged

TeXE {F mmmm oo
Ejercicio 4. Encontrar una formula equivalente a
(4 (B C)) A4
que sdlo use las conectivas False, vy Yy demostrar la
equivalencia.

- "Se puede buscar la férmula con"
lemma ejercicio_4a:
"(A (B C)) A"
apply (simp only: bicondicional disyuncion)
oops

- "La formula obtenida es"
- "(((A False) B C) A) (A (A False) B 0O)"

- "La demostracién de la equivalencia es"
lemma ejercicio_4b:
"((A (B ©) W
(C(((A False) B C) A) (A (A False) B C))"
by (auto simp add: bicondicional disyuncion)

end
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Capitulo 4

Deduccion natural en 16gica de primer
orden

4.1. Tema: Deduccion natural en l6gica de primer orden

chapter {* Tema 4: Deduccidon natural en logica de primer orden *}

theory T4
imports Main
begin

text {x*
El objetivo de este tema es presentar la deduccion natural en
logica de primer orden con Isabelle/HOL. La presentaction se
basa en los ejemplos de tema 2 del curso LMF que se encuentra
en http://goo.gl/ujj8d (que a su vez se basa en el libro de
Huth y Ryan "Logic in Computer Science' http://qgoo.gl/qsVpY ).

La pagina al lado de cada ejemplo indica la pdgina de las
transparencias de LMF donde se encuentra la demostracion. *}

section {* Reglas del cuantificador universal *}

text {*
Las reglas del cuantificador universal son
4 allE: . Pxz; Pa R R
4 alll: (z. Pz) z. Pz
*}

149



150 Capitulo 4. Deduccién natural en 16gica de primer orden

text {x*
Ejemplo 1 (p. 10). Demostrar que
P(c), z. (P(z) nQ(z)) ng(c)
*}

- "La demostracién detallada es"
lemma ejemplo_1la:
assumes 1: "P(c)" and
2: "x. (P(x) #Qx))"
shows "nQ(c)"
proof -
have 3: "P(c) 10Q(c)" using 2 by (rule allE)
show 4: "nQ(c)" using 3 1 by (rule mp)
ged

- "La demostracidén estructurada es"
lemma ejemplo_1b:

assumes "P(c)"

"x. (P(x) nQ(x))"

shows "nQ(c)"
proof -

have "P(c) 1Q(c)" using assms(2)

thus "AQ(c)" using assms(1)
ged

- "La demostracidén automatica es"
lemma ejemplo_1c:
assumes "P(c)"
"x. (P(x) aQx))"
shows "nQ(c)"
using assms
by auto

text {#
Ejemplo 2 (p. 11). Demostrar que
z. Pz n(@z)), . Pz =z. 1n(§ z)
*}

- "La demostracidon detallada es"
lemma ejemplo_2a:
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assumes 1: "x. (P x #A(Q x))" and

2: "x. P x"
shows "x. A(Q x)"
proof -
{ fix a

have 3: "P a 1n(Q a)" using 1 by (rule allE)
have 4: "P a" using 2 by (rule allE)
have 5: "n(Q a)" using 3 4 by (rule mp) }
thus "x. 1(Q x)" by (rule alll)
ged

- "La demostracidén detallada hacia atras es"
lemma ejemplo_2b:

assumes 1: "x. (P x #(Q x))" and

2: "x. P x"

shows "x. A(Q x)"
proof (rule alll)

fix a

have 3: "P a 1n(Q a)" using 1 by (rule allE)

have 4: "P a" using 2 by (rule allE)

show 5: "A(Q a)" using 3 4 by (rule mp)
ged

- "La demostracidn estructurada es"
lemma ejemplo_2c:
assumes "x. (P x #n(Q x))"
"x. P x"
shows "x. A(Q x)"
proof
fix a
have "P a" using assms(2)
have "P a 10(Q a)" using assms(1)
thus "A(Q a)" using ‘P af
ged

- "La demostracioén automitica es"
lemma ejemplo_2d:
"x. (P x a(@ x))"

assumes
x. P x"
shows "x. A(Q x)"
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using assms
by auto

section {* Reglas del cuantificador existenctal *}

text {*
Las reglas del cuantificador existencial son
14 exl: Pa z. Pz
U exE: . Pz, z. Pz § (@

En la regla exzE la nueva variable se wntroduce mediante la declaraction
"obtain ... where ... by (rule exE)"

*}

text {x*
Ejemplo (p. 12). Demostrar que
. Pz z. Pz

*}

- "La demostracién detallada es"
lemma ejemplo_3a:
assumes "x. P x"
shows "x. P x"
proof -
fix a
have "P a" using assms by (rule allE)
thus "x. P x" by (rule exI)
ged

- "La demostracidén estructurada es"
lemma ejemplo_3b:

assumes "x. P x"

shows "x. P x"
proof -

fix a

have "P a'" using assms

thus "x. P x"
ged

- "La demostracién estructurada se puede simplificar"
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lemma ejemplo_3c:

”X. P Xll

assumes
shows "x. P x"
proof (rule exI)
fix a
show "P a" using assms
ged

- "La demostracién estructurada se puede simplificar atn mas"
lemma ejemplo_3d:

assumes "x. P x"

shows "x. P x"
proof

fix a

show "P a" using assms
ged

- "La demostracidén automatica es"
lemma ejemplo_3e:

assumes "x. P x"

shows "x. P x"
using assms
by auto

text {x*
Ejemplo 4 (p. 13). Demostrar
z. Pz {z), z. Pz z. § x
*}

- "La demostracién detallada es"
lemma ejemplo_4a:
assumes 1: "x. (P x Q x)" and
2: "x. P x"
shows "x. Q x"
proof -
obtain a where 3: "P a" using 2 by (rule exE)
have 4: "P a Q a" using 1 by (rule allE)
have 5: "Q a" using 4 3 by (rule mp)
thus 6: "x. Q x" by (rule exI)
ged
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- "La demostracién estructurada es"
lemma ejemplo_4b:

assumes "x. (P x Q x)"
”X. P Xll
shows "x. Q x"
proof -

obtain a where "P a" using assms(2)
have "P a Q a" using assms(1)
hence "Q a" using ‘P a‘
thus "x. Q x"

ged

- "La demostracidén automatica es"
lemma ejemplo_4c:
assumes "x. (P x Q x)"
”X. P Xll
shows "x. Q x"
using assms

by auto
section {* Demostracidn de equivalencias *}

text {#
Ejemplo 5.1 (p. 15). Demostrar
nc. Pz z. n(P z) *}

- "La demostracidén detallada es"
lemma ejemplo_5_1a:
assumes "f(x. P(x))"
shows "x. AP(x)"
proof (rule ccontr)
assume "A(x. nP(x))"
have "x. P(x)"
proof (rule alll)
fix a
show "P(a)"
proof (rule ccontr)
assume "HP(a)"
hence "x. AP(x)" by (rule exI)
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with ‘A(x. AP(x))‘ show False by (rule notE)
qed
ged
with assms show False by (rule notE)
ged

- "La demostracidén estructurada es"
lemma ejemplo_5_1b:
assumes "A(x. P(x))"
shows "x. AP(x)"
proof (rule ccontr)
assume "A(x. AP(x))"
have "x. P(x)"
proof
fix a
show "P(a)"
proof (rule ccontr)
assume "HP(a)"
hence "x. HAP(x)" ..
with ‘A(x. AP(x)) ‘¢ show False
ged
ged
with assms show False
ged

- "La demostracidén automatica es"
lemma ejemplo_5_1c:

assumes "A(x. P(x))"

shows "x. AP(x)"
using assms
by auto

text {*
Ejemplo 5.2 (p. 16). Demostrar
z. n(P z) fz. Pz *}

- "La demostracidén detallada es"
lemma ejemplo_5_2a:

assumes "x. AP(x)"

shows "A(x. P(x))"
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proof (rule notI)
assume "x. P(x)"
obtain a where "fiP(a)" using assms by (rule exE)
have "P(a)" using ‘x. P(x)‘ by (rule allE)
with ‘AP(a)‘ show False by (rule notE)
ged

- "La demostracidén estructurada es"
lemma ejemplo_5_2b:

assumes "x. AP(x)"

shows "A(x. P(x))"
proof
assume "x. P(x)"

obtain a where "fiP(a)" using assms ..

have "P(a)" using ‘x. P(x)°

with ‘AP(a)‘ show False ..
ged

- "La demostracidén automdtica es"
lemma ejemplo_5_2c:

assumes "x. AP(x)"

shows "A(x. P(x))"
using assms
by auto

text {*
Ejemplo 5.3 (p. 17). Demostrar
fiz. Pz =z (P x) *}

- "La demostracidon detallada es"
lemma ejemplo_5_3a:

"(A(x. P(x))) (x. aP(x))"
proof (rule iffI)

assume "hA(x. P(x))"

thus "x. AP(x)" by (rule ejemplo_5_1a)
next

assume "x. AP(x)"

thus "A(x. P(x))" by (rule ejemplo_5_2a)
ged
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- "La demostracidén automatica es"
lemma ejemplo_5_3b:
"(M(x. P(x))) (x. aP(x))"
by auto

text {x*
Ejemplo 6.1 (p. 18). Demostrar

z. P(z) @Q(z) (z. P(z)) (z. Q(z)) *}

- "La demostracién detallada es"
lemma ejemplo_6_1a:
assumes "x. P(x) Q)"
shows "(x. P(x)) (x. Q(x))"
proof (rule conjI)
show "x. P(x)"
proof (rule alll)
fix a
have "P(a) Q(a)" using assms by (rule allE)
thus "P(a)" by (rule conjunctl)
ged
next
show "x. Q(x)"
proof (rule alll)
fix a
have "P(a) Q(a)" using assms by (rule allE)
thus "Q(a)" by (rule conjunct2)
ged
ged

- "La demostracidén estructurada es"
lemma ejemplo_6_1b:
assumes "x. P(x) Q)"
shows "(x. P(x)) (x. Qx)"
proof
show "x. P(x)"
proof
fix a
have "P(a) Q(a)" using assms ..
thus "P(a)"
ged
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next
show "x. Q(x)"
proof
fix a
have "P(a) Q(a)" using assms ..
thus "Q(a)"
ged
ged

- "La demostracidén automatica es"
lemma ejemplo_6_1c:

assumes "x. P(x) Q)"

shows "(x. P(x)) (x. Q)"
using assms
by auto

text {*
Ejemplo 6.2 (p. 19). Demostrar
(z. P(z)) (z. Q(z)) =z. P(z) Q(z) *}

- "La demostracién detallada es"
lemma ejemplo_6_2a:
assumes "(x. P(x)) (x. Q)"
shows "x. P(x) Q(x)"
proof (rule alll)
fix a
have "x. P(x)" using assms by (rule conjunctl)
hence "P(a)" by (rule allE)
have "x. Q(x)" using assms by (rule conjunct2)
hence "Q(a)" by (rule allE)
with ‘P(a)‘ show "P(a) Q(a)" by (rule conjI)
ged

- "La demostracidn estructurada es"
lemma ejemplo_6_2b:
assumes "(x. P(x)) (x. Q(x))"
shows "x. P(x) Q(x)"
proof
fix a
have "x. P(x)" using assms ..
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hence "P(a)" by (rule allE)
have "x. Q(x)" using assms ..

hence "Q(a)" ..
with ‘P(a)‘ show "P(a) QCa)" ..
ged

- "La demostracidén automatica es"
lemma ejemplo_6_2c:
assumes "(x. P(x)) (x. Q(x))"
shows "x. P(x) Q(x)"
using assms
by auto

text {#
Ejemplo 6.3 (p. 20). Demostrar
z. P(z) Q(z) (z. P(z)) (z. Q(z)) *}

- "La demostracidén detallada es"

lemma ejemplo_6_3a:
"(x. P(x) Q&) (((x. P(x)) (x. Q(x)))"

proof (rule iffI)

assume "x. P(x) Qx)"

thus "(x. P(x)) (x. Q(x))" by (rule ejemplo_6_1a)
next

assume "(x. P(x)) (x. Qx))"

thus "x. P(x) Q(x)" by (rule ejemplo_6_2a)
ged

text {#
Ejemplo 7.1 (p. 21). Demostrar
(z. P(z)) (z. 4(z)) =z. P(z) Q(z) *}

- "La demostracidén detallada es"
lemma ejemplo_7_1a:
assumes "(x. P(x)) (x. Q(x))"
shows "x. P(x) Q(x)"
using assms
proof (rule disjE)
assume "x. P(x)"
then obtain a where "P(a)" by (rule exE)
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hence "P(a) Q(a)" by (rule disjIi1)
thus "x. P(x) Q(x)" by (rule exI)
next
assume "x. Q(x)"
then obtain a where "Q(a)" by (rule exE)
hence "P(a) Q(a)" by (rule disjI2)
thus "x. P(x) Q(x)" by (rule exI)
ged

- "La demostracidén estructurada es"
lemma ejemplo_7_1b:
assumes "(x. P(x)) (x. Q&))"
shows "x. P(x) Q(x)"
using assms
proof
assume "x. P(x)"
then obtain a where "P(a)"
hence "P(a) Q(a)"
thus "x. P(x) Qx)"
next
assume "x. Q(x)"
then obtain a where "Q(a)"
hence "P(a) Q(a)"
thus "x. P(x) Qx)"
ged

- "La demostracidén automatica es"
lemma ejemplo_7_1c:
assumes "(x. P(x)) (x. Q(x))"
shows "x. P(x) Q)"
using assms
by auto

text {#
Ejemplo 7.2 (p. 22). Demostrar

z. P(z) Q(z) (z. P(z)) (z. Q(z)) +*}

- "La demostracidon detallada es"
lemma ejemplo_7_2a:
assumes "x. P(x) Q(x)"
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shows "(x. P(x)) (x. Q)"
proof -
obtain a where "P(a) Q(a)" using assms by (rule exE)
thus "(x. P(x)) (x. Q(x))"
proof (rule disjE)
assume "P(a)"
hence "x. P(x)" by (rule exI)
thus "(x. P(x)) (x. Q(x))" by (rule disjIl)
next
assume "Q(a)"
hence "x. Q(x)" by (rule exI)
thus "(x. P(x)) (x. Q(x))" by (rule disjI2)
ged
ged

- "La demostracidén estructurada es"
lemma ejercicio_7_2b:
assumes "x. P(x) Q)"
shows "(x. P(x)) (x. Q(x))"
proof -
obtain a where "P(a) Q(a)" using assms ..
thus "(x. P(x)) (x. Q(x))"
proof
assume "P(a)"
hence "x. P(x)" ..
thus "(x. P(x)) (x. Q)" ..
next
assume "Q(a)"
hence "x. Q(x)" ..
thus "(x. P(x)) (x. Q)" ..
ged
ged

- "La demostracidén automdtica es"
lemma ejercicio_7_2c:

assumes "x. P(x) Q(x)"

shows "(x. P(x)) (x. Q)"
using assms
by auto
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text {x*
Ejemplo 7.3 (p. 23). Demostrar
((z. P(z)) (z. Q(z))) (z. P(z) Q{(z)) *}

- "La demostracién detallada es"

lemma ejemplo_7_3a:
"((x. P(x)) (. Qx)) . P Q&))"

proof (rule iffI)

assume "(x. P(x)) (x. Q(x))"

thus "x. P(x) Q(x)" by (rule ejemplo_7_1a)
next

assume "x. P(x) Q(x)"

thus "(x. P(x)) (x. Q(x))" by (rule ejemplo_7_2a)
ged

- "La demostracién automatica es"
lemma ejemplo_7_3b:
"((x. P(x)) (. Q) (x. P(x) Q@))"
using assms
by auto

text {#
Ejemplo 8.1 (p. 24). Demostrar
zy. P(z,y) y z. P(z,y) *}

- "La demostracién detallada es"
lemma ejemplo_8_1a:
assumes "x y. P(x,y)"
shows "y x. P(x,y)"
proof -
obtain a where "y. P(a,y)" using assms by (rule exE)
then obtain b where "P(a,b)" by (rule exE)
hence "x. P(x,b)" by (rule exI)
thus "y x. P(x,y)" by (rule exI)
ged

- "La demostracidn estructurada es"
lemma ejemplo_8_1b:

assumes "x y. P(x,y)"

shows "y x. P(x,y)"
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proof -
obtain a where "y. P(a,y)" using assms
then obtain b where "P(a,b)"
hence "x. P(x,b)"
thus "y x. P(x,y)"
ged

- "La demostracién automatica es"
lemma ejemplo_8_1c:

assumes "x y. P(x,y)"

shows "y x. P(x,y)"
using assms
by auto

text {x*
Ejemplo 8.2. Demostrar
y z. P(z,y) zvy. P(z,y) #*}

- "La demostracidén detallada es"
lemma ejemplo_8_2a:
assumes "y x. P(x,y)"
shows "x y. P(x,y)"
proof -
obtain b where "x. P(x,b)" using assms by (rule exE)
then obtain a where "P(a,b)" by (rule exE)
hence "y. P(a,y)" by (rule exI)
thus "x y. P(x,y)" by (rule exI)
ged

- "La demostracién estructurada es"
lemma ejemplo_8_2b:
assumes "y x. P(x,y)"
shows "x y. P(x,y)"
proof -
obtain b where "x. P(x,b)" using assms
then obtain a where "P(a,b)"
hence "y. P(a,y)"
thus "x y. P(x,y)"
ged
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- "La demostracién estructurada es"
lemma ejemplo_8_2c:

assumes "y x. P(x,y)"

shows "x y. P(x,y)"
using assms
by auto

text {*
Ejemplo 8.3 (p. 25). Demostrar
(z y. P(z,y)) (y z. P(z,y)) *}

- "La demostracién detallada es"
lemma ejemplo_8_3a:

"(x y. P(x,y)) (y x. P(x,y))"
proof (rule iffI)

assume "x y. P(x,y)"

thus "y x. P(x,y)" by (rule ejemplo_8_1a)
next

assume "y x. P(x,y)"

thus "x y. P(x,y)" by (rule ejemplo_8_2a)
ged

- "La demostracidén automatica es"
lemma ejemplo_8_3b:
"(x y. P(x,y)) (y x. P(x,y)"
by auto

section {* Reglas de la tgualdad *}

text {x*
Las reglas basicas de la igualdad son:
4 refl: t =1
% subst: s t;, Ps Pt

*}

text {*
Ejemplo 9 (p. 27). Demostrar
z+l = 1+x, z+1 > 1 x+1 > 0 1+x > 1 1+x > 0

*}
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- "La demostracién detallada es"
lemma ejemplo_Ya:

assumes "x+1 = 1+x"

"x+1 > 1 =x+1 > QO"

shows "1+x > 1 1+x > 0"
proof -

show "1+x > 1 1+x > 0" using assms by (rule subst)
ged

- "La demostracidén estructurada es"
lemma ejemplo_9b:
assumes "x+1 = 1+x"
"x+1 > 1 x+1 > 0"
shows "1+x > 1 1+x > 0"
using assms
by (rule subst)

- "La demostracidén automatica es"
lemma ejemplo_9c:
assumes "x+1 = 1+x"
"x+1 > 1 x+1 > 0"
shows "1+x > 1 1+x > 0"
using assms
by auto

text {*
Ejemplo 10 (p. 27). Demostrar
T =Y, Y=2 T=2

*}

- "La demostracién detallada es"

lemma ejemplo_10a:

assumes "x =y

ny = Z!

shows "x = z"
proof -

show "x = z" using assms(2,1) by (rule subst)
ged

- "La demostracién estructurada es"



166 Capitulo 4. Deduccién natural en 16gica de primer orden

lemma ejemplo_10b:

assumes "x =y
ny = Zz"
shows "x = z"

using assms(2,1)
by (rule subst)

- "La demostracién automatica es"
lemma ejemplo_10c:
assumes "x = y"
lly = zll
shows "x = z"
using assms

by auto

text {*
Ejemplo 11 (p. 28). Demostrar
s=t t=3s

*}

- "La demostracién detallada es"
lemma ejemplo_11a:

assumes "s = t"

shows "t = g"
proof -

have "s = g" by (rule refl)

with assms show "t = s" by (rule subst)
ged

- "La demostracidén automatica es"
lemma ejemlo_11b:

assumes "s = t"

shows "t = s"
using assms
by auto

text {*
Algunas reglas derivadas de la igualdad son:
4 trans: r=s;, 8=t r=t
% sym: s=1t t=s=s
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% not_sym: t s s t

% ssubst: t =s;, Ps Pt

4 box_equals: a =b; a =c; b=d c=4d

% arg_cong: =9y fzx=Ffuy

% fun_cong: f =9 fzxz=9c

i cong: f=9,z=y fz=9y
*}

- "La demostracién estructurada de not_sym es"
lemma not_sym_1:

assumes "t s"

shows "s t"
proof

assume "s = t"

hence "t = s"

show False using assms(1l) ‘t =
ged

2]

- "La demostracidén detallada de not_sym es"
lemma not_sym_2:

assumes "t s"

shows "s t"
proof (rule notI)

assume "s = t"

hence "t = s" by (rule sym)

show False using assms(1) ‘t = s¢ by (rule notE)
ged

- "La demostracidén automdtica de not_sym es"
lemma not_sym_3:

assumes "t s"

shows "s t"
using assms
by auto

- "La demostracioén estructurada de ssubst es"
lemma sssubs_1:
assumes "t = s"
IIP SII
shows "pP t"
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proof -

have "s = t" using assms(1)

thus "P t" using assms(2) by (rule subst)
ged

- "La demostracidén detallada de ssubst es"
lemma sssubs_2:

assumes "t = s"

IIP SII

shows "P g"
proof -

have "s = t" using assms(1) by (rule sym)

thus "P t" using assms(2) by (rule subst)
ged

- "La demostracidén automatica de ssubst es"
lemma ssubst_3:
assumes "t = s"
IIP SII
shows "P g"
using assms
by auto

- "La demostracidén detallada de box_equals es"
lemma box_equals_1:
assumes "a = b"

g = ¢"
"p = 4"
shows "¢ = 4"

proof -
have "c = b" using assms(2,1) by (rule subst)
with assms(3) show "c = d" by (rule subst)
ged

- "La demostracién semiautomdtica de box_equals es"
lemma box_equals_2:
assumes "a = b"
lla = Cll
Ilb = dll
shows "¢ = 4"
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using assms
by (rule box_equals)

- "La demostracién automdtica de box_equals es"
lemma box_equals_3:
assumes "a = b"

g = ¢"
"p = 4"
shows "¢ = 4"

using assms
by auto

- "La demostracién detallada de arg_cong es"
lemma arg_cong_1:

assumes "x = y"

shows "f x =f y"
proof -

have "f x = f x" by (rule refl)

with assms(1) show "f x = f y" by (rule subst)
ged

- "La demostracidén semiautomdtica de arg_cong es"
lemma arg_cong_2:

assumes "x = y"

shows "fx=1f y"
using assms
by (rule arg_cong)

- "La demostracidén automdtica de arg_cong es"
lemma arg_cong_3:

assumes "x = y"

shows "f x = f y"
using assms
by auto

- "La demostracién detallada de fun_cong es"
lemma fun_cong_1:

assumes "f = g"

shows "f x =g x"
proof -
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have "f x = f x" by (rule refl)
with assms(1) show "f x = g x" by (erule_tac P = "h. f x = h x" in subst)
ged

- "La demostracién semiautomdtica de fun_cong es"
lemma fun_cong_2:

assumes "f = g"

shows "f x =g x"
using assms
by (rule fun_cong)

- "La demostracidén automdtica de fun_cong es"
lemma fun_cong_3:

assumes "f = g"

shows "f x = g x"
using assms
by auto

- "La demostracién detallada de cong es"
lemma cong_1:

assumes "f = g
"y = yn
shows "fx=gy"

proof -

have "f x = f x" by (rule refl)

with assms(2) have "f x = £ y" by (rule subst)

with assms(1) show "f x = g y" by (erule_tac P = "h. f x = h y" in subst)
ged

- "La demostracién semiautomdtica de cong es"
lemma cong_2:

assumes "f = g"
"y = yn
shows "f x=gy"

using assms
by (rule cong)

- "La demostracidén automadtica de cong es"
lemma cong_3:
assumes "f = g"
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"y = yll
shows "fx=gy"

using assms

by auto

section {* Ejemplo de razomamiento sobre programa *}

text {*
Definicion. El numero natural z divide al nimero natural y st existe
un natural k tal que kz = y.

*}

definition divide :: "nat nat bool" where
"divide x y k. kxx = y"

text {x*
La definicion de divide se afiade a las reglas de simplificacion.

*}
declare divide_def[simp]

text {*
Ejemplo 8 [Transitividad de la divisibilidad]/. Sean a, b y c nimeros
naturales. St b es divisible por a y ¢ es divistible por b, entonces c
es divistble por a.

*}

- "La demostracién estructurada es"
lemma ejemplo_8_1:
assumes "divide a b"
"divide b c"
shows "divide a c"
proof -
obtain m where "m*a = b" using assms(1) by auto
obtain n where "nxb = c" using assms(2) by auto
hence "m*n*a = c¢" using ‘m*a = b‘ by auto
hence "k. k*a = c" by (rule exI)
thus "divide a c¢" by simp
ged
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- "La demostracién puede simplificarse"
lemma ejemplo_8_2:
assumes "divide a b"
"divide b c"
shows "divide a c"
proof simp
obtain m where "mka = b" using assms(1) by auto
obtain n where "n¥b = c¢" using assms(2) by auto
hence "m*n*a = c¢" using ‘m*a = b‘ by auto
thus "k. k*xa = c"
ged

- "La demostracidén automatica es"
lemma ejemplo_8_3:
assumes ''divide a b"
"divide b c¢"
shows "divide a c"
using assms
by auto

section {* Razonamiento ecuacional *}

text {*
El razonamiento ecuacional se realiza usando la combinacion de "also"
(ademds) y "finally" (finalmente).

*}

text {*
Ejemplo 9 [Razonamiento ecuacionall. Si a=b, b=c y c=d, entonces a=d.

*}

- "La demostracidn detallada es"
lemma ejemplo_9_1:
assumes "a = b"

"H = ¢"
e = 4"
shows "a = 4"

proof -
have "a = b" by (rule assms(1))
also have " = c" by (rule assms(2))
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also have " = d" by (rule assms(3))
finally show "a = d"
ged

- "La demostracidén automatica es"
lemma ejemplo_9_2:
assumes "a = b"

" = ¢"
e = 4"
shows "a = 4"
using assms
by metis
end

4.2. Ejercicios: Deduccién natural en légica de primer or-
den

chapter {* T/R1: Deduccion natural de primer orden *}

theory T4R1
imports Main
begin

text {*
Demostrar o refutar los siguientes lemas usando solo las reglas
bastcas de deduccion natural de la logica proposicional, de los
cuantificadores y de la igualdad:

% conjyl: P, § P @

% conjunctl: P { P

4 conjunct2: P { @

% notnotD: nn P P

U mp: P g, P @

4 impl: (P q) P @
% disjll: P P q

4 disgI2: g P @

4% disjE: P g, P R, § R R
i FalseE: False P

14 notE: nP; P R
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% notl: (P False) TfiP

4 iffI: P {, 9 P P =4

4 1ffD1: Q=pP;, g P

4 1ffD2: P=g;,Q P

14 ccontr: (P False) P

4 alll: . Pz, Pz R R

% allE: (x. Pxz) z. Pz

4 exl: Pz =z Pz

U exE: . Pz, z. Pz @ @

4 refl: t =1t

% subst: s =t; Ps Pt

4 trans: r=s;, 8=t r==t

% sym: s=1t t=s=s

% not_sym: t s s t

% ssubst: t =s;, Ps Pt

4 box_equals: a = b; a =c; b=d a: =4d

4 arg_cong: =9y fzx=Ffuy

% fun_cong: f =9 fzxz=9c

i cong: f=9,z=y fz=9y
*}
text {*

Se usardn las Teglas notnotI y mt que demostramos a continuacion.

*}

lemma notnotI: "P nn P"
by auto

lemma mt: "F G; nG naF"
by auto

teXt {# mo e
Ejercicio 1. Demostrar
z. Pz gz (z. Pz) (z. § z)

- "La demostracidn automatica es"
lemma ejercicio_la:
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"x. Px Qx (x.Px) (x.Q=x"
by auto
- "La demostracién estructurada es"
lemma ejercicio_1b:
assumes "x. P x Q x"
shows "(x. Px) (x.Q=x)"
proof
assume "x. P x"
show "x. Q x"
proof
fix a
have "P a" using ‘x. P x¢
have "P a Q a" using assms(1)
thus "Q a" using ‘P af
ged
ged
- "La demostracién detallada es"
lemma ejercicio_l1c:
assumes "x. P x Q x"
shows "(x. Px) (x.Q=x)"
proof (rule impI)
assume "x. P x"
show "x. Q x"
proof (rule alll)
fix a
have "P a" using ‘x. P x‘ by (rule allE)
have "P a Q a" using assms(1) by (rule allE)
thus "Q a" using ‘P a‘ by (rule mp)
ged
ged
TeXt {# —-mm o
Ejercicio 2. Demostrar
z. (P z) n(z. P z)
----------------------------------------------------------- *}

- "La demostracidn automatica es"
lemma ejercicio_2a: "x. a(P x) 1a(x. P x)"
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by auto

- "La demostracidn estructurada es"
lemma ejercicio_2b:
assumes "x. AP x)"

shows "A(x. P x)"
proof
assume "x. P x"

obtain a where "n(P a)" using assms(1)
have "P a" using ‘x. P x°¢
with ‘A(P a)‘ show False

ged

- "La demostracidon detallada es"
lemma ejercicio_2c:

assumes "x. AP x)"

shows "A(x. P x)"
proof (rule notI)

”X. P Xll

assume
obtain a where "fi(P a)" using assms(1l) by (rule exE)
have "P a" using ‘x. P x‘ by (rule allE)
with ‘A(P a)‘ show False by (rule notE)

ged

teXt {F mo oo
Ejercicio 3. Demostrar
. Pz y. Py

- "La demostracidén automitica es"
lemma ejercicio_3a: "x. Px y. P y"
by auto

- "La demostracidn estructurada es"
lemma ejercicio_3b:

assumes "x. P x"

shows "y. P y"
proof

fix a

show "P a" using assms
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ged

- "La demostracién estructurada es"
lemma ejercicio_3c:

assumes "x. P x"

shows "y. P y"
proof (rule alll)

fix a

show "P a" using assms by (rule allE)
ged

teXt {# —- oo

Ejercicio 4. Demostrar

z. Pz Qz (z. n(Q z)) (xz. % (P z))

- "La demostracidén automatica es"
lemma ejercicio_4a:
"x. Px Qx (x.180Qzx)) ((x.1n(®E=x)"
by auto

- "La demostracidén estructurada es"
lemma ejercicio_4b:
assumes "x. P x Q x"
shows "(x. A(Q x)) (x. B (P x))"
proof
assume "x. n(Q x)"
show "x. A(P x)"
proof
fix a
show "A(P a)"
proof
assume "P a"
have "P a Q a" using assms
hence "Q a" using ‘P a‘
have "n(Q a)" using ‘x. n(Q x)°¢
thus False using ‘Q a‘
ged
ged
ged
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- "La demostracidén detallada es"
lemma ejercicio_4c:
assumes "x. P x Q x"
shows "(x. a(Q x)) (x. n (P x))"
proof (rule impI)
assume "x. n(Q x)"
show "x. A(P x)"
proof (rule alll)
fix a
show "A(P a)"
proof
assume "P a"
have "P a @ a" using assms by (rule allE)
hence "Q a" using ‘P a‘ by (rule mp)
have "n(Q a)" using ‘x. 1(Q x)¢ by (rule allE)
thus False using ‘Q a‘ by (rule notE)
ged
ged
ged

BeXE {F —m oo
Ejercicio 5. Demostrar
z. Pz n(Q z) 7n(z. Pz § z)

- "La demostracidén automatica es"
lemma ejercicio_ba:
"x. Px A(Q x) alx. Px Q x)"
by auto

- "La demostracidn estructurada es"
lemma ejercicio_bb:
assumes "x. P x n(Q x)"

shows "A(x. Px Q x)"
proof
assume "x. P x Q x"

then obtain a where "P a Q a"
hence "P a"
have "P a 10(Q a)" using assms
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hence "h(Q a)" using ‘P a‘

have "Q a" using ‘P a Q a‘

with ‘A(Q a)‘ show False
ged

- "La demostracién estructurada es"
lemma ejercicio_bc:
assumes "x. P x n(Q x)"
shows "M(x. Px Q x)"
proof (rule notI)
assume "x. P x Q x"
then obtain a where "P a Q a" by (rule exE)
hence "P a" by (rule conjunctl)
have "P a 1(Q a)" using assms by (rule allE)
hence "i(Q a)" using ‘P a‘ by (rule mp)
have "Q a" using ‘P a Q a‘ by (rule conjunct2)
with ‘A(Q a)‘ show False by (rule notE)
ged

text {# — e

Ejercicio 6. Demostrar
zy. Pzy wv. Puw

- "La demostracién automatica es"
lemma ejercicio_6a:
"X y.Pxy uv. Puv"
by auto

- "La demostracién estructurada es"
lemma ejercicio_6b:
assumes "x y. P x y"
shows "u v. Puv"
proof
fix a
show "v. P a v"
proof
fix b
have "y. P a y" using assms
thus "P a b"
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ged
ged

- "La demostracidén estructurada simplificada es"
lemma ejercicio_6b2:
assumes "x y. P x y"

shows "u v. Puv"
proof (rule alll)+
fix a b
have "y. P a y" using assms
thus "P a b"
ged

- "La demostracidon detallada es"
lemma ejercicio_6c¢:
assumes "x y. P x y"

shows "u v. Puv"
proof (rule alll)+
fix a b

have "y. P a y" using assms by (rule allE)
thus "P a b" by (rule allE)
ged

teXt {# mo e
Ejercicio 7. Demostrar
zy. Pzy wwv. Puw

- "La demostracién automatica es"
lemma ejercicio_7a:
"x y. Pxy uv. Puv"
by auto

- "La demostracién estructurada es"
lemma ejercicio_7b:
assumes "x y. P x y"
shows "u v. Puv"
proof -
obtain a where "y. P a y" using assms
then obtain b where "P a b"
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hence "v. P a v"
thus "u v. P u v"
ged

text {# -

Ejercicio 8. Demostrar
.y Pzy y. . PxTy

- "La demostracidén automitica es"
lemma ejercicio_8a:
"

x.y.Pxy y. x. Pxy"
by auto

- "La demostracién estructurada es"
lemma ejercicio_8b:

assumes "

x. y. Pxy"
shows "y. x. P xy"
proof
fix b
obtain a where "y. P a y" using assms
hence "P a b"
thus "x. P x b"

ged

- "La demostracién detallada es"
lemma ejercicio_8c:

assumes "

x. y. Pxy"
shows "y. x. P xy"
proof (rule alll)
fix b
obtain a where "y. P a y" using assms by (rule exE)
hence "P a b" by (rule allE)
thus "x. P x b" by (rule exI)

ged

TeXt {# —- oo

Ejercicio 9. Demostrar
z. Pa Qz Pa (z. § z)
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- "La demostracidén automatica es"
lemma ejercicio_Y9a:
"x. Pa Qx Pa (. Qx)"
by auto

- "La demostracidn estructurada es"

lemma ejercicio_9b:
"

assumes "x. P a Q x"
shows "Pa (x. Qx)"
proof

assume "P a"
obtain b where "P a Q b" using assms
hence "Q b" using ‘P a‘
thus "x. Q x"
ged

- "La demostracién detallada es"
lemma ejercicio_9c:
assumes "x. P a Q x"
shows "Pa (x. Qx)"
proof (rule impI)
assume "P a"
obtain b where "P a ( b" using assms by (rule exE)
hence "Q b" using ‘P a‘ by (rule mp)
thus "x. Q x" by (rule exI)
ged

teXt {# mo e
Ejercicio 10. Demostrar
Pa (z. Qz) z. Pa {z

- "La demostracidén automdtica es"
lemma ejercicio_10a:
"Pa (x. Qx) x.Pa Qx"
by auto

- "La demostracidon estructurada es"
lemma ejercicio_10b:
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fixes P Q :: "’b Dbool"
assumes "P a (x. Q@ x)"

"x. Pa Q x"

shows
proof -
have "A(P a) P a"
thus "x. P a Q x"
proof
assume "A(P a)"
have "P a Q a"
proof
assume "P a"
with ‘A(P a)‘ show "Q a"
ged
thus "x. Pa Q x"
next
assume "P a"
with assms have "x. Q x" by (rule mp)
then obtain b where "Q b"
have "P a Q b"

proof
assume "P a"
note ‘Q b¢
thus "Q b"
gqed
thus "x. P a Q x"
ged

ged

- "La demostracidon detallada es"
lemma ejercicio_10c:
fixes P Q :: "’b bool"
assumes "P a (x. Q x)"
shows "x. Pa Q x"
proof -
have "a(P a) P a" by (rule excluded_middle)
thus "x. P a Q x"
proof (rule disjE)
assume "A(P a)"
have "P a Q a"
proof (rule impI)



184 Capitulo 4. Deduccién natural en 16gica de primer orden

assume "P a"
with ‘(P a)‘ show "Q a" by (rule notE)
ged
thus "x. P a Q x" by (rule exI)
next
assume "P a"
with assms have "x. Q x" by (rule mp)
then obtain b where "Q b" by (rule exE)
have "P a Q b"
proof (rule impI)
assume "P a"

note ‘Q b¢
thus "Q b" by this
gqed
thus "x. P a Q x" by (rule exI)
ged
ged
teXt {# mo e

Ejercicio 11. Demostrar
(x. Pz) Qa z. Pz @ a

- "La demostracidén automdtica es"
lemma ejercicio_11la:
"(x. Px) Qa x.Px Qa"
by auto

- "La demostracidn estructurada es"
lemma ejercicio_11b:
assumes "(x. P x) Q a"
shows "x. Px Q a"
proof
fix b
show "P b Q a"
proof
assume "P b"
hence "
with assms show "Q a'"

x. P x"

ged
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ged

- "La demostracidn detallada es"
lemma ejercicio_11c:
assumes "(x. P x) Q a"

shows "x. Px Q a"
proof (rule alll)
fix b

show "P b Q a"
proof (rule impI)
assume "P b"
hence "x. P x" by (rule exI)
with assms show "Q a" by (rule mp)
ged
ged

TeXt {# —- oo

Ejercicto 12. Demostrar
z. Pz fa =z Pz { a

- "La demostracidén automatica es"
lemma ejercicio_12a:
"x. Px Qa x. Px Qa"
by auto

- "La demostracidn estructurada es"
lemma ejercicio_12b:

assumes "x. P x Q a"
shows "x. Px Q a"
proof -

have "P b Q a" using assms
thus "x. P x Q a"
ged

- "La demostracidén detallada es"
lemma ejercicio_12c:

assumes "x. P x Q a"

shows "x. Px Q a"
proof -
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have "P b Q a" using assms by (rule allE)
thus "x. P x Q a" by (rule exI)
ged

teXt {F mm e
Ejercicio 13. Demostrar
(r. Pz) (z. Q z) . Pz { =z

- "La demostracidén automatica es"
lemma ejercicio_13a:
"(x. Px) (x.Qx) x.Px Qx"
by auto

- "La demostracidén estructurada es"
lemma ejercicio_13b:

assumes "(x. P x) (x. Q x)"

shows "x. Px Q x"
proof

fix a

note assms

thus "P a Q a"

proof

“X. P XII

assume
hence "P a"
thus "P a Q a"
next

assume "

x. Q x"
hence "Q a"
thus "P a Q a"

ged

ged

- "La demostracidon detallada es"
lemma ejercicio_13c:
assumes "(x. P x) (x. Q x)"
shows "x. Px Q x"
proof (rule alll)
fix a
note assms
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thus "P a Q a"
proof (rule disjE)
assume "x. P x"
hence "P a" by (rule allE)
thus "P a Q a" by (rule disjIl)
next
assume "x. Q x"
hence "Q a" by (rule allE)
thus "P a Q a" by (rule disjI2)
ged

ged

text {# -

Ejercicto 14. Demostrar
z. Pz gz (z. Pz) (z. § z)

- "La demostracidén automatica es"
lemma ejercicio_14a:
"x. Px Qx (x.Px) (x.Q=x"
by auto

- "La demostracién estructurada es"
lemma ejercicio_14b:
assumes "x. P x Q x"
shows "(x. Px) (x.Q=x)"
proof
obtain a where "P a Q a" using assms
hence "P a"
thus "x. P x"
next
obtain a where "P a Q a" using assms
hence "Q a"
thus "x. Q x"
ged

- "La demostracidén detallada es"
lemma ejercicio_14c:

assumes "x. P x Q x"

shows "(x. Px) (x.Q=x)"
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proof (rule conjI)
obtain a where "P a (Q a" using assms by (rule exE)
hence "P a" by (rule conjunctl)
thus "x. P x" by (rule exI)

next
obtain a where "P a (Q a" using assms by (rule exE)
hence "Q a" by (rule conjunct2)
thus "x. Q x" by (rule exI)

ged

teXt {F mm e
Ejercicto 15. Demostrar
zy. Py Qz (y. Py) (z. § z)

- "La demostracién automatica es"
lemma ejercicio_15a:
"xy. Py Qx (y. Py) (x.Qx)"
by auto

- "La demostracién estructurada es"
lemma ejercicio_15b:
assumes "x y. Py Q x"
shows "(y. Py) (x.Qx"
proof
assume "y. P y"
then obtain b where "P b"
show "x. Q x"
proof
fix a
have "y. Py Q a" using assms
hence "P b Q a"
thus "Q a" using ‘P b
ged
ged

- "La demostracidén detallada es"
lemma ejercicio_15c:

assumes "x y. Py Q x"

shows "(y. Py) ((x.Qx)"
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proof (rule impI)
assume "y. P y"
then obtain b where "P b" by (rule exE)
show "x. Q x"
proof (rule alll)
fix a
have "y. Py Q a" using assms by (rule allE)
hence "P b Q a" by (rule allE)
thus "Q a" using ‘P b‘ by (rule mp)
ged
ged

text {# -

Ejercicto 16. Demostrar
fi(z. (P z)) . Pz

- "La demostracidon automatica es"
lemma ejercicio_16a:
"A(x. a(P x)) x. P x"

by auto

- "La demostracidén estructurada es"
lemma ejercicio_16b:
assumes "A(x. AP x))"
shows "x. P x"
proof (rule ccontr)
assume "A(x. P x)"
have "x. A(P x)"
proof
fix a
show "a(P a)"
proof
assume "P a"
hence "x. P x"
with ‘A(x. P x)°¢ show False
qed
ged
with assms show False
ged
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- "La demostracién detallada es"
lemma ejercicio_16c:
assumes "a(x. n(P x))"
shows "x. P x"
proof (rule ccontr)
assume "hA(x. P x)"
have "x. A(P x)"
proof (rule alll)
fix a
show "a(P a)"
proof
assume "P a"
hence "x. P x" by (rule exI)
with ‘4(x. P x)°¢ show False by (rule notE)
ged
ged
with assms show False by (rule notE)
ged

teXt {F m oo
Ejercicto 17. Demostrar
z. n(P z) fn(z. P x)

- "La demostracidén automitica es"
lemma ejercicio_17a:
"x. (P x) A(x. P x)"

by auto

- "La demostracidén estructurada es"
lemma ejercicio_17b:

assumes "x. n(P x)"

shows "A(x. P x)"
proof

assume "x. P x"

then obtain a where "P a"

have "A(P a)" using assms

thus False using ‘P a‘
ged
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- "La demostracidén detallada es"
lemma ejercicio_17c:

assumes "x. n(P x)"

shows "H(x. P x)"
proof (rule notI)

"X. P Xll

assume
then obtain a where "P a" by (rule exE)
have "H(P a)" using assms by (rule allE)
thus False using ‘P a‘ by (rule notE)

ged

text {# -

Ejercicto 18. Demostrar
z. Pz fi(z. (P x))

- "La demostracidon automatica es"
lemma ejercicio_18a:
"x. P x na(x. a(P x))"

by auto

- "La demostracidén estructurada es"
lemma ejercicio_18b:
assumes "x. P x"
shows  "a(x. a(P x))"
proof
assume "x. A(P x)"
obtain a where "P a" using assms
have "a(P a)" using ‘x. A(P x)°¢
thus False using ‘P af
ged

- "La demostracidon detallada es"
lemma ejercicio_18c:
assumes "x. P x"
shows  "a(x. a(P x))"
proof (rule notI)
assume "x. A(P x)"
obtain a where "P a'" using assms by (rule exE)
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have "a(P a)" using ‘x. A(P x) ¢ by (rule allE)
thus False using ‘P a‘ by (rule notE)
ged

teXt {F mm e
Ejercicio 19. Demostrar
Pa (z. Qz) . Pa { =z

- "La demostracidén automatica es"
lemma ejercicio_19a:
"Pa (x.Qx) x.Pa Qzx"
by auto

- "La demostracidén estructurada es"
lemma ejercicio_19b:
assumes "P a (x. Q x)"
shows "x. Pa Q x"
proof
fix b
show "P a Q b"
proof
assume "P a"
with assms have "x. Q x"
thus "Q b"
ged
ged

- "La demostracidon detallada es"
lemma ejercicio_19c:
assumes "P a (x. Q x)"

shows "x. Pa Q x"
proof (rule alll)
fix b

show "P a Q b"

proof (rule impI)
assume "P a"
with assms have "x. Q x" by (rule mp)
thus "Q b" by (rule allE)

ged
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ged

TeXt {# —m oo

Ejercicto 20. Demostrar
{zyz. Rzy Ry z Rz =z,
z. n(R z z)}
zy. Rzy n(Ry z)

- "La demostracién automatica es"
lemma ejercicio_20a:
"xyz.Rxy Ryz Rxz;x. a(Rxx) xy. Rxy
by metis

- "La demostracién estructurada es"
lemma ejercicio_20b:
assumes "x yz. Rxy Ryz R x z"
"x. (R x x)"
shows "xy.Rxy a(Ry x)"
proof (rule alll)+
fix a b
show "R a b #a(R b a)"
proof
assume "R a b"
show "i(R b a)"
proof
assume "R b a"
show False
proof -
have "R a b R b a" using ‘R a b° ‘R b af
have "y z. Ray Ryz R az" using assms(1)
hence "z. Rab Rbz R az"
hence "R ab Rba R aa"
hence "R a a" using ‘Rab R b a‘
have "f(R a a)" using assms(2)
thus False using ‘R a a‘
ged
ged
ged
ged

AR y x)"
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- "La demostracién detallada es"
lemma ejercicio_20c:
assumes "x yz. Rxy Ryz R x z"
"x. a(R x x)"
shows "xy.Rxy a(Ryx)"
proof (rule alll)+
fix a b
show "R a b a(R b a)"
proof (rule impI)
assume "R a b"
show "fi(R b a)"
proof (rule notI)
assume "R b a"
show False
proof -
have "R a b R b a" using ‘R a b° ‘R b a‘ by (rule conjI)
have "y z. Ray Ry z R az" using assms(1l) by (rule allE)
hence "z. Rab Rbz R az"by (rule allE)
hence "R a b Rba R aa" by (rule allE)
hence "R a a" using ‘R a b R b a‘ by (rule mp)
have "A(R a a)" using assms(2) by (rule allE)
thus False using ‘R a a‘ by (rule notE)
ged
qed
ged
ged

teXt {# mo e
Ejercicio 21. Demostrar
{z. Pz {Qz, . 5(Q z), z. Rz #(P z)} =z. 7(R z)

- "La demostracid6n automatica es"
lemma ejercicio_2la:
"x. Px Qx; x. A(Q x); x. R x AP x) x. 4R x)"

by auto

- "La demostracidon estructurada es"
lemma ejercicio_21b:



4.2. Ejercicios: Deduccién natural en 16gica de primer orden 195

assumes "x. P x Q x"
"x. a(Q x)"
"x. Rx n x)"
shows "x. AR x)"
proof -

obtain a where "i(Q a)" using assms(2)
have "P a Q a" using assms(1)
hence "P a"

proof
assume "P a"
thus "P a"
next

assume "Q a"
with ‘A(Q a)‘ show "P a"
ged
hence "an(P a)" by (rule notnotI)
have "R a 1(P a)" using assms(3) ..
hence "fi(R a)" using ‘An(P a)‘ by (rule mt)
thus "x. A(R x)"
ged

- "La demostracidn detallada es"
lemma ejercicio_21c:

assumes "x. P x Q x"
"x. A(Q x)"
"x. R x A x)"
shows "x. a(R x)"
proof -

obtain a where "n(Q a)" using assms(2) by (rule exE)
have "P a Q a" using assms(1) by (rule allE)
hence "P a"
proof (rule disjE)
assume "P a"
thus "P a" by this
next
assume "Q a"
with ‘A(Q a)‘ show "P a" by (rule notE)
ged
hence "nn(P a)" by (rule notnotI)
have "R a 1#(P a)" using assms(3) by (rule allE)
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hence "A(R a)" using ‘hn(P a)°‘ by (rule mt)
thus "x. (R x)" by (rule exI)
ged

teXt {F mm e
Ejercicio 22. Demostrar
{z. Pz Qz Rz, fni(z. Pz Rz)} . Pz ( =z

- "La demostracidén automatica es"
lemma ejercicio_22a:
"x. Px Qx Rx; a(x. Px Rx) x.Px Qx"
by auto

- "La demostracién estructurada es"
lemma ejercicio_22b:

assumes "x. Px Q x R x"
"Ai(x. Px R x)"
shows "x. Px Q x"
proof
fix a
show "P a Q a"
proof

assume "P a"
have "P a Q a R a" using assms(1)
hence "Q a R a" using ‘P af
thus "Q a"
proof
assume "Q a"
thus "Q a"
next
assume "R a"
with ‘P a‘ have "P a R a"
hence "x. P x R x"
with assms(2) show "Q a"
ged
ged
ged

- "La demostracién detallada es"
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lemma ejercicio_22c:
x. Px Qx R x"
"i(x. Px R x)"

assumes "

shows "x. Px Q x"
proof (rule alll)
fix a

show "P a Q a"
proof (rule impI)
assume "P a"
have "P a Q a R a" using assms(1) by (rule allE)
hence "Q a R a" using ‘P a‘ by (rule mp)
thus "Q a"
proof (rule disjE)
assume "Q a"
thus "Q a" by this
next
assume "R a"
with ‘P a‘ have "P a R a" by (rule conjI)
hence "x. P x R x" by (rule exI)
with assms(2) show "Q a" by (rule notE)
ged
ged
ged

teXt {F mo oo
Ejercicio 23. Demostrar
zy. Rzy Ryzxz zvy. Rzy

- "La demostracién automatica es"
lemma ejercicio_23a:
"xy.Rxy Ryx xy.Rxy"
by auto

- "La demostracién estructurada es"
lemma ejercicio_23b:
assumes "x y. Rxy Ry x"
shows "x y. R xy"
proof -
obtain a where "y. R ay R y a" using assms ..
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then obtain b where "R a b R b a"
thus "x y. R x y"
proof
assume "R a b"
hence "y. R a y"
thus " xy. R x y"
next
assume "R b a"
hence "y. R b y"
thus " xy. R x y"
ged
ged

- "La demostracién detallada es"
lemma ejercicio_23c:
assumes "x y. Rxy Ry x"
shows "x y. R xy"
proof -
obtain a where "y. R ay R y a" using assms by (rule exE)
then obtain b where "R a b R b a" by (rule exE)
thus "x y. R x y"
proof (rule disjE)
assume "R a b"
hence "y. R a y" by (rule exI)
thus " x y. R x y" by (rule exI)
next
assume "R b a"
hence "y. R b y" by (rule exI)
thus " x y. R x y" by (rule exI)
ged
ged

TeXt {# —o oo
Ejercicto 24. Demostrar
(z. y. Pzy) (y. z. Pz y)

- "La demostracidn automatica es"
lemma ejercicio_24a: "(x. y. Pxy) (y. x. P x y)"
by auto
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- "La demostracién estructurada es"
lemma ejercicio_24b: "(x. y. Pxy) (y. x. P x y)"
proof

assume "x. y. P x y"

then obtain a where "y. P a y"

show "y. x. P x y"

proof
fix b
have "P a b" using ‘y. P a y¢
thus "x. P x b"

ged

ged

- "La demostracién detallada es"
lemma ejercicio_24c: "(x. y. Pxy) (y. x. Px y)"
proof (rule impI)
assume "x. y. P x y"
then obtain a where "y. P a y" by (rule exE)
show "y. x. P x y"
proof (rule alll)
fix b
have "P a b" using ‘y. P a y‘ by (rule allE)
thus "x. P x b" by (rule exI)
ged
ged

text {# —c e

Ejercicio 25. Demostrar

(z. Pz Q) ((z. Pz) @)

- "La demostracidn automatica es"
lemma ejercicio_2ba: "(x. P x Q) ((x. P x) Q"
by auto

- "La demostracidén estructurada es"
lemma ejercicio_25b: "(x. P x Q) ((x. P x) Q"
proof

assume "x. P x Q"
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show "(x. P x) Q"
proof
assume "x. P x"
then obtain a where "P a"
have "P a Q" using ‘x. P x Qf
thus "Q" using ‘P a‘
ged
next
assume "(x. P x) Q"
show "x. P x Q"
proof
fix b
show "P b Q"
proof
assume "P b"
hence "x. P x"
with ‘(x. P x) Q¢ show "Q"
ged
ged
ged

- "La demostracidén detallada es"
lemma ejercicio_25c¢: "(x. P x Q) ((x. P x) Q"
proof (rule iffI)
assume "x. P x Q"
show "(x. P x) Q"
proof (rule impI)
assume "x. P x"
then obtain a where "P a" by (rule exE)
have "P a Q" using ‘x. P x Q° by (rule allE)
thus "Q" using ‘P a‘ by (rule mp)
ged
next
assume "(x. P x) Q"
show "x. P x Q"
proof (rule alll)
fix b
show "P b Q"
proof (rule impI)
assume "P b"
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hence "x. P x" by (rule exI)
with ‘(x. P x) Q¢ show "Q" by (rule mp)
ged
ged
ged
TeXE {# —c oo
Ejercicto 26. Demostrar
((xz. Pz) (x. § z)) (xz. Pz @{ z)
------------------------------------------------------------------ *}

- "La demostracidn automatica es"
lemma ejercicio_26a: "((x. P x) (x. Qx)) (x. Px Qx)"
by auto

- "La demostracidén estructurada es"
lemma ejercicio_26b: "((x. P x) (x. Q x)) (x. Px Qx)"
proof
assume "(x. P x) (x. Q x)"
show "x. P x Q x"
proof
fix a
have "x. P x" using ‘(x. P x) (x. Q x)°¢
have "x. Q x" using ‘(x. P x) (x. Q x)°¢
hence "Q a"
have "P a" using ‘x. P x°¢
thus "P a Q a" using ‘Q a‘
ged
next
assume "x. P x Q x"
have "x. P x"
proof
fix a
have "P a Q a" using ‘x. P x Q x¢
thus "P a"
ged

”X. Q Xll

moreover have
proof
fix a

have "P a Q a" using ‘x. P x Q x¢
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thus "Q a"
ged
ultimately show "(x. P x) (x. Q x)"

ged

- "La demostracidén detallada es"
lemma ejercicio_26c¢: "((x. P x) (x. Qx)) = (x. Px Q x)"
proof (rule iffI)
assume "(x. P x) (x. Q x)"
show "x. P x Q x"
proof (rule alll)
fix a
have "x. P x" using ‘(x. P x) (x. Q x)° by (rule conjunctl)
have "x. Q x" using ‘(x. P x) (x. Q x)° by (rule conjunct2)
hence "Q a" by (rule allE)
have "P a" using ‘x. P x¢ by (rule allE)
thus "P a Q a" using ‘Q a‘ by (rule conjI)
ged
next
assume "x. P x Q x"
have "x. P x"
proof (rule alll)
fix a
have "P a Q a" using ‘x. P x Q x¢ by (rule allE)
thus "P a" by (rule conjunctl)
ged

”X. Q XII

moreover have
proof (rule alll)
fix a
have "P a Q a" using ‘x. P x Q x‘ by (rule allE)
thus "Q a" by (rule conjunct2)
ged
ultimately show "(x. P x) (x. Q x)" by (rule conjI)

ged

teXt {F m oo
Ejercicto 27. Demostrar o refutar

((xz. Pz) (z. Q 2)) (z. Pz @ z)
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lemma ejercicio_27: "((x. P x) (x. Q x)) (x. Px Q x)"
oops

(*

Auto Quickcheck found a counterezample:
P = {a\<"isub>1}

§ = {a\< isub>2}

*)

teXt {F mo oo
Ejercicio 28. Demostrar o refutar

((x. Pz) (z.  2)) (z. Pz @ z)

- "La demostracidén automatica es"
lemma ejercicio_28a:
"((x. Px) (x.Qxx) .Px Q"
by auto

- "La demostracidén estructurada es"
lemma ejercicio_28b:
"((x. Px) (x.Qxx) .Px Q"
proof
assume "(x. P x) (x. Q x)"
thus "x. P x Q x"
proof

”X. P Xll

assume
then obtain a where "P a'"
hence "P a Q a"
thus "x. P x Q x"

next

“X. Q Xll

assume
then obtain a where "Q a"
hence "P a Q a"
thus "x. P x Q x"
ged
next
assume "x. P x Q x"
then obtain a where "P a (Q a"

thus "(x. P x) (x. Q x)"
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proof

assume "P a"

hence "x. P x"

thus "(x. P x) (x. Q x)"
next

assume "Q a"

hence "x. Q x"

thus "(x. P x) (x. Q x)"
ged

ged

- "La demostracidén detallada es"
lemma ejercicio_28c:
"((x. Px) (x.Qxx)) .Px Q"
proof (rule iffI)
assume "(x. P x) (x. Q x)"
thus "x. P x Q x"
proof (rule disjE)
assume "x. P x"
then obtain a where "P a" by (rule exE)
hence "P a Q a" by (rule disjIl)
thus "x. P x Q x" by (rule exI)
next
assume "x. Q x"
then obtain a where "Q a" by (rule exE)
hence "P a Q a" by (rule disjI2)
thus "x. P x Q x" by (rule exI)
ged
next
assume "x. P x Q x"
then obtain a where "P a Q a" by (rule exE)
thus "(x. P x) (x. Q x)"
proof (rule disjE)
assume "P a"
hence "x. P x" by (rule exI)
thus "(x. P x) (x. Q@ x)" by (rule disjI1)
next
assume "Q a"
hence "x. Q x" by (rule exI)
thus "(x. P x) (x. Q@ x)" by (rule disjI2)
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ged
ged

text {# -

Ejercicio 29. Demostrar o refutar
(z. y. Pzy) (y. z. Pz y)

lemma ejercicio_29:

"(x. y. Pxy) (y. x. Pxy)"
quickcheck
(*

Quickcheck found a counterexample:

P = (z. undefined) (a\<"isub> := {b}, b := {a})
*)

oops

text {# —c e

Ejercicio 30. Demostrar o refutar
(i(z. P z)) (z. P z)

- "La demostracidén automdtica es"
lemma ejercicio_30a:
"(A(x. P x)) (x. AP x)"
by auto

- "La demostracidn estructurada es"
lemma ejercicio_30b:
"(A(x. P x)) (x. AP x)"
proof
assume "A(x. P x)"
show "x. nP x"
proof (rule ccontr)
assume "A(x. #P x)"
have "x. P x"
proof
fix a
show "P a"
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proof (rule ccontr)
assume "AP a"
hence "x. nP x"
with ‘A(x. AP x)‘ show False
ged
ged
with ‘A(x. P x)‘ show False
ged
next
assume "x. AP x"
then obtain a where "HP a"
show "A(x. P x)"
proof
assume
hence "P a"
with ‘AP a‘ show False

“X. P XII

ged
ged

- "La demostracidén detallada es"
lemma ejercicio_30c:
"(a(x. P x)) (x. AP x)"
proof (rule iffI)
assume "A(x. P x)"
show "x. AP x"
proof (rule ccontr)
assume "A(x. HP x)"

”X. P Xll

have
proof (rule alll)
fix a
show "P a"
proof (rule ccontr)
assume "AP a"
hence "x. #P x" by (rule exI)
with ‘A4(x. AP x)‘ show False by (rule notE)
ged
qed
with ‘A(x. P x) ¢ show False by (rule notE)
ged
next
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assume "x. nP x"
then obtain a where "fP a" by (rule exE)
show "a(x. P x)"
proof (rule notI)
assume "x. P x"
hence "P a" by (rule allE)
show False using ‘OP a‘ ‘P a‘ by (rule notE)
ged
ged

section {* Ejercicios sobre igualdad *}

text {# -

Ejercicto 31. Demostrar o refutar
Pa . z=a Pz

- "La demostracidén automatica es"
lemma ejercicio_31la:
"Pa x.x=a Px"
by auto

- "La demostracidén estructurada es"
lemma ejercicio_31b:
assumes "P a"
shows "x. x =a P x"
proof
fix b
show "b = a P b"
proof
assume "b = a"
thus "P b" using assms by (rule ssubst)
ged
ged

- "La demostracidén detallada es"
lemma ejercicio_31c:

assumes "P a"

shows "x. x =a P x"
proof (rule alll)
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fix b
show "b = a P b"
proof (rule impI)
assume "b = a"
thus "P b" using assms by (rule ssubst)
ged
ged

teXt {F mo e
Ejercicio 32. Demostrar o refutar
zy. Rzy Ryz;, fi(z. Rzz) zy. = y

- "La demostracién automatica es"
lemma ejercicio_32a:
fixes R :: "’c ’c bool"
assumes "x y. Rxy Ry x"
"a(x. R x x)"
shows "(x::’c) y. x ¥
using assms
by metis

- "La demostracidén estructurada es"
lemma ejercicio_32b:
fixes R :: "’c ’c Dbool"
assumes "x y. Rxy Ry x"
"A(x. R x x)"
shows "(x::’c) y. x y
proof -
obtain a where "y. R ay R y a" using assms(1)
then obtain b where "R a b R b a"
hence "a b"
proof
assume "R a b"
show "a b"
proof
assume "a = b"
hence "R b b" using ‘R a b‘ by (rule subst)
hence "x. R x x"
with assms(2) show False ..
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ged
next
assume "R b a"
show "a Db"
proof
assume "a = b"
hence "R a a" using ‘R b a‘ by (rule ssubst)
hence "x. R x x"
with assms(2) show False ..
qed
ged
hence "y. a y"
thus "(x::’c) y. x y"
ged

- "La demostracién detallada es"
lemma ejercicio_32c:
fixes R :: "’c ’c Dbool"
assumes "x y. Rxy Ry x"
"i(x. R x x)"
shows  "(x::’c) y. x y"
proof -
obtain a where "y. R ay R y a" using assms(1) by (rule exE)
then obtain b where "R a b R b a" by (rule exE)
hence "a b"
proof (rule disjE)
assume "R a b"
show "a Db"
proof (rule notI)
assume "a = b"
hence "R b b" using ‘R a b‘ by (rule subst)
hence "x. R x x" by (rule exI)
with assms(2) show False by (rule notE)
gqed
next
assume "R b a"
show "a b"
proof (rule notI)
assume "a = b"
hence "R a a" using ‘R b a‘ by (rule ssubst)
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hence "x. R x x" by (rule exI)
with assms(2) show False by (rule notE)
ged
ged
hence "y. a y" by (rule exI)
thus "(x::’c) y. x y" by (rule exI)
ged

teXt {F mo e
Ejercicio 33. Demostrar o refutar
{z. Paczzx,
zyz Pzyz P (fz)y (f z)}
P (f a) a (f a)

- "La demostraci6én automatica es"
lemma ejercicio_33a:
"x. Paxx;xyz. Pxyz P({Ex)y (Ez) P((£aaclfa"
by auto

- "La demostracién estructura es"
lemma ejercicio_33b:
"x. P axx"
"x yz.Pxyz P x)y (f2z)"

shows "P (f a) a (f a)"
proof -

have "P a a a" using assms(1)

have "y z. Payz P (f a) y (f 2)" using assms(2)

hence "z. Paaz P (fa) a (f 2)"

hence "P aaa P (f a) a (f a)"

thus "P (f a) a (f a)" using ‘P a a af
ged

assumes

- "La demostracién detallada es"
lemma ejercicio_33c:
assumes "x. P a x x"
"x yz. Pxyz P ((Ex)y (2"
shows "P (f a) a (f a)"
proof -
have "P a a a" using assms(1) by (rule allE)
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have "y z. Payz P (f a) y (f z)" using assms(2) by (rule allE)
hence "z. Paaz P (f a) a (f z)" by (rule allE)
hence "P aaa P (f a) a (f a)" by (rule allE)
thus "P (f a) a (f a)" using ‘P a a a‘ by (rule mp)
ged

BeXE {#F —m oo
Ejercicto 34. Demostrar o refutar
{z. Paz T,
zyz. Pzyz P (fz)y (f z)
z. P (fa)z (f (f a))

- "La demostracién automatica es"
lemma ejercicio_34a:
"x. Paxzx; xyz.Pxyz P ((x)y (£ 2)
z. P (fa)z (f (fa)"
by metis

- "La demostracidén estructura es"
lemma ejercicio_34b:

"x. P ax x"

assumes
"x yz. Pxyz P (fx)y (f=2"
shows "z. P (f a) z (f (f a))"
proof -
have "P a (f a) (f a)" using assms(1)
have "y z. Payz P (f a) y (f 2)" using assms(2)
hence "z. P a (f a) z P (f a) (f a) (f z)"
hence "P a (f a) (f a) P (f a) (f a) (f (f a))"
hence "P (f a) (f a) (f (f a))" using ‘P a (f a) (f a)°¢
thus "z. P (f a) z (£ (f a))"
ged

- "La demostracién detallada es"
lemma ejercicio_34c:
assumes "x. P a x x"
"x yz. Pxyz P ((Ex)y (2"
shows "z. P (f a) z (£ (£ a))"
proof -
have "P a (f a) (f a)" using assms(1l) by (rule allE)
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have "y z. Payz P (f a) y (f z)" using assms(2) by (rule allE)
hence "z. P a (f a) z P (f a) (f a) (f 2)" by (rule allE)
hence "P a (f a) (f a) P (f a) (f a) (f (f a))" by (rule allE)
hence "P (f a) (f a) (f (f a))" using ‘P a (f a) (f a)¢ by (rule mp)
thus "z. P (f a) z (f (f a))" by (rule exI)

ged

TeXL % —o oo
Ejercicto 35. Demostrar o refutar
{y. ¢ ay,
zy. gy § (sz) (s yh
2. Qa z @ z (s (s a))

- "La demostracién automatica es"
lemma ejercicio_3ba:
"y.Qay; xy.Qxy Q(x) (sy) z.Qaz Qz (s (sa)"
by auto

- "La demostracidén estructura es"
lemma ejercicio_35b:
assumes "y. Q a y"
"xy.Qxy Q (sx) (s y"
shows "z. Qaz Qz (s (s a))"
proof -
have "Q a (s a)" using assms(1)
have "y. Q ay Q (s a (s y)" using assms(2)
hence "Q a (s a) Q (s a) (s (s )" ..
hence "Q (s a) (s (s a))" using ‘Q a (s a)°¢
with ‘Q a (s a)¢ have "Q a (s a) Q (s a) (s (s a))" ..
thus "z. Qaz Qz (s (s a))" ..
ged

- "La demostracién detallada es"
lemma ejercicio_3bc:
assumes "y. Q a y"
"x y. Qxy Q (s x) (s "
shows "z. Qaz Qz (s (s a))"
proof -
have "Q a (s a)" using assms(1) by (rule allE)
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have "y. Q ay Q (s a (s y)" using assms(2) by (rule allE)
hence "Q a (s a) Q (s a) (s (s a))" by (rule allE)
hence "Q (s a) (s (s a))" using ‘Q a (s a)‘ by (rule mp)
with ‘Q a (s a)¢ have "Q a (s a) Q (s a) (s (s a))" by (rule conjI)
thus "z. Qaz Qz (s (s a))" by (rule exI)
ged

TeXL % —o oo
Ejercicto 36. Demostrar o refutar
{z = f z, odd (f )} odd z

__________________________________________________________________ *}
- "La demostracidén automatica es"
lemma ejercicio_36a:
"x = f x; odd (f x) odd x"
by auto
- "La demostracidén semiautomdtica es"
lemma ejercicio_36b:
"x = f x; odd (f x) odd x"
by (rule ssubst)
- "La demostracidén estructurada es"
lemma ejercicio_36¢:
assumes "x = f x"
"odd (f x)"
shows "odd x"
proof -
show "odd x" using assms by (rule ssubst)
ged
TeXt % -
Ejercicto 37. Demostrar o refutar
{x = f z, triple (f =) (f ) o} triplez z
__________________________________________________________________ *}

- "La demostracidén automatica es"
lemma ejercicio_37a:
"x = f x; triple (f x) (f x) x triple x x x"
by auto
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- "La demostracidén semiautomatica es"
lemma ejercicio_37b:
"x = f x; triple (f x) (f x) x triple x x x"
by (rule ssubst)

- "La demostracidén estructurada es"
lemma ejercicio_37c:
assumes "x = f x"
"triple (f x) (f x) x"

shows "triple x x x"
proof -

show "triple x x x" using assms by (rule ssubst)
ged
end

4.3. Ejercicios: Argumentacion l16gica de primer orden

chapter {* T/R2: Argumentacion en ldgica de primer orden *}

theory T4R2
imports Main
begin

El objetivo de esta relacion es formalizar y decidir la correccion

de los argumentos. En el caso de que sea correcto, demostrarlo usando
solo las reglas basicas de deduccion natural de la ldogica de primer
orden (sin usar el método auto). En el caso de que sea tincorrecto,
calcular un contraejemplo con QuickCheck.

Las reglas bdsicas de la deduccton natural son las sigutentes:
4 conjgl: P; § P @

% conjunctl: P { P
% conjunct2: P § @
% notnotD: nn P P
4 notnotl: P nn P
4 mp: P Q; P @
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4 mt: F G, nG nF

4 impl: (P q) P @

4 disjll: P P g

4 disjI2: 9§ P @

4 disjE: P §; P R; § R R
i FalseE: False P

4 notkE: nP; P R

% notl: (P False) 1P

4 iffI: P §; 9 P P=g
4 iffD1: g =pP; § P

4 iffD2: P=¢g;q P

% ccontr: (P False) P

4 excluded_mrddle: 1P P

4 alll: . Pz, Px R R

4 allE: (z. Pz) =z. Pz

U exl: Pz . Px

U exE: . Pz, z. Pz @ (@
*}
text {#

Se usardn las reglas notnotI y mt que demostramos a continuacion.

*}

lemma notnotI: "P nn P"
by auto

lemma mt: "F G; nG aF"
by auto

lemma no_ex: "a(x. P(x)) x. aP(x)"

by auto

lemma no_para_todo: "a(x. P(x)) x. aP(x)"
by auto

text {# -
Ejercicto 1. Formalizar, y decidir la correccion, del siguiente
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argumento
Socrates es un hombre.
Los hombres son mortales.
Luego, Socrates es mortal.
Usar s para Sdocrates
H(z) para = es un hombre
M(z) para = es mortal

- "La demostracidén automatica es"
lemma ejercicio_la:
"H(s); x. H(x) M(x) M(s)"
by auto

- "La demostracidén estructurada es"
lemma ejercicio_1b:

assumes "H(s)"

"x. H(x) M&)"

shows "M(s)"
proof -

have "H(s) M(s)" using assms(2)

thus "M(s)" using assms(1)
ged

- "La demostracién detallada es"
lemma ejercicio_lc:
assumes "H(s)"
"x. H(x) M&)"
shows  "M(s)"
proof -
have "H(s) M(s)" using assms(2) by (rule allE)
thus "M(s)" using assms(1) by (rule mp)
ged

TeXE {F mm oo
Ejercicto 2. Formalizar, y decidir la correccion, del siguiente
argumento

Hay estudiantes inteligentes y hay estudiantes trabajadores. Por
tanto, hay estudtantes inteligentes y trabajadores.
Usar I(z) para z es inteligente
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T(z) para z es trabajador

- "La refutacidén automatica es"
lemma ejercicio_2a:
"(x. I(x)) (x. T(x)) x. I(x) T&"
quickcheck
oops

text {x*

El argumento es incorrecto como muestra el siguiente contraejemplo:
I = {a\< isub>1}
T = {a\<"isub>2}

*}

teXt {# —- oo
Ejercicto 3. Formalizar, y dectdir la correccion, del siguiente
argumento

Todos los participantes son vencedores. Hay como mdximo un
vencedor. Hay como mazimo un participante. Por lo tanto, hay
eczactamente un participante.
Usar P(z) para = es un participante
V(z) para = es un vencedor

- "La refutacién automatica es"
lemma ejercicio_3a:
"x. P(x) V(&x);

xy. V(x) V(y) zx=y;

xy. P(x) P(y) =x=y

x. P(x) (y. P(y) =x=y)"
quickcheck
oops

text {x*

El argumento es incorrecto como muestra el siguiente contraejemplo:
V= {}
P ={}

*}
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TeXE {F — oo
Ejercicto 4. Formalizar, y decidir la correccion, del siguiente
argumento

Todo aquel que entre en el patis y no sea un VIP serd cacheado por
un aduanero. Hay un contrabandista que entra en el pais y que solo
podrd ser cacheado por contrabandistas. Ningun contrabandista es un
VIP. Por tanto, algun aduanero es contrabandista.
Usar A(z) para T es aduanero

Ca(z,y) para T cachea a y

Co(z) para = es contrabandista

E(z) para T

V(z) para

entra en el pats
es un VIP

- "La demostracidén automatica es"
lemma ejercicio_4a:

"x. E(x) av(x) (y. A(y) Ca(y,x));
x. Co(x) E(x) (y. Ca(y,x) Co(y));
a(x. Co(x) V(x))

x. A(x) Co(x)"
by metis

- "La demostracidén estructurada es"
lemma ejercicio_4b:
assumes "x. E(x) av(x) (y. A(y) Ca(y,x))"
"x. Co(x) E(x) (y. Ca(y,x) Co(y))"
"A(x. Co(x) V(x))"
shows "x. A(x) Co(x)"
proof -
obtain a where a: "Co(a) E(a) (y. Ca(y,a) Co(y))"
using assms(2)
have "y. A(y) Ca(y,a)"

proof -
have "E(a) #v(a) (y. A(y) Ca(y,a))" using assms(1)
moreover
have "E(a) av(a)"
proof
have "E(a) (y. Ca(y,a) Co(y))" using a ..
thus "E(a)"

next
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have "x. n(Co(x) V(x))" using assms(3) by (rule no_ex)
hence "n(Co(a) V(a))" ..
have "Co(a)" using a ..
show "av(a)"
proof
assume "V(a)"
with ‘Co(a) ¢ have "Co(a) V(a)" ..
with ‘A(Co(a) V(a))‘ show False ..
ged
qed
ultimately show "y. A(y) Ca(y,a)" ..
ged
then obtain b where "A(b) Ca(b,a)"
hence "A(b)" ..
moreover
have "Co(b)"
proof -
have "E(a) (y. Ca(y,a) Co(y))" using a ..
hence "y. Ca(y,a) Co(y)" ..
hence "Ca(b,a) Co(b)"
have "Ca(b,a)" using ‘A(b) Ca(b,a)°
with ‘Ca(b,a) Co(b)°‘ show "Co(b)"
qed
ultimately have "A(b) Co(b)"
thus "x. A(x) Co(x)"
ged

- "La demostracién detallada es"
lemma ejercicio_4c:
assumes "x. E(x) av(x) (y. A(y) Ca(y,x))"
"x. Co(x) E(x) (y. Ca(y,x) Co(y))"
"i(x. Co(x) V(x))"
shows "x. A(x) Co(x)"
proof -
obtain a where a: "Co(a) E(a) (y. Ca(y,a) Co(y))"
using assms(2) by (rule exE)
have "y. A(y) Ca(y,a)"
proof -
have "E(a) 1nV(a) (y. A(y) Ca(y,a))" using assms(1) by (rule
moreover

allE)
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have "E(a) av(a)"
proof
have "E(a) (y. Ca(y,a) Co(y))" using a by (rule conjunct2)
thus "E(a)" by (rule conjunctl)
next
have "x. n(Co(x) V(x))" using assms(3) by (rule no_ex)
hence "i(Co(a) V(a))" by (rule allE)
have "Co(a)" using a by (rule conjunctl)
show "nv(a)"
proof (rule notI)
assume "V(a)"
with ‘Co(a)‘ have "Co(a) V(a)" by (rule conjI)
with ‘4(Co(a) V(a))‘ show False by (rule notE)
ged
qed
ultimately show "y. A(y) Ca(y,a)" by (rule mp)
ged
then obtain b where "A(b) Ca(b,a)" by (rule exE)
hence "A(b)" by (rule conjunctl)
moreover
have "Co(b)"
proof -
have "E(a) (y. Ca(y,a) Co(y))" using a by (rule conjunct2)
hence "y. Ca(y,a) Co(y)" by (rule conjunct2)
hence "Ca(b,a) Co(b)" by (rule allE)
have "Ca(b,a)" using ‘A(b) Ca(b,a)‘ by (rule conjunct2)
with ‘Ca(b,a) Co(b)‘¢ show "Co(b)" by (rule mp)
ged
ultimately have "A(b) Co(b)" by (rule conjI)
thus "x. A(x) Co(x)" by (rule exI)
ged

BeXE {F mm oo
Ejercicto 5. Formalizar, y dectdir la correccion, del stiguiente
argumento

Juan teme a Maria. Pedro es temido por Juan. Luego, alguien teme a
Maria y a Pedro.
Usar 7 para Juan
m para Maria
P para Pedro
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T(z,y) para = teme a y

- "La demostracidén automdtica es"
lemma ejercicio_ba:
"T(i,m); TGLp) x. T(x,m) T(x,p)"
by auto

- "La demostracidn estructurada es"
lemma ejercicio_bb:
assumes "T(j,m)"

"T(j,p)"
shows "x. T(x,m) T(x,p)"
proof
show "T(j,m) T(j,p)" using assms
ged

- "La demostracidén detallada es"
lemma ejercicio_bc:
assumes "T(j,m)"
"T(G,p)"
shows "x. T(x,m) T(x,p)"
proof (rule exI)

show "T(j,m) T(j,p)" using assms by (rule conjI)

ged

TeXt {# —-mmm e
Ejercicto 6. Formalizar, y dectdir la correccion, del siguiente

argumento

Los hermanos tienen el mismo padre. Juan es hermano de Luis. Carlos

es padre de Luts. Por tanto, Carlos es padre de Juan.

Usar H(z,y) para T es hermano de Yy
P(z,y) para = es padre de y

7 para Juan
l para Luis
c para Carlos

- "La demostracidn automatica es"
lemma ejercicio_6a:



222 Capitulo 4. Deduccién natural en 16gica de primer orden

assumes "x y. H(x,y) H(y,x)"
"x y z. H(x,y) P(z,x) P(z,y)"
"H(j,1)"
"P(c,1)"
shows  "P(c,j)"
using assms
by metis

- "La demostracidn estructurada es"
lemma ejercicio_6b:
fixes HP :: "?a E ’a bool"
assumes "x y. H(x,y) H(y,x)"
"x y z. H(x,y) P(z,x) P(z,y"

"H(j,1)"
"P(c,1)"
shows  "P(c,j)"
proof -
have "H(1,j) P(c,1) P(c,j])"
proof -

have "y z. H(1,y) P(z,1) P(z,y)" using assms(2)
hence "z. H(1,j) P(z,1) P(z,j)" ..
thus "H(1,j) P(c,1) P(c,]D" ..
ged
moreover
have "H(1,j) P(c,D)"
proof
have "y. H(j,y) H(y,j)" using assms(1)
hence "H(j,1) H(,j)"
thus "H(1,j)" using assms(3)

next
show "P(c,1)" using assms(4)
ged
ultimately show "P(c,j)"
ged

- "La demostracién detallada es"
lemma ejercicio_6c¢:
fixes HP :: "’a E ’a bool"
assumes "x y. H(x,y) H(y,x)"
"x y z. H(x,y) P(z,x) P(z,y)"
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"H(§,1)"
"P(c,1)"
shows "P(c,j)"
proof -
have "H(1,j) P(c,1) P(c,j)"
proof -

have "y z. H(1l,y) P(z,1) P(z,y)" using assms(2) by (rule allE)
hence "z. H(1,j) P(z,1) P(z,j)" by (rule allE)
thus "H(1,j) P(c,1) P(c,j)" by (rule allE)
ged
moreover
have "H(1,j) P(c,1)"
proof (rule conjI)
have "y. H(j,y) H(y,j)" using assms(1l) by (rule allE)
hence "H(j,1) H(1,j)" by (rule allE)
thus "H(1,j)" using assms(3) by (rule mp)

next
show "P(c,1)" using assms(4) by this
ged
ultimately show "P(c,j)" by (rule mp)
ged
=5 S e e

Ejercicto 7. Formalizar, y dectdir la correccion, del siguiente
argumento
La existenctia de algun canal de TV publica, supone un acicate para
cualquier canal de TV privada,; el que un canal de TV tenga un
acicate, supone una gran satisfaccton para cualquiera de sus
directivos; en Madrid hay varios canales publicos de TV, TV5 es un
canal de TV privada; por tanto, todos los directivos de TV5 estdn
satisfechos.
Usar Pu(z) para © es un canal de TV publica
Pr(z) para z es un canal de TV privada
A(z) para = posee un acicate
D(z,y) para = es un directivo del canal y
S(z) para z esta satisfecho
t para TV5

- "La demostracidén automitica es"
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lemma ejercicio_7a:
assumes "(x. Pu(x)) (x. Pr(x) Ax))"
"x. A(x) (y. D(y,x) S(yn"
"x. Pu(x)"
"Pr(t)"
shows "x. D(x,t) S(x)"
using assms
by auto

- "La demostracidén estructurada es"
lemma ejercicio_7b:
assumes "(x. Pu(x)) (x. Pr(x) A(x))"
"x. A(x) (y. D(y,x) S(yn"

"x. Pu(x)"
"Pr(t)"
shows "x. D(x,t) S(x)"
proof
fix a
show "D(a,t) S(a)"
proof

assume "D(a,t)"
have "x. Pr(x) A(x)" using assms(1l) assms(3)
hence "Pr(t) A(t)" ..
hence "A(t)" using assms(4)
have "A(t) (y. D(y,t) S(y))" using assms(2)
hence "y. D(y,t) S(y)" using ‘A(t)°
hence "D(a,t) S(a)" ..
thus "S(a)" using ‘D(a,t)‘
ged
ged

- "La demostracidén detallada es"
lemma ejercicio_7c:
assumes "(x. Pu(x)) (x. Pr(x) A"
"x. A(x) (y. D(y,x) S(y)"
"x. Pu(x)"
"Pr(t)"
shows "x. D(x,t) S)"
proof (rule alll)
fix a
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show "D(a,t) S(a)"

proof (rule impI)
assume "D(a,t)"
have "x. Pr(x) A(x)" using assms(1l) assms(3) by (rule mp)
hence "Pr(t) A(t)" by (rule allE)
hence "A(t)" using assms(4) by (rule mp)
have "A(t) (y. D(y,t) S(y))" using assms(2) by (rule allE)
hence "y. D(y,t) S(y)" using ‘A(t)‘ by (rule mp)
hence "D(a,t) S(a)" by (rule allE)
thus "S(a)" using ‘D(a,t)‘ by (rule mp)

ged

ged

TeXt {# —-mm oo
Ejercicto 8. Formalizar, y decidir la correccion, del siguiente
argumento

Quien intente entrar en un pais y no tenga pasaporte, encontrard
algun aduanero que le tmpida el paso. A4 algunas personas
motorizadas que intentan entrar en un pais le impiden el paso
unicamente personas motorizadas. Ninguna persona motorizada tiene
pasaporte. Por tanto, ciertos aduaneros estdn motortizados.
Usar E(z) para = entra en un patis

P(z) para z tiene pasaporte

A(z) para = es aduanero

I(z,y) para = impide el paso a y

T

M(z) para z estd motorizada

- "La demostracidén automatica es"
lemma ejercicio_8a:
assumes "x. E(x) #P(x) (y. A(y) I(y,x))"
"x. M(x) E(x) (y. I(y,x) M(y)"
x. M(x) #P(x)"
x. A(x) M&)"
using assms
by blast

shows "

- "La demostracidn estructurada es"
lemma ejercicio_8b:
assumes "x. E(x) aP(x) (y. A(y) I(y,x))"
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"x. M(x) E(x) (y. I(y,x) M(y))"
"x. M(x) AaP(x)"
shows "x. A(x) M(x)"
proof -
obtain a where a: "M(a) E(a) (y. I(y,a) M(y))" using assms(2)
hence "M(a)" ..
have "M(a) 1#P(a)" using assms(3)
hence "fP(a)" using ‘M(a)
have al: "E(a) (y. I(y,a) M(y))" using a ..
hence "E(a)" ..
hence "E(a) 1nP(a)" using ‘fP(a)‘
have "E(a) #P(a) (y. A(y) I(y,a))" using assms(1)
hence "y. A(y) I(y,a)" using ‘E(a) 1nP(a)‘..
then obtain b where b: "A(b) I(b,a)" ..
have "A(b) M(b)"
proof
show "A(b)" using b ..
next
have "I(b,a)" using b ..
have "y. I(y,a) M(y)" using al ..
hence "I(b,a) M(b)" ..
thus "M(b)" using ‘I(b,a)"®
ged
thus "x. A(x) M(x)" ..
ged

- "La demostracién detallada es"
lemma ejercicio_8c:
assumes "x. E(x) #P(x) (y. A(y) I(y,x))"
"x. M(x) E(x) (y. I(y,x) M(y))"
"x. M(x) #aP(x)"
shows "x. A(x) M(x)"
proof -
obtain a where a: "M(a) E(a) (y. I(y,a) M(y))"
using assms(2) by (rule exE)
hence "M(a)" by (rule conjunctl)
have "M(a) #P(a)" using assms(3) by (rule allE)
hence "fP(a)" using ‘M(a)‘ by (rule mp)
have al: "E(a) (y. I(y,a) M(y))" using a by (rule conjunct2)
hence "E(a)" by (rule conjunctl)
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hence "E(a) 1nP(a)" using ‘fiP(a)‘ by (rule conjI)
have "E(a) #P(a) (y. A(y) I(y,a))"
using assms(1) by (rule allE)
hence "y. A(y) I(y,a)" using ‘E(a) 1nP(a)‘by (rule mp)
then obtain b where b: "A(b) I(b,a)" by (rule exE)
have "A(b) M(b)"
proof (rule conjI)
show "A(b)" using b by (rule conjunctl)
next
have "I(b,a)" using b by (rule conjunct2)
have "y. I(y,a) M(y)" using al by (rule conjunct2)
hence "I(b,a) M(b)" by (rule allE)
thus "M(b)" using ‘I(b,a) ‘by (rule mp)
ged
thus "x. A(x) M(x)" by (rule exI)
ged

BeXE {F —m oo
Ejercicto 9. Formalizar, y dectdir la correccion, del stiguiente
argumento

Los afictonados al futbol aplauden a cualquier futbolista
extranjero. Juanito no aplaude a futbolistas extranjeros. Por
tanto, s% hay algun futbolista extranjero nacionalizado espafiol,
Juanito no es aficionado al futbol.
Usar Af(z) para z es afticicionado al futbol
Ap(z,y) para z aplaude a y

E(z) para T es un futbolista exztranjero
N(z) para T es un futbolista macionalizado espafiol
J para Juanito

- "La demostracidén automatica es"
lemma ejercicio_Y9a:
assumes "x. Af(x) (y. E(y) Ap(x,y)"
"x. E(x) 1nAp(j,x)"
shows  "(x. E(x) N(x)) nAf(j"
using assms
by blast

- "La demostracién estructurada es"
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lemma ejercicio_9b:
"x. Af(x) (y. E(y) Ap(x,y))"
"x. E(x) #Ap(j,x)"
shows "(x. E(x) N(x)) nAf(j)"
proof
assume "x. E(x) N(x)"
then obtain a where a: "E(a) N(a)" ..
show "nAf(j)"
proof
assume "Af(j)"
have "Af(j) (y. E(y) Ap(j,y))" using assms(1)
hence "y. E(y) Ap(j,y)" using “Af(j)°
hence "E(a) Ap(j,a)" ..
have "E(a)" using a ..
with ‘E(a) Ap(j,a)‘ have "Ap(j,a)" ..
have "E(a) hAp(j,a)" using assms(2)
hence "fAp(j,a)" using ‘E(a)‘
thus False using ‘Ap(j,a)‘
ged
ged

assumes

- "La demostracién detallada es"
lemma ejercicio_9c:
assumes "x. Af(x) (y. E(y) Ap(x,y)"
"x. E(x) #Ap(j,x)"
shows  "(x. E(x) N(x)) nAf(j"
proof (rule impI)
assume "x. E(x) N(x)"
then obtain a where a: "E(a) N(a)" by (rule exE)
show "RAf(j)"
proof (rule notI)
assume "Af(j)"
have "Af(j) (y. E(y) Ap(j,y))" using assms(1l) by (rule allE)
hence "y. E(y) Ap(j,y)" using ‘Af(j)‘ by (rule mp)
hence "E(a) Ap(j,a)" by (rule allE)
have "E(a)" using a by (rule conjunctl)
with ‘E(a) Ap(j,a)‘ have "Ap(j,a)" by (rule mp)
have "E(a) 1Ap(j,a)" using assms(2) by (rule allE)
hence "fAp(j,a)" using ‘E(a)‘ by (rule mp)
thus False using ‘Ap(j,a)‘ by (rule notE)
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ged
ged

TeXE {F mm oo oo
Ejercicto 10. Formalizar, y dectidir la correccion, del siguiente
argumento

Ningun aristocrata debe ser condenado a galeras a menos que sus
crimenes sean vergonzosos Yy lleve una vida licenciosa. En la ciudad
hay aristocratas que han cometido crimenes vergonzosos aunque Su
forma de vida mo sea licenciosa. Por tanto, hay algun aristocrata
que no estd condenado a galeras.
Usar A(z) para z es aristicrata

G(z) para z estd condenado a galeras

L(z) para z lleva una vida licenciosa

V(z) para z ha cometido crimenes vergonzoso

- "La demostracidén automatica es"
lemma ejercicio_10a:
assumes "x. A(x) G(x) L(x) V()"
"x. A(x) V(x) #nL(x)"
shows "x. A(x) nGx)"
using assms
by blast

- "La demostracidén estructurada es"
lemma ejercicio_10b:
assumes "x. A(x) G(x) L(x) V&))"
"x. A(x) V(x) #AL)"
shows "x. A(x) AG(x)"
proof -
obtain b where b: "A(b) V(b) 1AL(b)" using assms(2)
have "A(b) HG(b)"

proof

show "A(b)" using b ..
next

show "nG(b)"

proof

assume "G(b)"
have "aL(b)"
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proof -
have "V(b) 1AL(b)" using b ..
thus "AL(b)"
ged
moreover have "L(b)"
proof -
have "A(b) G(b) L(b) V(b)" using assms(1)
have "A(b)" using b ..
hence "A(b) G(b)" using ‘G(b)°¢
with ‘A(b) G(b) L(b) V(b)¢ have "L(b) V(b)"
thus "L(b)"
ged
ultimately show False
gqed
ged
thus "x. A(x) #G(x)"
ged

- "La demostracién detallada es"
lemma ejercicio_10c:
assumes "x. A(x) G(x) L(x) V()"
"x. A(x) V() aLx)"
shows  "x. A(x) #Gx)"
proof -
obtain b where b: "A(b) V(b) aL(b)" using assms(2) by (rule exE)
have "A(b) 1G(b)"
proof (rule conjI)
show "A(b)" using b by (rule conjunctl)
next
show "AG(b)"
proof (rule notI)
assume "G(b)"
have "AL(b)"
proof -
have "V(b) #L(b)" using b by (rule conjunct2)
thus "aL(b)" by (rule conjunct2)
ged
moreover have "L(b)"
proof -
have "A(b) G(b) L(b) V(b)" using assms(1l) by (rule allE)
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have "A(b)" using b by (rule conjunctl)

hence "A(b) G(b)" using ‘G(b)‘ by (rule conjI)

with ‘A(b) G(b) L(b) V(b)‘ have "L(b) V(b)" by (rule mp)
thus "L(b)" by (rule conjunctl)

ged
ultimately show False by (rule notE)
qed
ged
thus "x. A(x) 10G(x)" by (rule exI)
ged
TeXE ¥ —c oo
Ejercicto 11. Formalizar, y dectdir la correccion, del stguiente
argumento

Todo wndividuo que esté conforme con el contenido de cualquier
acuerdo internacional lo apoya o se inhibe en absoluto de asuntos
politicos. Cualquiera que se inhiba de los asuntos politicos, mo
participard en el prozimo referéndum. Todo espafiol, estd conforme
con el acuerdo internacional de Maastricht, al que sin embargo no
apoya. Por tanto, cualquier individuo o mo es espafiol, o en otro
caso, esta conforme con el contenido del acuerdo internacional de
Maastricht y no participard en el prozimo referéndum.

Usar C(z,y) para la persona x conforme con el contenido del acuerdo y

A(z,y) para la persona z apoya el acuerdo y

I(z) para la persona z se intbe de asuntos politicos

R(z) para la persona x participard en el prozimo referéndum
E(z) para la persona z es espafiola

m para el acuerdo de Maastricht

- "La demostracidén automatica es"
lemma ejercicio_11a:
assumes "x y. C(x,y) A(x,y) I(x)"
"x. I(x) #AR)"
"x. E(x) C(x,m) #HA(x,m)"
shows "x. AE(x) (C(x,m) #R(x))"
using assms

by blast

- "La demostracién estructurada es"
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lemma ejercicio_11b:
assumes "x y. C(x,y) A(x,y) I)"
"x. I(x) #AR&)"
"x. E(x) C(x,m) #HA(x,m)"
shows "x. AE(x) (C(x,m) HAR(x))"
proof
fix a
have "fAE(a) E(a)" ..
thus "fE(a) (C(a,m) #R(a))"
proof
assume "HAE(a)"
thus "fAE(a) (C(a,m) #nR(a))" ..
next
assume "E(a)"
have "E(a) C(a,m) nA(a,m)" using assms(3)
hence "C(a,m) #A(a,m)" using ‘E(a)°
hence "C(a,m)"
have "y. C(a,y) A(a,y) I(a)" using assms(1)
hence "C(a,m) A(a,m) I(a)"
hence "A(a,m) I(a)" using ‘C(a,m)®
hence "AR(a)"
proof
assume "A(a,m)"
have "nA(a,m)" using ‘C(a,m) nA(a,m)‘..
thus "fAR(a)" using ‘A(a,m)
next
assume "I(a)"
have "I(a) #R(a)" using assms(2)
thus "fR(a)" using ‘I(a)‘
qed
with ‘C(a,m) ¢ have "C(a,m) #nR(a)" ..
thus "fAE(a) (C(a,m) #nR(a))" ..
ged
ged

- "La demostracidén detallada es"
lemma ejercicio_11c:
assumes "x y. C(x,y) A(x,y) I)"
"x. I(x) #AR)"
"x. E(x) C(x,m) #HA(x,m)"
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shows "x. AE(x) (C(x,m) HAR(x))"
proof (rule alll)
fix a
have "AE(a) E(a)" by (rule excluded_middle)
thus "#E(a) (C(a,m) #R(a))"
proof (rule disjE)
assume "RE(a)"
thus "nE(a) (C(a,m) 1nR(a))" by (rule disjIl)
next
assume "E(a)"
have "E(a) C(a,m) nA(a,m)" using assms(3) by (rule allE)
hence "C(a,m) 1nA(a,m)" using ‘E(a)‘ by (rule mp)
hence "C(a,m)" by (rule conjunctl)
have "y. C(a,y) A(a,y) I(a)" using assms(1) by (rule allE)
hence "C(a,m) A(a,m) I(a)" by (rule allE)
hence "A(a,m) I(a)" using ‘C(a,m)‘ by (rule mp)
hence "fR(a)"
proof (rule disjE)
assume "A(a,m)"
have "nA(a,m)" using ‘C(a,m) nA(a,m)‘by (rule conjunct2)
thus "fAR(a)" using ‘A(a,m)‘ by (rule notE)
next
assume "I(a)"
have "I(a) 1nR(a)" using assms(2) by (rule allE)
thus "fAR(a)" using ‘I(a)‘ by (rule mp)
ged
with ‘C(a,m) ¢ have "C(a,m) 1nR(a)" by (rule conjI)
thus "nE(a) (C(a,m) 1nR(a))" by (rule disjI2)
ged
ged

BeXE {F —m oo
Ejercicto 12. Formalizar, y dectdir la correccion, del siguiente
argumento

Toda persona pobre tiene un padre rico. Por tanto, existe una
persona rica que tiene un abuelo Tico.
Usar R(z) para T es rico
p(z) para el padre de x
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- "La demostracidén automatica es"
lemma ejercicio_12a:

assumes "x. AR(x) R(p(x))"

shows "x. R(x) R(p(px)))"
using assms
by blast

- "La demostracién estructurada es"
lemma ejercicio_12b:
assumes "x. AR(x) R(p(x))"
shows "x. R(x) R(p(p&))"
proof -
have "x. R(x)"
proof (rule ccontr)
assume "fA(x. R(x))"
hence "x. AR(x)" by (rule no_ex)
hence "hR(a)" ..
have "fR(a) R(p(a))" using assms ..
hence "R(p(a))" using ‘AR(a)*
hence "x. R(x)" ..
with ‘A(x. R(x))‘ show False ..
ged
then obtain a where "R(a)" ..
have "fR(p(p(a))) R(p(p(a)))" by (rule excluded_middle)
thus "x. R(x) R(p(p(x)))"
proof
assume "AR(p(p(a)))"
have "R(p(a)) R(p(p(p(a))))"
proof
show "R(p(a))"
proof (rule ccontr)
assume "AR(p(a))"
have "fR(p(a)) R(p(p(a)))" using assms ..
hence "R(p(p(a)))" using ‘AR(p(a))‘
with ‘4R(p(p(a)))‘ show False ..
ged
next
show "R(p(p(p(a))))"
proof -
have "fR(p(p(a))) R(p(p(p(a))))" using assms ..
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thus "R(p(p(p(a))))" using ‘AR(p(p(a)))‘
ged
ged
thus "x. R(x) R(p(pE)" ..
next
assume "R(p(p(a)))"
with ‘R(a)‘ have "R(a) R(p(p(a)))" ..
thus "x. R(x) R(p(p&)))" ..
ged
ged

- "La demostracién detallada es"
lemma ejercicio_12c:
assumes "x. AR(x) R(p(x))"
shows "x. R(x) R(p(p&))"
proof -
have "x. R(x)"
proof (rule ccontr)
assume "h(x. R(x))"
hence "x. AR(x)" by (rule no_ex)
hence "fR(a)" by (rule allE)
have "AR(a) R(p(a))" using assms by (rule allE)
hence "R(p(a))" using ‘fiR(a) ‘¢ by (rule mp)
hence "x. R(x)" by (rule exI)
with ‘A(x. R(x))‘ show False by (rule notE)
ged
then obtain a where "R(a)" by (rule exE)
have "fR(p(p(a))) R(p(p(a)))" by (rule excluded_middle)
thus "x. R(x) R(p(p(x)))"
proof (rule disjE)
assume "AR(p(p(a)))"
have "R(p(a)) R(p(p(p(a))))"
proof (rule conjI)
show "R(p(a))"
proof (rule ccontr)
assume "AR(p(a))"
have "hR(p(a)) R(p(p(a)))" using assms by (rule allE)
hence "R(p(p(a)))" using ‘BR(p(a))‘ by (rule mp)
with ‘AR(p(p(a))) ‘¢ show False by (rule notE)
ged
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next
show "R(p(p(p(a))))"
proof -
have "fR(p(p(a))) R(p(p(p(a))))" using assms by (rule allE)
thus "R(p(p(p(a))))" using ‘AR(p(p(a)))‘ by (rule mp)
ged
qed
thus "x. R(x) R(p(p(x)))" by (rule exI)
next
assume "R(p(p(a)))"
with ‘R(a)‘ have "R(a) R(p(p(a)))" by (rule conjI)
thus "x. R(x) R(p(p(x)))" by (rule exI)
ged
ged

TeXE {F — oo
Ejercicto 13. Formalizar, y dectdir la correccion, del siguiente
argumento

Todo deprimido que estima a un submarinista es listo. Cualquiera
que se estime a si mismo es listo. Ningun deprimido se estima a St
mismo. Por tanto, ningun deprimido estima a un submarinista.
Usar D(z) para = estd deprimido
E(z,y) para T estima a y
L(z) para z es listo
S(z) para = es submarinista

- "La demostracidén automatica es"
lemma ejercicio_13a:
assumes "x. D(x) (y. S(y) E(x,y)) Lx)"
"x. E(x,x) L(x)"
"A(x. D(x) E(x,x))"
shows  "a(x. D(x) (y. S(y) E(x,y)))"
quickcheck
oops

text {*
El argumento es incorrecto como muestra el siguiente contraejemplo:
Quickcheck found a counterexample:
D = {a\<"isub>2}
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W
1]

{a\<"2sub>1}
{(a\<"isub>2, al\<"isub>1)}
{a\<~2sub>2}

&~
non

*}

TeXE {F — oo
Ejercicro 14. Formalizar, y dectidir la correccion, del siguiente
argumento

Todos los robots obedecen a los amigos del programador jefe.
Alvaro es amigo del programador jefe, pero Benito no le
obedece. Por tanto, Benito no es un robot.
Usar R(z) para T es un Tobot

0b(z,y) para z obedece a y

4(z) para = es amigo del programador jefe

b para Benito

a para Alvaro

- "La demostracién automatica es"
lemma ejercicio_14a:
assumes "x y. R(x) A(y) Ob(x,y)"
"Aa)"
"A0b(b,a)"
shows  "AR(b)"
using assms
by blast

- "La demostracidn estructurada es"
lemma ejercicio_14b:

fixes R A :: "’a bool" and
Ob :: "?a E ’a bool"
assumes "x y. R(x) A(y) Ob(x,y)"
"ACa)"
"n0b(b,a)"
shows "AR (b) "
proof

assume "R(b)"

have "y. R(b) A(y) Ob(b,y)" using assms(1)
hence "R(b) A(a) Ob(b,a)"

have "R(b) A(a)" using ‘R(b)‘ assms(2)
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with ‘R(b) A(a) O0Ob(b,a)‘ have "Ob(b,a)"
with assms(3) show False ..
ged

- "La demostracién detallada es"
lemma ejercicio_14c:

fixes R A :: "?a bool" and
Ob :: "?a E ’a bool"
assumes "x y. R(x) A(y) Ob(x,y"
"A(a) "
"f0b(b,a)"

shows  "AR(b)"

proof (rule notI)
assume "R(b)"
have "y. R(b) A(y) Ob(b,y)" using assms(l) by (rule allE)
hence "R(b) A(a) Ob(b,a)" by (rule allE)
have "R(b) A(a)" using ‘R(b)‘ assms(2) by (rule conjI)
with ‘R(b) A(a) O0Ob(b,a)‘ have "Ob(b,a)" by (rule mp)
with assms(3) show False by (rule notE)

ged

BeXE {F —m oo
Ejercicto 15. Formalizar, y dectdir la correccion, del stguiente
argumento

En una pecera nadan una serie de peces. Se observa que:

* Hay algun pez T que para cualquier pez Yy, St el pez T mo se come
al pez y entonces existe un pez z tal que z es un tiburon o bien
z protege al pez y.

* No hay ningun pez que se coma a todos los demds.

* Ningun pez protege a mingun otro.

Por tanto, exziste algun tiburon en la pecera.

Usar C(z,y) para x se come a y

P(z,y) para T protege a y
T(z) para = es un tiburdn

- "La demostracidén automatica es"
lemma ejercicio_15a:
assumes "x. y. iC(x,y) (z. T(z) P(z,y))"
"x. y. aC(x,y)"
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"x y. aP(x,y)"
shows  "x. T(x)"
using assms
by auto

- "La demostracién estructurada es"

lemma ejercicio_15b:
"

assumes "x. y. C(x,y) (z. T(z) P(z,y))"
"x. y. aC(x,y)"
"x y. aP(x,y)"
shows  "x. T(x)"
proof -

obtain a where a: "y. #nC(a,y) (z. T(z) P(z,y)"
using assms(1)
have "y. nC(a,y)" using assms(2)
then obtain b where "#C(a,b)"
have "aC(a,b) (z. T(z) P(z,b))" using a ..
hence "z. T(z) P(z,b)" using ‘niC(a,b)"
then obtain c¢ where "T(c) P(c,b)"
thus "x. T(x)"
proof
assume "T(c)"
thus "x. T(x)"
next
assume "P(c,b)"
have "y. fP(c,y)" using assms(3)
hence "#P(c,b)"
thus "x. T(x)" using ‘P(c,b)‘
ged
ged

- "La demostracidn detallada es"
lemma ejercicio_15c:

assumes "x. y. aC(x,y) (z. T(z) P(z,y))"
"x. y. aC(x,y)"
"x y. aP(x,y)"
shows "x. T(x)"
proof -

obtain a where a: "y. #C(a,y) (z. T(z) P(z,y))"
using assms(1) by (rule exE)
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have "y. nC(a,y)" using assms(2) by (rule allE)

then obtain b where "iC(a,b)" by (rule exE)

have "iC(a,b) (z. T(z) P(z,b))" using a by (rule allE)
hence "z. T(z) P(z,b)" using ‘iC(a,b)‘ by (rule mp)
then obtain ¢ where "T(c) P(c,b)" by (rule exE)

thus "x. T(x)"

proof (rule disjE)

assume "T(c)"
thus "x. T(x)" by (rule exI)

next

assume "P(c,b)"

have "y. @iP(c,y)" using assms(3) by (rule allE)
hence "fiP(c,b)" by (rule allE)

thus "x. T(x)" using ‘P(c,b)‘ by (rule notE)

ged

ged

TeXL {# —o oo
Ejercicto 16. Formalizar, y dectdir la correccion, del stguiente
argumento

Supongamos conoctdos los siguientes hechos acerca del numero de

aprobados de dos asignaturas 4 y B:

* Sv todos los alumnos aprueban la asignatura 4, entonces todos
aprueban la asignatura B.

* Sv algun delegado de la clase aprueba 4 y B, entonces todos los
alumnos aprueban 4.

* S1 nadie aprueba B, entonces ningun delegado aprueba 4.

* S1 Manuel no aprueba B, entonces nadie aprueba B.

Por tanto, st Manuel es un delegado y aprueba la asignatura 4,

entonces todos los alumnos aprueban las asignaturas 4 y B.

Usar A(z,y) para z aprueba la astignatura y

D(z) para z es delegado

m para Manuel
a para la asignatura 4
b para la asignatura B

- "La demostracidn automatica es"
lemma ejercicio_16a:
assumes "(x. A(x,a)) (x. A(x,b))"
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"(x. D(x) A(x,a) A(x,b)) (x. A(x,a))"
"(x. nA(x,b)) (x. D(x) nA(x,a))"
"HA(m,b) (x. BA(x,b))"
shows "D(m) A(m,a) (x. A(x,a) A(x,b))"
using assms
by blast

- "La demostracidén estructurada es"
lemma ejercicio_16b:
assumes "(x. A(x,a)) (x. A(x,b))"
"(x. D(x) A(x,a) A(x,b)) (x. A(x,a))"
"(x. nA(x,b)) (x. D(x) hA(x,a))"
"HA(m,b) (x. BA(x,b))"
shows "D(m) A(m,a) (x. A(x,a) A(x,b))"
proof
assume "D(m) A(m,a)"
hence "D(m)"
have "A(m,a)" using ‘D(m) A(m,a)°
have "A(m,b)"
proof (rule ccontr)
assume "HA(m,b)"
with assms(4) have "x. DA(x,b)"
with assms(3) have "x. D(x) nA(x,a)"
hence "D(m) #HA(m,a)" ..
hence "hA(m,a)" using ‘D(m)‘
thus False using ‘A(m,a)‘
ged
with ‘A(m,a)‘ have "A(m,a) A(m,b)"
with ‘D(m) ¢ have "D(m) A(m,a) A(m,b)"
hence "x. D(x) A(x,a) A(x,b)"
with assms(2) have "x. A(x,a)"
with assms(1) have "x. A(x,b)"
show "x. A(x,a) A(x,b)"
proof
fix ¢
show "A(c,a) A(c,b)"
proof
show "A(c,a)" using ‘x. A(x,a)‘
next
show "A(c,b)" using ‘x. A(x,b)¢
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ged
ged
ged

- "La demostracién detallada es"
lemma ejercicio_16c:
assumes "(x. A(x,a)) (x. A(x,b))"
"(x. D(x) A(x,a) A(x,b)) (x. A(x,a))"
"(x. BA(x,b)) (x. D(x) HA(x,a))"
"AA(m,b) (x. BA(x,b))"
shows "D(m) A(m,a) (x. A(x,a) A(x,b))"
proof (rule impI)
assume "D(m) A(m,a)"
hence "D(m)" by (rule conjunctl)
have "A(m,a)" using ‘D(m) A(m,a)‘ by (rule conjunct2)
have "A(m,b)"
proof (rule ccontr)
assume "HAA(m,b)"
with assms(4) have "x. DnA(x,b)" by (rule mp)
with assms(3) have "x. D(x) hnA(x,a)" by (rule mp)
hence "D(m) #HA(m,a)" by (rule allE)
hence "fA(m,a)" using ‘D(m)‘ by (rule mp)
thus False using ‘A(m,a)‘ by (rule notE)
ged
with ‘A(m,a)‘ have "A(m,a) A(m,b)" by (rule conjI)
with ‘D(m)‘ have "D(m) A(m,a) A(m,b)" by (rule conjI)
hence "x. D(x) A(x,a) A(x,b)" by (rule exI)
with assms(2) have "x. A(x,a)" by (rule mp)
with assms(1) have "x. A(x,b)" by (rule mp)
show "x. A(x,a) A(x,b)"
proof (rule alll)
fix ¢
show "A(c,a) A(c,b)"
proof (rule conjI)
show "A(c,a)" using ‘x. A(x,a)‘ by (rule allE)
next
show "A(c,b)" using ‘x. A(x,b)¢ by (rule allE)
ged
ged
ged
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BeXt {F —o oo
Ejercicto 17. Formalizar, y dectdir la correccion, del siguiente
argumento

En cierto pais oriental se ha celebrado la fase final del
campeonato mundial de futbol. Cierto diario deportivo ha publicado
las siguientes estadisticas de tanm magno acontecimiento:
* A todos los porteros que mo wvistieron camiseta negra les marco un
gol algun delantero europeo.
* Algun portero jugo con botas blancas y solo le marcaron goles
jugadores con botas blancas.
* Ningun portero se marco un gol a S% mismo.
* Ningun jugador con botas blancas vistid camiseta negra.
Por tanto, algun delantero europeo jugo con botas blancas.
Usar P(z) para = es portero
D(z) para = es delantero europeo
N(z) para T viste camiseta negra
B(z) para z juega con botas blancas
M(z,y) para T marcd un gol a y

- "La demostracidén automatica es"
lemma ejercicio_17a:
assumes "x. P(x) aN(x) (y. D(y) M(y,x))"
"x. P(x) B(x) (y. M(y,x) B(y))"
"H(x. P(x) M(x,x))"
"A(x. B(x) N(x))"
shows "x. D(x) B((x)"
using assms
by blast

- "La demostracidén estructurada es"
lemma ejercicio_17b:
"x. P(x) #N(x) (y. D(y) M(y,x))"
"x. P(x) B(x) (y. M(y,x) B(y))"
"A(x. P(x) M(x,x))"
"H(x. B(x) N(x))"
shows "x. D(x) B(x)"
proof -
obtain a where a: "P(a) B(a) (y. M(y,a) B(y))"

assumes
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using assms(2)
have "P(a) aN(a)"
proof
show "P(a)" using a ..
next
have "B(a) (y. M(y,a) B(y))" using a ..
hence "B(a)" ..
have "x. n(B(x) N(x))" using assms(4) by (rule no_ex)
hence "#i(B(a) N(a))" ..
show "aN(a)"
proof
assume "N(a)"
with ‘B(a)‘ have "B(a) N(a)" ..
with ‘4(B(a) N(a))‘ show False ..
qed
ged
hence "y. D(y) M(y,a)"
proof -
have "P(a) #N(a) (y. D(y) M(y,a))" using assms(1)
thus "y. D(y) M(y,a)" using ‘P(a) 1N(a)*
ged
then obtain b where "D(b) M(b,a)" ..
have "D(b) B(b)"
proof
show "D(b)" using ‘D(b) M(b,a)°
next
have "M(b,a)" using ‘D(b) M(b,a)°
have "B(a) (y. M(y,a) B(y))" using a ..
hence "y. M(y,a) B(y)" ..
hence "M(b,a) B(b)" ..
thus "B(b)" using ‘M(b,a)°
ged
thus "x. D(x) B(x)" ..
ged

- "La demostracidn estructurada es"
lemma ejercicio_17c:
assumes "x. P(x) aN(x) (y. D(y) M(y,x))"
"x. P(x) B(x) (y. M(y,x) B(y))"
"A(x. P(x) M(x,x))"
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"H(x. B(x) N(x))"
shows "x. D(x) B(x)"
proof -
obtain a where a: "P(a) B(a) (y. M(y,a) B(y))"
using assms(2) by (rule exE)
have "P(a) fN(a)"
proof (rule conjI)
show "P(a)" using a by (rule conjunctl)
next
have "B(a) (y. M(y,a) B(y))" using a by (rule conjunct2)
hence "B(a)" by (rule conjunctl)
have "x. n(B(x) N(x))" using assms(4) by (rule no_ex)
hence "fi(B(a) N(a))" by (rule allE)
show "aN(a)"
proof (rule notI)
assume "N(a)"
with ‘B(a)‘ have "B(a) N(a)" by (rule conjI)
with ‘4(B(a) N(a))‘ show False by (rule notE)
gqed
ged
hence "y. D(y) M(y,a)"
proof -
have "P(a) #N(a) (y. D(y) M(y,a))"
using assms(1) by (rule allE)
thus "y. D(y) M(y,a)" using ‘P(a) 1N(a)‘ by (rule mp)
ged
then obtain b where "D(b) M(b,a)" by (rule exE)
have "D(b) B(b)"
proof (rule conjI)
show "D(b)" using ‘D(b) M(b,a)‘ by (rule conjunctl)
next
have "M(b,a)" using ‘D(b) M(b,a)‘ by (rule conjunct2)
have "B(a) (y. M(y,a) B(y))" using a by (rule conjunct2)
hence "y. M(y,a) B(y)" by (rule conjunct2)
hence "M(b,a) B(b)" by (rule allE)
thus "B(b)" using ‘M(b,a)‘ by (rule mp)
ged
thus "x. D(x) B(x)" by (rule exI)
ged
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TeXE {F — oo
Ejercicto 18. Formalizar, y dectidir la correccion, del siguiente
argumento

Las relaciones de parentesco verifican la stguientes propiedades
generales:

¥ S1 = es hermano de y, entonces y es hermano de x.
* Todo el mundo es hijo de alguien.
* Nadte es htjo del hermano de su padre.
* Cualquier padre de una persona es también padre de todos los
hermanos de esa persona.
* Nadie es hijo mi hermano de st mismo.
Tenemos los siguientes miembros de la familia Peldez: Don Antonio,
Don Luis, Antofitto y Manolito y sabemos que Don Antonio y Don Luis
son hermanos, Antofizto y Manolito son hermanos, y Antofitto es hijo
de Don Antonio. Por tanto, Don Luis no es el padre de Manolito.
Usar 4 para Don Antonio
He(z,y) para = es hermano de y
Hi(z,y) para = es hijo de y

L para Don Luts
a para Antofitto
m para Manolzto

- "La demostracidén automdtica es"
lemma ejercicio_18a:
assumes "x y. He(x,y) He(y,x)"
"x. y. Hi(x,y)"
x y z. Hi(x,y) He(z,y) nHi(x,z)"
"x y. Hi(x,y) (z. He(z,x) Hi(z,y))"
"x. AHi(x,x) HHe(x,x)"
"He(A,L)"
"He(a,m)"
"Hi(a,A)"
shows "HHi (m,L)"
using assms
by blast

- "La demostracidn estructurada es"
lemma ejercicio_18b:
assumes "x y. He(x,y) He(y,x)"
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"x. y. Hi(x,y)"
"x y z. Hi(x,y) He(z,y) nHi(x,z)"
"x y. Hi(x,y) (z. He(z,x) Hi(z,y))"
"x. AHi(x,x) #HHe(x,x)"
"He (A,L)"
"He(a,m)"
"Hi(a,A)"
shows "AHi (m,L)"
proof
assume "Hi(m,L)"
have "He(L,A)"
proof -
have "y. He(A,y) He(y,A)" using assms(1)
hence "He(A,L) He(L,A)"
thus "He(L,A)" using assms(6)
ged
have "Hi(a,L)"
proof -

have "y. Hi(m,y) (z. He(z,m) Hi(z,y))" using assms(4)

hence "Hi(m,L) (z. He(z,m) Hi(z,L))"
hence "z. He(z,m) Hi(z,L)" using ‘Hi(m,L)°‘
hence "He(a,m) Hi(a,L)"
thus "Hi(a,L)" using assms(7)
ged
have "#Hi(a,L)"
proof -
have "Hi(a,A) He(L,A)" using assms(8) ‘He(L,A)¢

have "y z. Hi(a,y) He(z,y) #fHi(a,z)" using assms(3)

hence "z. Hi(a,A) He(z,A) 1nHi(a,z)"
hence "Hi(a,A) He(L,A) #Hi(a,L)"
thus "nHi(a,L)" using ‘Hi(a,A) He(L,A)¢
ged
thus False using ‘Hi(a,L)°
ged

- "La demostracién detallada es"
lemma ejercicio_18c:
assumes "x y. He(x,y) He(y,x)"
"x. y. Hi(x,y)"
"x y z. Hi(x,y) He(z,y) nHi(x,z)"
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"x y. Hi(x,y) (z. He(z,x) Hi(z,y))"
"x. AHi(x,x) #HHe(x,x)"
"He (A,L)"
"He(a,m)"
"Hi(a,A)"
shows "AHi (m,L)"
proof (rule notI)
assume "Hi(m,L)"
have "He(L,A)"
proof -
have "y. He(A,y) He(y,A)" using assms(1) by (rule allE)
hence "He(A,L) He(L,A)" by (rule allE)
thus "He(L,A)" using assms(6) by (rule mp)
ged
have "Hi(a,L)"
proof -
have "y. Hi(m,y) (z. He(z,m) Hi(z,y))"
using assms(4) by (rule allE)
hence "Hi(m,L) (z. He(z,m) Hi(z,L))" by (rule allE)
hence "z. He(z,m) Hi(z,L)" using ‘Hi(m,L)‘ by (rule mp)
hence "He(a,m) Hi(a,L)" by (rule allE)
thus "Hi(a,L)" using assms(7) by (rule mp)
ged
have "hHi(a,L)"
proof -
have "Hi(a,A) He(L,A)" using assms(8) ‘He(L,A)‘ by (rule conjI)
have "y z. Hi(a,y) He(z,y) nHi(a,z)"
using assms(3) by (rule allE)
hence "z. Hi(a,A) He(z,A) 1Hi(a,z)" by (rule allE)
hence "Hi(a,A) He(L,A) 1nHi(a,L)" by (rule allE)
thus "nHi(a,L)" using ‘Hi(a,A) He(L,A)‘ by (rule mp)
ged
thus False using ‘Hi(a,L)‘ by (rule notE)
ged

TeXE {F — oo
Ejercicio 19. [Problema del apisonador de Schubert (em inglés,
"Schuberts steamroller")] Formaltizar, y decidir la correccion, del
sigquiente arqumento

St uno de los miembros del club afeita a algun otro (incluido a
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st mismo), entonces todos los miembros del club lo han afeitado

a él (aunque mo necesariamente al mismo tiempo). Guido, Lorenzo,

Petruccio y Cesare pertenecen al club de barberos. Guido ha

afettado a Cesare. Por tanto, Petruccio ha afeitado a Lorenzo.
Usar g para Guido

l para Lorenzo
P para Petruccio
c para Cesare

B(z) para x es un miembro del club de barberos
A(z,y) para = ha afeitado a y

- "La demostracidén automatica es"
lemma ejercicio_19a:
assumes "x. B(x) (y. B(y) A(x,y)) (z. B(z) A(z,x))"
"B(g)"
uB(l)u
IIB(p) "
IIB(C) 1]
”A(g,C)"
shows  "A(p,1)"
using assms
by meson

- "La demostracién estructurada es"
lemma ejercicio_19b:
assumes "x. B(x) (y. B(y) A(x,y)) (z. B(z) A(z,x))"

"B(g)"
"B(1)"
"B(p)"
"B(C)"
"A(g,c)"
shows "A(p,1)"
proof -
have "A(1,g)"
proof -

have "B(g) (y. B(y) A(g,y)) (z. B(z) A(z,g)"
using assms(1)

have "B(c) A(g,c)" using assms(5,6)

hence "(y. B(y) A(g,y))"
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with assms(2) have "B(g) (y. B(y) A(g,y))" ..
with ‘B(g) (y. B(y) A(g,y)) (z. B(z) A(z,g))¢
have "(z. B(z) A(z,g))" ..
hence "B(1) A(1,g)" ..
thus "A(l,g)" using assms(3) ..
ged
have "B(1) (y. B(y) A(l,y)) (z. B(z) A(z,1))"
using assms(1) ..
have "B(g) A(l,g)" using assms(2) ‘A(l,g)°¢ ..
hence "(y. B(y) A(l,y))" ..
with assms(3) have "B(1) (y. B(y) AQ,y))" ..
with ‘B(1) (y. B(y) A(l,y)) (z. B(z) A(z,1))°
have "(z. B(z) A(z,1))" ..
hence "B(p) A(p,1)" ..
thus "A(p,1)" using assms(4) ..
ged

- "La demostracidén detallada es"
lemma ejercicio_19c:
assumes "x. B(x) (y. B(y) A(x,y)) (z. B(z) A(z,x))"

"B(g)"
"B(1)"
"B(p)"
IIB(C) n
"A(g,c)"
shows "A(p,1)"
proof -
have "A(1,g)"
proof -

have "B(g) (y. B(y) A(g,y)) (z. B(z) A(z,g))"
using assms(1) by (rule allE)

have "B(c) A(g,c)" using assms(5,6) by (rule conjI)
hence "(y. B(y) A(g,y))" by (rule exI)
with assms(2) have "B(g) (y. B(y) A(g,y))" by (rule conjI)
with ‘B(g) (y. B(y) A(g,y)) (z. B(z) A(z,g))¢
have "(z. B(z) A(z,g))" by (rule mp)
hence "B(1) A(1l,g)" by (rule allE)
thus "A(l,g)" using assms(3) by (rule mp)

ged

have "B(1) (y. B(y) A(l,y)) (z. B(z) A(z,1))"
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using assms(1) by (rule allE)
have "B(g) A(l,g)" using assms(2) ‘A(1l,g)‘ by (rule conjI)
hence "(y. B(y) A(1,y))" by (rule exI)
with assms(3) have "B(1) (y. B(y) A(1,y))" by (rule conjI)
with ‘B(1) (y. B(y) A(1L,y)) (z. B(z) A(z,1))°
have "(z. B(z) A(z,1))" by (rule mp)
hence "B(p) A(p,1)" by (rule allE)
thus "A(p,1)" using assms(4) by (rule mp)
ged

TeXE {F mmmm oo
Ejercicto 20. Formalizar, y dectdir la correccion, del siguiente
argumento

Carlos afeita a todos los habitantes de Las Chinas que no se
afettan a st mismo y solo a ellos. Carlos es un habitante de las
Chinas. Por consiguiente, Carlos no afetta a nadie.
Usar A(z,y) para z afeita a y
C(z) para © es un habitante de Las Chinas
c para Carlos

- "La demostracidén automatica es"
lemma ejercicio_20a:
assumes "x. A(c,x) C(x) nA(x,x)"
"C(c)"
shows "A(x. A(c,x))"
using assms
by blast

- "La demostracién estructurada es"
lemma ejercicio_20b:
assumes "x. A(c,x) C(x) nA(x,x)"

"C(c)"
shows "A(x. A(c,x))"
proof -
have 1: "A(c,c) C(c) 1nA(c,c)" using assms(1)
have "A(c,c)"

proof (rule ccontr)
assume "HA(c,c)"
with assms(2) have "C(c) 1#A(c,c)"
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with 1 have "A(c,c)"
with ‘AA(c,c)‘ show False ..

ged

have "AA(c,c)"

proof -
have "C(c) nA(c,c)" using 1 ‘A(c,c)
thus "AA(c,c)"

ged

thus "h(x. A(c,x))" using ‘A(c,c)°

ged

- "La demostracidén detallada es"
lemma ejercicio_20c:
assumes "x. A(c,x) C(x) nA(x,x)"
”C(C) "
shows "A(x. A(c,x))"
proof -
have 1: "A(c,c) C(c) 1nA(c,c)" using assms(1l) by (rule allE)
have "A(c,c)"
proof (rule ccontr)
assume "HAA(c,c)"
with assms(2) have "C(c) 1nA(c,c)" by (rule conjI)
with 1 have "A(c,c)" by (rule iffD2)
with ‘NA(c,c)‘ show False by (rule notE)
ged
have "#AA(c,c)"
proof -
have "C(c) 1#A(c,c)" using 1 ‘A(c,c)‘ by (rule iffD1)
thus "HA(c,c)" by (rule conjunct2)
ged
thus "a(x. A(c,x))" using ‘A(c,c)‘ by (rule notE)
ged

teXt {# mo e
Ejercicto 21. Formalizar, y decidir la correccion, del siguiente
argumento

Quien desprecia a todos los fandticos desprecta también a todos los

politicos. Alguten no desprecia a un determinado politico. Por

consigutente, hay un fandtico al que mo todo el mundo desprecia.
Usar D(z,y) para z desprecia a y
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F(z) para z es fandtico
P(z) para z es politico

- "La demostracién automatica es"
lemma ejercicio_2la:
"x. (y. F(y) D(x,y)) (y. P(yD D(x,y))"
"x y. P(y) aD(x,y)"
shows "x. F(x) 1a(y. D(y,x))"
using assms
by blast

assumes

- "La demostracidén semiautomdtica es"
lemma ejercicio_21b:
assumes "x. (y. F(y) D(x,y)) (y. P(y) D(x,y))"
"x y. P(y) #aD(x,y)"
shows "x. F(x) 1a(y. D(y,x))"
proof -
obtain a where "y. P(y) #D(a,y)" using assms(2)
then obtain b where "P(b) #D(a,b)"
hence "a(y. P(y) D(a,y))" by auto
have "(y. F(y) D(a,y)) (y. P(y) D(a,y))" using assms(1)
hence "i(y. F(y) D(a,y))" using ‘A(y. P(y) D(a,y))‘ by (rule mt)
hence "y. f(F(y) D(a,y))" by (rule no_para_todo)
then obtain ¢ where "A(F(c) D(a,c))" ..
hence "F(c) #a(y. D(y,c))" by auto
thus "x. F(x) #a(y. D(y,x))" ..
ged

- "En la demostracidén estructurada usaremos el siguiente lema"
lemma no_implica:

assumes "a(p q)"

shows "p 1nq"
using assms
by auto

- "La demostracidén estructurada del lema es"
lemma no_implica_1:

assumes "a(p "

shows "p 1aq"
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proof
show '"p"
proof (rule ccontr)
assume "hp"
have "p q"
proof
assume "p"
with ‘fp¢ show "q"
gqed
with assms show False ..
ged
next
show "hq"
proof
assume "q"
have "p q"
proof
assume "p"
show "q" using ‘q‘
qed
with assms show False ..
ged
ged

- "La demostracién detallada del lema es"
lemma no_implica_2:
assumes "i(p "
shows "p 1nq"
proof (rule conjI)
show '"p"
proof (rule ccontr)
assume "hp"
have "p q"
proof (rule impI)

assume "p"

with ‘Ap¢ show "q" by (rule notE)
qed
with assms show False by (rule notE)

ged
next
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show '"ng"
proof (rule notI)
assume "q"
have "p q"
proof (rule impI)
assume "p"
show "q" using ‘q‘ by this
ged
with assms show False by (rule notE)
ged
ged

- "La demostracidn estructurada es"
lemma ejercicio_21c:

assumes "x. (y. F(y) D(x,y)) (y. P(y) D(x,y))"

"x y. P(y) aD(x,y)"
shows "x. F(x) #a(y. D(y,x))"
proof -

obtain a where "y. P(y) 1D(a,y)" using assms(2)

then obtain b where b: "P(b) #D(a,b)"
have "a(y. P(y) D(a,y))"
proof
assume "y. P(y) D(a,y)"
hence "P(b) D(a,b)"
have "P(b)" using b ..
with ‘P(b) D(a,b)‘ have "D(a,b)"
have "fD(a,b)" using b ..
thus False using ‘D(a,b)‘
ged

have "(y. F(y) D(a,y)) (y. P(y) D(a,y))" using assms(1)
hence "a(y. F(y) D(a,y))" using ‘a(y. P(y) D(a,y))‘ by (rule mt)
hence "y. f(F(y) D(a,y))" by (rule no_para_todo)

then obtain ¢ where c: "a(F(c) D(a,c))"
have "F(c) 1(y. D(y,c))"

proof
have "F(c) nD(a,c)" using ¢ by (rule no_implica)
thus "F(c)"

next

show "a(y. D(y,c))"
proof
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assume "y. D(y,c)"
hence "D(a,c)" ..
have "F(c) 10D(a,c)" using ¢ by (rule no_implica)
hence "#D(a,c)"
thus False using ‘D(a,c)
ged
ged
thus "x. F(x) #a(y. D(y,x))" ..
ged

- "La demostracién detallada es"
lemma ejercicio_21d:
assumes "x. (y. F(y) D(x,y)) (y. P(yD) D(x,y))"
"x y. P(y) #aD(x,y)"
shows "x. F(x) #a(y. D(y,x))"
proof -

obtain a where "y. P(y) #D(a,y)" using assms(2) by (rule exE)

then obtain b where b: "P(b) nD(a,b)" by (rule exE)

have "h(y. P(y) D(a,y))"

proof (rule notI)
assume "y. P(y) D(a,y)"
hence "P(b) D(a,b)" by (rule allE)
have "P(b)" using b by (rule conjunctl)
with ‘P(b) D(a,b)‘ have "D(a,b)" by (rule mp)
have "nD(a,b)" using b by (rule conjunct2)
thus False using ‘D(a,b)‘ by (rule notE)

ged

have "(y. F(y) D(a,y)) (y. P(y) D(a,y))"
using assms(1) by (rule allE)

hence "i(y. F(y) D(a,y))" using ‘a(y. P(y) D(a,y))‘ by (rule mt)

hence "y. a(F(y) D(a,y))" by (rule no_para_todo)

then obtain c¢ where c: "a(F(c) D(a,c))" by (rule exE)

have "F(c) 1(y. D(y,c))"

proof (rule conjI)
have "F(c) #D(a,c)" using ¢ by (rule no_implica)
thus "F(c)" by (rule conjunctl)

next
show "a(y. D(y,c))"
proof (rule notI)

assume "y. D(y,c)"
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hence "D(a,c)" by (rule allE)
have "F(c) 10D(a,c)" using c by (rule no_implica)
hence "oiD(a,c)" by (rule conjunct2)
thus False using ‘D(a,c)‘ by (rule notE)
qed
ged
thus "x. F(x) 1a(y. D(y,x))" by (rule exI)
ged

TeXE {F —m oo
Ejercicto 22. Formalizar, y dectidir la correccion, del siguiente
argumento

El hombre puro ama todo lo que es puro. Por tanto, el hombre puro
se ama a St mismo.
Usar A(z,y) para = ama a y
H(z) para = es un hombre
P(z) para = es puro

- "La demostracidén automatica es"

lemma ejercicio_22a:
assumes "x. H(x) P(x) (y. P(y) A(x,y))"
shows "x. H(x) P(x) A(x,x)"

using assms

by auto

- "La demostracidén estructurada es"

lemma ejercicio_22b:
assumes "x. H(x) P(x) (y. P(y) A(x,y)"
shows "x. H(x) P(x) A(x,x)"

proof
fix b
show "H(b) P(b) A(b,b)"
proof
assume "H(b) P(b)"
hence "P(b)"

have "H(b) P(b) (y. P(y) A(b,y))" using assms ..
hence "y. P(y) A(b,y)" using ‘H(b) P(b)°

hence "P(b) A(b,b)"

thus "A(b,b)" using ‘P(b)°
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ged
ged

- "La demostracién detallada es"
lemma ejercicio_22c:
assumes "x. H(x) P(x) (y. P(y) Ax,y)"
shows "x. H(x) P(x) A(x,x)"
proof (rule alll)
fix b
show "H(b) P(b) A(b,b)"
proof (rule impI)
assume "H(b) P(b)"
hence "P(b)" by (rule conjunct?2)
have "H(b) P(b) (y. P(y) A(b,y))"
using assms by (rule allE)
hence "y. P(y) A(b,y)" using ‘H(b) P(b)‘¢ by (rule mp)
hence "P(b) A(b,b)" by (rule allE)
thus "A(b,b)" using ‘P(b) ¢ by (rule mp)
ged
ged

BeXE {F —m oo
Ejercicto 23. Formalizar, y dectdir la correccion, del stguiente
argumento

Ningun socto del club estd en deuda con el tesorero del club. S%
un socio del club no paga su cuota estd en deuda con el tesorero
del club. Por tanto, st el tesorero del club es soczo del club,
entonces paga su cuota.
Usar P(z) para = es socio del club

@(z) para = paga su cuota

R(z) para z estd en deuda con el tesorero

a para el tesorero del club

- "La demostracidén automatica es"
lemma ejercicio_23a:
assumes "A(x. P(x) R(x))"
"x. P(x) #HQ(x) Rx)"
shows "P(a) Q(a)"
using assms
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by auto

- "La demostracidén estructurada es"
lemma ejercicio_23b:
assumes "f(x. P(x) R(x))"
"x. P(x) #Q(x) R(&)"
shows "P(a) Q(a)"

proof
assume "P(a)"
show "Q(a)"

proof (rule ccontr)
assume "nQ(a)"
with ‘P(a)‘ have "P(a) nQ(a)"
have "P(a) #nQ(a) R(a)" using assms(2)
hence "R(a)" using ‘P(a) 1nQ(a)*
with ‘P(a)‘ have "P(a) R(a)" ..
hence "x. P(x) R()" ..
with assms(1) show False ..

ged

ged

- "La demostracidén detallada es"
lemma ejercicio_23c:

assumes "A(x. P(x) R(x))"

"x. P(x) #Q(x) R(&)"

shows "P(a) Q(a)"
proof (rule impI)

assume "P(a)"

show "Q(a)"

proof (rule ccontr)

assume "AQ(a)"

with ‘P(a)‘ have "P(a) 1nQ(a)" by (rule conjI)
have "P(a) 1nQ(a) R(a)" using assms(2) by (rule allE)

hence "R(a)" using ‘P(a) #Q(a)‘ by (rule mp)
with ‘P(a)‘ have "P(a) R(a)" by (rule conjI)
hence "x. P(x) R(x)" by (rule exI)
with assms(1) show False by (rule notE)
ged
ged
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TeXE {F — oo
Ejercicro 24. Formalizar, y dectidir la correccion, del siguiente
argumento

1. Los lobos, zorros, pajaros, orugas y caracoles son animales y
existen algunos ejemplares de estos animales.

2. También hay algunas semillas y las semillas son plantas.

3. A todo animal le gusta o bien comer todo tipo de plantas o bien
le gusta comerse a todos los animales mas pequefios que €l mismo
que gustan de comer algunas plantas.

4. Las orugas y los caracoles son mucho mas pequefios que los
pdjaros, que son mucho mds pequefios que los zorros que a Su vVez
son mucho mds pequefios que los lobos.

5. 4 los lobos no les gusta comer ni zorros ni semillas, mientras

que a los pdjaros les gusta comer orugas pero no caracoles.

Las orugas y los caracoles gustan de comer algunas plantas.

7. Luego, existe un animal al que le gusta comerse un animal al que

le gusta comer semillas.

(o))

Usar A(z) para T es un animal
Ca(z) para = es un caracol
Co(z,y) para = le gusta comerse a y
L(z) para = es un lobo
M(z,y) para T es mds pequefio que y
Or(z) para T es una oruga
Pa(z) para z es un pdjaro
Pl(z) para = es una planta
S(z) para T es una semilla
Z(z) para T es un 2zorro

- "La demostracidén automitica es"
lemma ejercicio_24a:

assumes
(¥ 1 ) "x. L(x) A)"
(¥ 2 %) "x. Z(x) A)"
(* 3 %) "x. Pa(x) A(x)"
(¥ 4 %) "x. Or(x) A"
(* 5 %) "x. Ca(x) A"
(¥ 6 %) "x. L(x)"
(¥ 7 %) "x. Z(x)"
(x 8 %) "x. Pa(x)"
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(* 9 %) "x. Or(x)"
(¥ 10 *¥) "x. Ca(x)"
(¥ 11 *) "x. S(x)"
(¥ 12 *¥) "x. S(x) PL(x)"
(¥ 13 *) "x. A(x)
(y. P1(y) Co(x,y))
(y. A(y) M(y,x) (z. P1(z) Co(y,z))
(¥ 14 *) "x y. Pa(y) (Ca(x) Or(x)) M(x,y)"
(¥ 15 ¥) "x y. Pa(x) Z(y) M(x,y)"
(*» 16 *) "x y. Z(x) L(y) M,y)"
(¥ 17 ¥) "x y. L(x) (Z(y) S(y)) #aCo(x,y)"
(¥ 18 *) "x y. Pa(x) Or(y) Co(x,y)"
(¥ 19 #¥) "x y. Pa(x) Ca(y) #fHCo(x,y)"
(¥ 20 ¥) "x. Or(x) Ca(x) (y. P1(y) Co(x,y))"
shows
"x y. A(x) A(y) (z. S(z) Co(y,z) Co(x,y))"
using assms
by meson
- "La demostracidon semiautomatica es"
lemma ejercicio_24b:
assumes
(¥* 1 %) "x. L(x) A"
(¥ 2 %) "x. Z(x) A)"
(¥ 3 %) "x. Pa(x) A()"
(¥ 4 %) "x. Or(x) A"
(¥ 5 %) "x. Ca(x) A"
(¥ 6 %) "x. L(x)"
(¥ 7 %) "x. Z(x)"
(x 8 %) "x. Pa(x)"
(* 9 %) "x. Or(x)"
(¥ 10 *) "x. Ca(x)"
(¥ 11 *) "x. S(x)"
(¥ 12 *¥) "x. S(x) PL(&x)"
(¥ 13 *) "x. A(x)
(y. P1(y) Co(x,y))
(y. A(y) M(y,x) (z. P1(z) Co(y,z))
(¥ 14 *) "x y. Pa(y) (Ca(x) Or(x)) M(x,y)"
(¥ 15 *) "x y. Pa(x) Z(y) M(x,y)"
(*» 16 *) "x y. Z(x) L(y) M,y)"

Co(x,y))"

Co(x,y))"
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(¥ 17 ¥) "x y. L(x) (Z(y) S(y)) #aCo(x,y)"
(¥ 18 *) "x y. Pa(x) O0Or(y) Co(x,y)"
(¥ 19 #¥) "x y. Pa(x) Ca(y) #fHCo(x,y)"
(¥ 20 ¥) "x. Or(x) Ca(x) (y. P1(y) Co(x,y))"
shows
"x y. A(x) A(y) (z. S(z) Co(y,z) Co(x,y))"
proof -
obtain 1 where 1: "L(1)" using assms(6)
obtain z where z: "Z(z)" using assms(7)
obtain p where p: "Pa(p)" using assms(8)
obtain ¢ where c: "Ca(c)" using assms(10)
obtain s where s: "S(s)" using assms(11)
have 1: "Co(p,s)" using p ¢ s assms(3,5,12,13,14,19,20) by meson

have 2: "hCo(z,s)" using z 1 s assms(1,2,12,16,17,13) by meson

have 3: "M(p,z)" using p z assms(15) by auto

have 4: "Co(z,p)" using z p s 1 2 3 assms(2,3,12,13) by meson

hence "Co(z,p)

thus "x y. A(x)
using z p s assms(2,3) by meson

ged

lemma instancia:
"x. P(x)

assumes

shows
proof -
have "P

ged

lemma mt2
assumes

shows
proof
assume

with ‘q‘ have "q
with ‘p‘ have '"p

IIP(a) "

"Q(a) "

Co(p,s)" using 1 ..
A(y) (z. S(z) Co(y,z) Co(x,y))"

Q (X) "

(a) Q(a)" using assms(1)
thus "Q(a)" using assms(2)

Ilrll

I.II
rll
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with assms(1) have '"s"
with ‘As‘ show False ..

ged
lemma mp3:
assumes "p q r 8"
llpll
llqll
Ilrll
shows "s"
proof -

have "q r" using assms(3,4)
with ‘p‘ have "p q r"
with assms(1) show "s"

ged

lemma conjI3:
assumes "p"
Ilqll
llrll
shows "p q "
proof -
have "q r" using assms(2,3)
with ‘p¢ show "p q r"
ged

- "La demostracidn estructurada es"
lemma ejercicio_24c:

assumes
(* 1 %) "x. L(x) A"
(x 2 %) "x. Z(x) A)"
(¥ 3 %) "x. Pa(x) A®)"
(¥ 4 #) "x. Or(x) A)"
(x* 5 x) "x. Ca(x) A"
(x 6 %) "x. L(x)"
(x 7 %) "x. Z(x)"
(¥ 8 %) "x. Pa(x)"
(¥ 9 %) "x. Or(x)"
(¥ 10 *) "x. Ca(x)"
(¥ 11 *) "x. S(x)"
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(¥ 12 *) "x. S(x) PL(x)"
(¥ 13 *) "x. A(x)
(y. PL(y) Co(x,y))
(y. A(y) M(y,x) (z. P1(z) Co(y,z)) Co(x,y))"

(¥ 14 *) "x y. Pa(y) (Ca(x) Or(x)) M(x,y)"

(¥ 15 *) "x y. Pa(x) Z(y) M(x,y)"

(* 16 *) "x y. Z(x) L(y) Mx,y"

(*» 17 *¥) "x y. L(x) (Z(y) S(y)) uCo(x,y)"

(¥ 18 *) "x y. Pa(x) Or(y) Co(x,y)"

(¥ 19 *) "x y. Pa(x) Ca(y) nCo(x,y)"

(¥ 20 *) "x. Or(x) Ca(x) (y. Pl(y) Co(x,y))"
shows

"x y. A(x) A(y) (z. S(z) Co(y,z) Co(x,y))"

proof -

obtain 1 where 1: "L(1)" using assms(6) ..
obtain z where z: "Z(z)" using assms(7) ..
obtain p where p: "Pa(p)" using assms(8) ..
obtain ¢ where c: "Ca(c)" using assms(10) ..
obtain s where s: "S(s)" using assms(11) ..
have 1: "Co(p,s)"
proof -

have "fCo(p,c)"

proof -

have "Pa(p) Ca(c)" using p c ..

have "y. Pa(p) Ca(y) 1nCo(p,y)" using assms(19) ..
hence "Pa(p)
thus "fCo(p,c)" using ‘Pa(p) Ca(c)‘ ..

ged

have "y. P1(y)

proof -

have "Or(c)
have "Or(c)
thus "y. P1(y) Co(c,y)" using ‘Or(c) Ca(c)‘ ..

gqed

have "M(c,p)"

proof -

Ca(c) 1nCo(p,c)" ..

Co(c,y)"

Ca(c)" using c ..
Ca(c) (y. P1(y) Co(c,y))" using assms(20) ..

have "y. Pa(y) (Ca(c) Or(c)) M(c,y)" using assms(14) ..
hence "Pa(p)
have "Ca(c)
with p have "Pa(p) (Ca(c) Or(c))" ..

(Ca(c) O0r(c)) M(c,p)" ..
Or(c)" using c ..
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with ‘Pa(p) (Ca(c) O0r(c)) M(c,p)‘ show "M(c,p)" ..
qed
show "Co(p,s)"
proof -
have "A(p)" using assms(3) p by (rule instancia)
have "A(p) (y. P1(y) Co(p,y))
(y. A(y) M(y,p) (z. P1(z) Co(y,z)) Co(p,y))"
using assms(13)
hence "(y. P1(y) Co(p,y))
(y. A(y) M(y,p) (z. P1(z) Co(y,z)) Co(p,y))"
using ‘A(p) ‘¢
thus "Co(p,s)"
proof
assume "y. P1(y) Co(p,y)"
hence "P1(s) Co(p,s)" ..
have "P1(s)" using assms(12) s by (rule instancia)
with ‘P1(s) Co(p,s)‘ show "Co(p,s)" ..
next
assume "y. A(y) M(y,p) (z. P1(z) Co(y,z)) Co(p,y"
hence "A(c) M(c,p) (z. P1(z) Co(c,z)) Co(p,c)" ..
have "Co(p,c)"
proof -
have "A(c)" using assms(5) c¢ by (rule instancia)
have "M(c,p) (z. P1(z) Co(c,z))"
using ‘M(c,p)¢ ‘z. P1(z) Co(c,z)°
with “A(c)‘ have "A(c) M(c,p) (z. Pl(z) Co(c,z))" ..
with ‘A(c) M(c,p) (z. P1(z) Co(c,z)) Co(p,c)f
show "Co(p,c)" ..
ged
with ‘ACo(p,c) ¢ show "Co(p,s)" ..
ged
qed
ged
have 2: "#Co(z,s)"
proof -
have "M(z,1)"
proof -
have "Z(z) L(1)" using z 1 ..
have "y. Z(z) L(y) M(z,y)" using assms(16)
hence "Z(z) L(1) M(z,1)" ..
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thus "M(z,1)" using ‘Z(z) L(1)¢
qed
have "fCo(1l,z)"
proof -
have "y. L(1) (Z(y) S(y)) 1uCo(l,y)" using assms(17)
hence "L(1) (Z(z) S(z)) #aCo(l,z)" ..
have "Z(z) S(z)" using z ..
with 1 have "L(1) (Z(z) S(z))" ..
with ‘L(1) (Z(z) S(z)) 1Co(1l,z)°¢ show "HCo(l,z)" ..
qed
have "ACo(1l,s)"
proof -
have "y. L(1) (Z(y) S(y)) 1Co(l,y)" using assms(17)
hence "L(1) (Z(s) S(s)) 1HCo(l,s)" ..
have "Z(s) S(s)" using s ..
with 1 have "L(1) (Z(s) S(s))" ..
with ‘L(1) (Z(s) S(s)) 1nCo(l,s)‘ show "nCo(l,s)" ..
ged
show "fiCo(z,s)"
proof -
have "A(1)" using assms(1) 1 by (rule instancia)
have "A(1) (y. P1(y) Co(1,y))
(y. A(y) M(y,1) (z. P1(z) Co(y,z)) Co(l,y))"
using assms(13)
hence "(y. P1(y) Co(l,y))
(y. A(y) M(y,1) (z. P1(z) Co(y,z)) Co(l,y))"
using ‘A(1)°
thus "fnCo(z,s)"
proof
assume "y. P1(y) Co(1l,y)"
hence "P1(s) Co(l,s)" ..
have "P1(s)" using assms(12) s by (rule instancia)
with ‘P1(s) Co(l,s)‘ have "Co(l,s)" ..
with ‘ACo(1,s)‘ show "#Co(z,s)" ..
next
assume "y. A(y) M(y,1) (u. P1(u) Co(y,u)) Co(l,y)"
hence zl: "A(z) M(z,1) (u. Pl1(u) Co(z,u)) Co(l,z)" ..
have "A(z)" using assms(2) z by (rule instancia)
have "A(u. P1l(u) Co(z,u))"
using zl ‘A(z) ¢ ‘M(z,1)¢ ‘f4Co(l,z)‘ by (rule mt2)
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show "fCo(z,s)"
proof
assume "Co(z,s)"
have "P1(s)" using assms(12) s by (rule instancia)
hence "P1(s) Co(z,s)" using ‘Co(z,s)°
hence "u. P1(u) Co(z,u)" ..
with ‘A(u. P1l(u) Co(z,u))‘ show False ..
ged
ged
qed
ged
have 3: "M(p,z)"
proof -
have "Pa(p) Z(z)" using p z ..
have "y. Pa(p) Z(y) M(p,y)" using assms(15)
hence "Pa(p) Z(z) M(p,z)" ..
thus "M(p,z)" using ‘Pa(p) Z(z)°
ged
have 4: "Co(z,p)"
proof -
have "A(z)" using assms(2) z by (rule instancia)
have "A(z) (y. P1(y) Co(z,y))
(y. A(y) M(y,z) (u. P1(w) Co(y,uw)) Co(z,y))"
using assms(13)
hence "(y. P1(y) Co(z,y))
(y. A(y) M(y,z) (u. P1(u) Co(y,uw)) Co(z,y))"
using ‘A(z)°
thus "Co(z,p)"
proof
assume "y. P1(y) Co(z,y)"
hence "P1(s) Co(z,s)" ..
have "P1(s)" using assms(12) s by (rule instancia)
with ‘P1(s) Co(z,s)‘ have "Co(z,s)" ..
with ‘ACo(z,s) ‘¢ show "Co(z,p)" ..
next
assume "y. A(y) M(y,z) (u. Pl1(u) Co(y,u)) Co(z,y)"
hence pz: "A(p) M(p,z) (u. P1(u) Co(p,u)) Co(z,p)" ..
have "A(p)" using assms(3) p by (rule instancia)
have "u. P1(u) Co(p,w)"
proof -
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have "P1(s)" using assms(12) s by (rule instancia)
hence "P1(s) Co(p,s)" using ‘Co(p,s)°
thus "u. P1(u) Co(p,uw)" ..
ged
show "Co(z,p)" using pz ‘A(p)¢ ‘M(p,z)‘ ‘u. P1(u) Co(p,u)°
by (rule mp3)
qed
ged
hence "Co(z,p) Co(p,s)" using 1 ..
show "x y. A(x) A(y) (u. S(u) Co(y,u) Co(x,y))"
proof -
have "A(z)" using assms(2) z by (rule instancia)
have "A(p)" using assms(3) p by (rule instancia)
have "S(s) Co(p,s) Co(z,p)" using s ‘Co(p,s)‘ ‘Co(z,p)¢
by (rule conjI3)
hence "u. S(u) Co(p,u) Co(z,p)" ..
have "A(z) A(p) (u. S(u) Co(p,u) Co(z,p))"
using ‘A(z)‘ ‘A(p)‘ ‘u. S(u) Co(p,u) Co(z,p)*
by (rule conjI3)
hence "y. A(z) A(y) (u. S(u) Co(y,u) Co(z,y))" ..
thus "x y. A(x) A(y) (u. S(u) Co(y,u) Co(x,y))" ..
ged
ged

end

4.4. Ejercicios: Argumentacion légica de primer orden con
igualdad

chapter {* T/R3: Argumentacion en ldgica de primer orden con tgualdad *}

theory T4R3
imports Main
begin

text {*

El objetivo de esta relacion es formalizar y decidir la correccion
de los argumentos. En el caso de que sea correcto, demostrarlo usando
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solo las reglas basicas de deduccion natural de la logica de primer
orden (sin usar el método auto). En el caso de que sea tincorrecto,
calcular un contraejemplo con QuickCheck.

Las Teglas basicas de la deduccion natural son las siguientes:

U
4

S & 6 o o o o 6 S o o S o 6 6 o

S & &

S &

conjl:
conjunctl:
conjunct2:
notnotD:
notnotl:
mp:

mt:

wmpI:
disjyll:
disjl2:
disjE:
FalseE:
notE:
notl:
1ffI:
1ffD1:
1ffD2:

ccontr:

P; § P ¥
g P
g @q

i P P

P
P

%

P nn P

P g, P ¥

F G, nG nF

(p ) P @

P P g

¢ P ¥

P g, P R, § R R
False P

nP; P R

(P False) 1P

P §g;, ¢ P P =4
g =P, § P
P=g;, 4 P
(P False) P

excluded_middle: nP P

alll:
allE:
exl:
excE:

refl:
subst:

trans:
sym:
not_sym:
ssubst:

bozx_equals:

arg_cong:
fun_cong:

z. Pxz; Pz R R
(z. P z) =.
Pz z. Pz
. Pz, z. Pz @ (@

]
8

=t;, Ps Pt
r =85, 8 = r =1t
s =t = s
t s s t
t =s, Ps Pt
a =b; a=c¢, b=d a: =4d
z=y fz=Ffy
f=9 fz=9gz¢
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text {x*
Se usardn, ademds, siquientes rTeglas que demostramos a continuacion.

*}

TeXt {# —-mm oo
Ejercicto 1. Formalizar, y decidir la correccion, del siguiente
argumento

Rosa ama a Curro. Paco mo simpatiza con Ana. Quien no simpatiza con
Ana ama a Rosa. St una persona ama a otra, la segunda ama a la
primera. Hay como mdximo una persona que ama a Rosa. Por tanto,
Paco es Curro.
Usar A(z,y) para = ama a y
S(z,y) para z simpatiza con y

a para Ana
c para Curro
P para Paco
T para Rosa

- "La demostracidén automdtica es"
lemma ejercicio_la:
assumes "A(r,c)"
"aS(p,a)"
"x. AS(x,a) A(x,r)"
. Ax,y) AQy,x)"
. A(x,r) A(y,r) zx=y"
Cll

< <

IIX

IIX
shows "p
using assms
by auto

- "La demostracidén estructurada es"
lemma ejercicio_1b:
assumes 1: "A(r,c)" and
2: "aS(p,a)" and
3: "x. AS(x,a) A(x,r)" and
4: "x y. A(x,y) A(y,x)" and
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5: "x y. A(x,r) A(y,r) zx=y"
shows "p = c"
proof -
have " y. A(p,r) A(y,r) p=y" using 5 ..
hence "A(p,r) A(c,r) p=c"
moreover
have "A(p,r) A(c,r)"
proof
have "nS(p,a) A(p,r)" using 3 ..
thus "A(p,r)" using 2 ..
next
have "y. A(r,y) A(y,r)" using 4 ..
hence "A(r,c) A(c,r)"
thus "A(c,r)" using 1 ..
ged
ultimately show '"p=c"
ged

- "La demostracién detallada es"
lemma ejercicio_l1c:
assumes 1: "A(r,c)" and
2: "aS(p,a)" and
3: "x. AS(x,a) A(x,r)" and
4: "x y. A(x,y) A(y,x)" and
5: "x y. A(x,r) A(y,r) zx=y"
shows "p = c"
proof -
have " y. A(p,r) A(y,r) p=y" using 5 by (rule allE)
hence "A(p,r) A(c,r) p=c" by (rule allE)
moreover
have "A(p,r) A(c,r)"
proof (rule conjI)
have "nS(p,a) A(p,r)" using 3 by (rule allE)
thus "A(p,r)" using 2 by (rule mp)
next
have "y. A(r,y) A(y,r)" using 4 by (rule allE)
hence "A(r,c) A(c,r)" by (rule allE)
thus "A(c,r)" using 1 by (rule mp)
ged
ultimately show "p=c" by (rule mp)
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ged

text {* --------

Ejercicto 2. Formalizar, y dectdir la correccion, del stiguiente

argumento

Solo hay un sofista que ensefla gratuitamente, y éste es

Socrates. Socrates argumenta mejor que ningun otro sofista. Platon
argumenta mejor que algun sofista que ensefia gratuitamente. Si una
persona argumenta mejor que otra sequnda, entonces la segunda no

argumenta mejor que la primera. Por consiguiente, Platon no es un

sofista.

Usar G(z) para z ensefia gratuttamente
M(z,y) para T argumenta mejor que Yy
S(z) para z es un sofista
P para Platon
s para Sdocrates

- "La demostracidon automatica es"

lemma ejercicio_
assumes 1: '"y.
2: "x.

3: "x.

4: "x
shows "AS(p)"
using assms
by metis

2a:

(x. S(x) G(x) =x=y) y=s" and
S(x) x s M(s,x)" and

S(x) G(x) M(p,x)" and
y. M(x,y) #M(y,x)"

- "La demostracidn semiautomdtica es"

lemma ejercicio_
assumes 1: '"y.

2: "x.

3: "x.

4: "x

shows "AS(p)"
proof

assume "S(p)"

2b:

(x. S(x) G(x) x=y) y=s" and
S(x) x s M(s,x)" and

S(x) G(x) M(p,x)" and
y. M(x,y) #M(y,x)"

obtain a where a: "(x. S(x) G(x) x =a) a = s" using 1

hence s: "x.

S(x) G(x) x = s" by metis

obtain b where b: "S(b) G(b) M(p,b)" using 3 ..
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hence
hence
hence
hence
hence

"b = s" using s by metis
"M(p,s)" using b by metis
"IM(s,p)" using 4 by metis

"p = 8" using 2 ‘S(p)‘ by metis
"M(s,s)" using ‘M(p,s)‘ by auto

have "nM(s,s)" using ‘p = s ‘AM(s,p)‘ by auto

thus F
ged

- "La d
lemma ej
assume

shows
proof
assume

obtain a where a: "(x. S(x) G(x)

hence s: "x. S(x) G(x) x = s"
proof
have "a = s" using a ..
have "x. S(x) G(x) x = a" using a ..
with ‘a = s¢ show "x. S(x) G(x) x = 8" by (rule subst)
ged
obtain b where b: "S(b) G(b) M(p,b)" using 3 ..
hence "b = s"
proof
have "S(b) G(b)"
proof
show "S(b)" using b ..
next
have "G(b) M(p,b)" using b ..
thus "G(b)"
qed

alse using ‘M(s,s)‘ by auto

emostracién estructurada es"

ercicio_2c:

s 1: "y, (x. S(x) G(kx) x=y) y=s" and
2: "x. S(x) x s M(s,x)" and
3: "x. S(x) G(x) M(p,x)" and
4: "x y. M(x,y) aM(y,x)"

"HS (p) "

IIS (p) "

ol
I

have "S(b) G(b) b = s" using s ..
thus "b = s" using ‘S(b) G(b)°

ged

have "M(p,s)"

proof

a) a = s" using 1 ..
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have "G(b) M(p,b)" using b ..
hence "M(p,b)"
with ‘D = s¢ show "M(p,s)" by (rule subst)
ged
have "AM(s,p)"
proof -
have "y. M(p,y) aM(y,p)" using 4 ..
hence "M(p,s) aM(s,p)"
thus "AM(s,p)" using ‘M(p,s)‘
ged
have "p = 8"
proof (rule ccontr)
assume "p s"
with ‘S(p)¢ have "S(p) p s" ..
have "S(p) p s M(s,p)" using 2 ..
hence "M(s,p)" using ‘S(p) p s
with ‘AM(s,p)‘ show False ..
ged
hence "M(s,s)" using ‘M(p,s)‘ by (rule subst)
have "fM(s,s)" using ‘p = s ‘4M(s,p)‘ by (rule subst)
thus False using ‘M(s,s)
ged

- "La demostracién detallada es"
lemma ejercicio_2d:
assumes 1: "y. (x. S(x) G(x) x=y) y=s" and
2: "x. S(x) x s M(s,x)" and
3: "x. S(x) G(x) M(p,x)" and
4: "x y. M(x,y) aM(y,x)"
shows "AS(p)"
proof
assume "S(p)"
obtain a where a: "(x. S(x) G(x) x =a) a = s" using 1 by (rule exE)
have s: "x. S(x) G(x) x = s"
proof -
have "a = s" using a ..
have "x. S(x) G(x) x = a" using a ..
with ‘a = s¢ show "x. S(x) G(x) x = 8" by (rule subst)
ged
obtain b where b: "S(b) G(b) M(p,b)" using 3 ..
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have "b = 8"
proof -
have "S(b) G(b)"
proof (rule conjI)
show "S(b)" using b by (rule conjunctl)
next
have "G(b) M(p,b)" using b by (rule conjunct2)
thus "G(b)" by (rule conjunctl)
gqed
have "S(b) G(b) b = s" using s by (rule allE)
thus "b = s" using ‘S(b) G(b)‘ by (rule iffD1)
ged
have "M(p,s)"
proof -
have "G(b) M(p,b)" using b ..
hence "M(p,b)"
with ‘D = s¢ show "M(p,s)" by (rule subst)
ged
have "aM(s,p)"
proof -
have "y. M(p,y) aM(y,p)" using 4 ..
hence "M(p,s) aM(s,p)"
thus "AM(s,p)" using ‘M(p,s)°
ged
have "p = s"
proof (rule ccontr)
assume "p s"
with ‘S(p)¢ have "S(p) p s"
have "S(p) p s M(s,p)" using 2 ..
hence "M(s,p)" using ‘S(p) p s
with ‘AM(s,p)‘ show False ..
ged
hence "M(s,s)" using ‘M(p,s)‘ by (rule subst)
have "fM(s,s)" using ‘p = s ‘AM(s,p)‘ by (rule subst)
thus False using ‘M(s,s)‘ by (rule notE)
ged

TeXt ¥ —o oo
Ejercicto 3. Formalizar, y dectdir la correccion, del stiquiente
argumento
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Todos los filosofos se han preguntado qué es la filosofia. Los que
se preguntan qué es la filosofia se wvuelven locos. Nietzsche es
filosofo. El maestro de Nietzsche no acabd loco. Por tanto,
Nietzsche y su maestro son diferentes personas.
Usar F(z) para z es fildsofo

L(z) para = se wvuelve loco

P(z) para = se ha preguntado qué es la filosofia.

m para el maestro de Nietzsche

n para Nietzsche

- "La demostracidén automatica es"
lemma ejercicio_3a:
assumes "x. F(x) P)"
"x. P(x) L&x)"
”F(n)”
"AL(m) "
shows "n m"
using assms
by auto

- "En las siguientes demostraciones se usard este lema"
lemma para_todo_implica:

assumes "x. P(x) Q(x)"

”P(a)”

shows "Qla)"
proof -

have "P(a) Q(a)" using assms(1)

thus "Q(a)" using assms(2)
ged

- "La demostracidn estructurada es"
lemma ejercicio_3b:

assumes "x. F(x) P)"
"x. P(x) L&x)"
”F(n)”
"AL (m) "
shows "n m"
proof

assume '"n = m"



4.4. Ejercicios: Argumentacion l6gica de primer orden con igualdad

277

hence "F(m)" using

with assms(1) have

with assms(2) have

with assms(4) show
ged

assms(3) by (rule subst)

"P(m)" by (rule para_todo_implica)
"L(m)" by (rule para_todo_implica)
False ..

- "La demostracidn detallada es"

lemma ejercicio_3c:

assumes "x. F(x)
"x. P(x)
”F(n)”
llflL (m) "

shows "n m"

proof (rule notI)
assume '"n = m"
hence "F(m)" using
with assms(1) have
with assms(2) have
with assms(4) show
ged

BeXE {F —m oo
Ejercicto 4. Formalizar, y dectdir la correccion, del siguiente

argumento

P(X)"
L(X)”

assms(3) by (rule subst)

"P(m)" by (rule para_todo_implica)
"L(m)" by (rule para_todo_implica)
False by (rule notE)

Los padres son mayores que los hijos. Juan es el padre de Lurs. Por

tanto, Juan es mayor que Luis.
Usar M(z,y) para T es mayor que Yy
p(z) para el padre de x
J para Juan
l para Luis

- "La demostracidn automatica es"

lemma ejercicio_4a:

assumes "x. M(p(x),
”j — p(l)”
shows "M(§,1)"

using assms
by auto

X)"
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- "La demostracién estructurada es"
lemma ejercicio_4b:

assumes "x. M(p(x),x)"

"j = pD)"

shows "M(j,1)"
proof -

have "M(p(1),1)" using assms(1)

with assms(2) show "M(j,1)" by (rule ssubst)
ged

- "La demostracién detallada es"
lemma ejercicio_4c:

assumes "x. M(p(x),x)"
nj - p(l)n
shows "M(j,1)"
proof -

have "M(p(1),1)" using assms(1) by (rule allE)
with assms(2) show "M(j,1)" by (rule ssubst)
ged

TeXE {F — oo
Ejercicto 5. Formalizar, y dectdir la correccion, del siguiente
argumento

El esposo de la hermana de Toni es Roberto. La hermana de Tont es
Maria. Por tanto, el esposo de Maria es Roberto.
Usar e(z) para el esposo de z

h para la hermana de Ton%
m para Maria
r para Roberto

- "La demostracidén automatica es"
lemma ejercicio_ba:
assumes "e(h) = r"
llh = mll
shows "e(m) = r"
using assms
by auto

- "La demostracién detallada es"
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lemma ejercicio_bb:
assumes "e(h) = r"
llh = mll
shows "e(m) = r"
using assms(2,1)
by (rule subst)

BeXE {F —m oo
Ejercicto 6. Formalizar, y dectdir la correccion, del stiguiente
argumento

Luts y Jaime tienen el mismo padre. La madre de Rosa es
Eva. Eva ama a Carlos. Carlos es el padre de Jaime. Por tanto,
la madre de Rosa ama al padre de Luis.
Usar A(z,y) para z ama a y
m(z) para la madre de z
p(z) para el padre de z

c para Carlos
e para Eva

J para Jaime
l para Luis

T para Rosa

- "La demostracidén automdtica es"
lemma ejercicio_6a:
assumes "p(1) = p(j)"
"m(r) = e"
"ACe,c)"
"¢ = p(iHH"
shows  "A(m(r),p(1))"
using assms
by auto

- "La demostracidon detallada es"
lemma ejercicio_6b:
assumes "p(1) = p(j)"
"m(r) = e"
"ACe,c)"
"¢ = p(HH"
shows  "A(m(r),p(1))"
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proof -
have "A(m(r),c)" using assms(2,3) by (rule ssubst)
with assms(4) have "A(m(r),p(j))" by (rule subst)
with assms(1) show "A(m(r),p(1))" by (rule ssubst)
ged

BeXE {#F —m oo
Ejercicto 7. Formalizar, y dectdir la correccion, del siguiente
argumento

Si dos personas son hermanos, entonces tienen la misma madre y el
mismo padre. Juan es hermano de Lutis. Por tanto, la madre del padre
de Juan es la madre del padre de Luis.
Usar H(z,y) para T es hermano de Yy

m(z)  para la madre de z

p(z) para el padre de z

J para Juan

l para Luis

- "La demostracién automatica es"
lemma ejercicio_7a:
assumes "x y. H(x,y) m(x) = m(y) p() = p(y"
"H(j,1)"
shows  "m(p(j)) = m(p(1))"
using assms
by auto

- "La demostracién estructurada es"
lemma ejercicio_7b:

assumes "x y. H(x,y) m&x) = m(y) p&) = p(y"

"H(j,1)"

shows  "m(p(j)) = m(p(1))"
proof -

have "y. H(j,y) m(j) = m(y) p(j) = p(y)" using assms(1)

hence "H(j,1) m(j) = m(1) p(G) =p@)" ..

hence "m(j) = m(1) p(j) = p(1)" using assms(2)

hence "p(j) = p(1)"

have "m(p(j)) = m(p(j))" by (rule refl)

with ‘p(j) = p(1)‘ show "m(p(j)) = m(p(1))" by (rule subst)
ged
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- "La demostracién detallada es"
lemma ejercicio_7c:
assumes "x y. H(x,y) m(x) = m(y) p(x) = p(y"
"H(,1D)"
shows  "m(p(j)) = m(p(1))"
proof -
have "y. H(j,y) m(j) = m(y) p() = pm"
using assms(1) by (rule allE)
hence "H(j,1) m(j) = m(l) p(j) = p(1)" by (rule allE)
hence "m(j) = m(1) p(j) = p(1)" using assms(2) by (rule mp)
hence "p(j) = p(1)" by (rule conjunct2)
have "m(p(j)) = m(p(j))" by (rule refl)
with ‘p(j) = p(1)‘ show "m(p(j)) = m(p(1))" by (rule subst)
ged

BeXE {F —m oo
Ejercicto 8. Formalizar, y dectdir la correccion, del siguiente
argumento

Todos los miembros del claustro son asturianos. El secretario forma
parte del claustro. El sefior Martinez es el secretarto. Por tanto,
el sefior Martinez es asturiano.
Usar C(z) para = es miembro del claustro
A(z) para z es asturiano
s para el secretario
m para el sefior Martinez

- "La demostracidén automatica es"
lemma ejercicio_8a:
assumes "x. C(x) A(x)"
"C(s)"
llm = Sll
shows "A(m)"
using assms
by auto

- "La demostracidn estructurada es"
lemma ejercicio_8b:
assumes "x. C(x) Ax)"
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”C(S) "
llm = Sll
shows  "A(m)"
proof -
have "C(s) A(s)" using assms(1)
hence "A(s)" using assms(2)
with assms(3) show "A(m)" by (rule ssubst)
ged

- "La demostracién detallada es"
lemma ejercicio_8c:

assumes "x. C(x) A"
IIC(S) "
"m = g"
shows "A(m)"
proof -

have "C(s) A(s)" using assms(1l) by (rule allE)
hence "A(s)" using assms(2) by (rule mp)
with assms(3) show "A(m)" by (rule ssubst)

ged

BeXE {F —m oo
Ejercicto 10. Formalizar, y dectdir la correccion, del stguiente
argumento

Eduardo pudo haber visto al asesino. Antonio fue el primer testigo
de la defensa. 0 Eduardo estaba en clase o Antonio dio falso
testimonio. Nadie en clase pudo haber visto al asesino. Luego, el
primer testigo de la defensa dio falso testimonto.
Usar C(z) para z estaba en clase
F(z) para z dio falso testimonio
V(z) para = pudo haber wvisto al asesino

a para Antonio
e para Eduardo
P para el primer testigo de la defensa

- "La demostracidén automatica es"
lemma ejercicio_10a:
assumes "V(e)"
g = pu
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"Ce) F(a)"
"x. C(x) av(x)"
shows "F(p)"
using assms
by auto

- "La demostracidn estructurada es"
lemma ejercicio_10b:
assumes "V(e)"

g = pu

"C(e) F(a)"

"x. C(x) avx)"
shows "F(p)"

proof -
have "C(e) F(a)" using assms(3)
hence "F(a)"
proof
assume "C(e)"
have "C(e) nV(e)" using assms(4)
hence "aV(e)" using ‘C(e)
thus "F(a)" using assms(1)
next
assume "F(a)"
thus "F(a)"
ged
with assms(2) show "F(p)" by (rule subst)
ged

- "La demostracidon detallada es"
lemma ejercicio_10c:
assumes "V(e)"

g = pn

"C(e) F(a)"

"x. C(x) avx)"
shows "F(p)"

proof -
have "C(e) F(a)" using assms(3) by this
hence "F(a)"
proof (rule disjE)
assume "C(e)"
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have "C(e) nV(e)" using assms(4) by (rule allE)
hence "fV(e)" using ‘C(e) ¢ by (rule mp)
thus "F(a)" using assms(1l) by (rule notE)

next
assume "F(a)"
thus "F(a)" by this

ged

with assms(2) show "F(p)" by (rule subst)

ged

TeXE {F mmmm oo
Ejercicto 11. Formalizar, y dectdir la correccion, del siguiente
argumento

La luna hoy es redonda. La luna de hace dos semanas tenia forma de
cuarto crectente. Luna mo hay mds que una, es decir, siempre es la
misma. Luego existe algo que es a la vez redondo y con forma de
cuarto creciente.
Usar L(z) para la luna del momento z

R(z) para z es redonda

C(z) para = tiene forma de cuarto creciente

h para hoy

a para hace dos semanas

- "La demostracidén automatica es"
lemma ejercicio_1l1la:
assumes "R(1(h))"
"C(1(anN"
"x y. 1(x) = 1(yp"
shows "x. R(x) C(x)"
using assms
by metis

- "La demostracidn estructurada es"
lemma ejercicio_11b:
assumes "R(1(h))"
"C(L(d)"
"x y. 1(x) = 1(yp"
shows "x. R(x) C(x)"

proof -
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have "R(1(h)) C(1(d))" using assms(1,2)
have "y. 1(d) = 1(y)" using assms(3)
hence "1(d) = 1(h)"
hence "R(1(h)) C(1(h))" using ‘R(1(h)) C(1(d))‘ by (rule subst)
thus "x. R(x) C(x)"
ged

- "La demostracién detallada es"
lemma ejercicio_11c:
assumes "R(1(h))"
"C(L(d))"
"x y. 1(x) = 1(yp"
shows "x. R(x) C(x)"
proof -
have "R(1(h)) C(1(d))" using assms(1,2) by (rule conjI)
have "y. 1(d) = 1(y)" using assms(3) by (rule allE)
hence "1(d) = 1(h)" by (rule allE)
hence "R(1(h)) C(1(h))" using ‘R(1(h)) C(1(d))¢ by (rule subst)
thus "x. R(x) C(x)" by (rule exI)
ged

BeXE {F —m oo
Ejercicto 12. Formalizar, y dectdir la correccion, del siguiente
argumento

Juana sdolo tiene un marido. Juana estd casada con Tomdas. Tomds es
delgado y Guillermo no. Luego, Juana no estd casada con Guillermo.
Usar D(z) para z es delgado
C(z,y) para = estd casada con y

g para Guillermo
J para Juana
t para Tomds

- "La demostracién automatica es"
lemma ejercicio_12a:
assumes "x. y. C(j,y) y = x"
"C(j,t)"
"D(t) aD(g)"
shows  "aC(j,g)"
using assms
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by auto

- "La demostracidén estructurada es"
lemma ejercicio_12b:
assumes "x. y. C(j,y) y = x"
"C(j,t)"
"D(t) aD(g)"
shows  "aC(j,g)"
proof
assume "C(j,g)"
obtain a where a: "y. C(j,y) y = a" using assms(1)
hence "C(j,t) t = a" ..
hence "t = a" using assms(2) ..
have "C(j,g) g = a" using a ..
hence "g = a" using ‘C(j, g)‘
hence "t = g" using ‘t = a‘ by (rule ssubst)
hence "D(g) 1nD(g)" using assms(3) by (rule subst)
hence "D(g)" ..
have "hD(g)" using ‘D(g) uD(g)*
thus False using ‘D(g)°
ged

- "La demostracidén detallada es"
lemma ejercicio_12c:
assumes "x. y. C(j,y) y = x"
"C(j,t)"
"D(t) 1aD(g)"
shows  "aC(j,g)"
proof (rule notI)
assume "C(j,g)"
obtain a where a: "y. C(j,y) y = a" using assms(1) by (rule exE)
hence "C(j,t) t = a" by (rule allE)
hence "t = a" using assms(2) by (rule iffD1)
have "C(j,g) g = a" using a by (rule allE)
hence "g = a" using ‘C(j,g)‘ by (rule iffD1)
hence "t = g" using ‘t = a‘ by (rule ssubst)
hence "D(g) 1nD(g)" using assms(3) by (rule subst)
hence "D(g)" by (rule conjunctl)
have "iD(g)" using ‘D(g) nD(g)‘ by (rule conjunct2)
thus False using ‘D(g)‘ by (rule notE)
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ged

teXt {# —- oo
Ejercicto 13. Formalizar, y dectdir la correccion, del stguiente
argumento

Sultdn no es Chiton. Sultdn mo obtendrd un pldtano a menos que
pueda resolver cualquier problema. Si el chimpancé Chiton trabaja
mas que Sultdn resolverd problemas que Sultdn no puede resolver.
Todos los chimpancés distintos de Sultdn trabajan mds que Sultdn.
Por constgutente, Sultdn mo obtendrd un platano.
Usar Pl(z) para z obtiene el platano

Pr(z) para = es un problema

R(z,y) para z resuelve y

T(z,y) para z trabaja mds que y

c para Chiton

s para Sultdn

- "La demostracidén automdtica es"
lemma ejercicio_13a:
assumes "s c"
"P1(s) (x. Pr(x) R(s,x))"
"T(c,s) (x. Pr(x) R(c,x) #nR(s,x))"
"x. x s T(x,s)"
shows "AP1(s)"
using assms
by metis

- "La demostracidn estructurada es"
lemma ejercicio_13b:
assumes "s c"
"P1(s) (x. Pr(x) R(s,x))"
"T(c,s) (x. Pr(x) R(c,x) nR(s,x))"
"x. x s T(x,s)"
shows "AP1(s)"
proof
assume "P1(s)"
with assms(2) have "x. Pr(x) R(s,x)"
have "c s" using assms(1) by (rule not_sym)
have "¢ s T(c,s)" using assms(4)
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¢ ¢

hence "T(c,s)" using ‘c s
with assms(3) have "x. Pr(x) R(c,x) #nR(s,x)"
then obtain a where a: "Pr(a) R(c,a) nR(s,a)"
have "R(s,a)"
proof -
have "Pr(a)" using a ..
have "Pr(a) R(s,a)" using ‘x. Pr(x) R(s,x)°
thus "R(s,a)" using ‘Pr(a)°
ged
have "AR(s,a)"
proof -
have "R(c,a) 1nR(s,a)" using a ..
thus "AR(s,a)"
ged
thus False using ‘R(s,a)°
ged

- "La demostracidén detallada es"
lemma ejercicio_13c:
assumes "s c"
"P1(s) (x. Pr(x) R(s,x))"
"T(c,s) (x. Pr(x) R(c,x) nR(s,x))"
"x. x s T(x,s)"
shows "AP1(s)"
proof (rule notI)
assume "P1(s)"
with assms(2) have "x. Pr(x) R(s,x)" by (rule mp)
have "c s" using assms(1) by (rule not_sym)
have "¢ s T(c,s)" using assms(4) by (rule allE)
hence "T(c,s)" using ‘c s by (rule mp)
with assms(3) have "x. Pr(x) R(c,x) 1nR(s,x)" by (rule mp)
then obtain a where a: "Pr(a) R(c,a) 1HR(s,a)" by (rule exE)
have "R(s,a)"
proof -

¢ ¢

have "Pr(a)" using a by (rule conjunctl)
have "Pr(a) R(s,a)" using ‘x. Pr(x) R(s,x)‘ by (rule allE)
thus "R(s,a)" using ‘Pr(a)‘ by (rule mp)

ged

have "AR(s,a)"

proof -
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have "R(c,a) nR(s,a)" using a by (rule conjunct2)
thus "nR(s,a)" by (rule conjunct2)
ged
thus False using ‘R(s,a)‘ by (rule notE)
ged

end



290 Capitulo 4. Deduccién natural en 16gica de primer orden




Capitulo 5

Resumen de Isabelle/Isar y de la 16gica

chapter {* Tema 5: Resumen del lenguaje Isabelle/Isar y las reglas de la ldgica *}

theory Tb
imports Main
begin

section {* Sintazis (simplificada) de Isabelle/Isar *}

text {x*

Representaction de lemas (y teoremas)

4 Un lema (o teorema) comienza con una etiqueta segutda por algunas
premisas y una conclusion.

% Las premisas se wntroducen con la palabra "assumes'" y se separan
con "and".

1% Cada premisa puede etiquetarse para referenciarse en la demostracion.

% La conclusion se introduce con la palabra "shows".

Gramdtica (stmplificada) de las demostraciones en Isabelle/Isar

<demostracion> ::= proof <método> <declaracion>* gqed
| by <método>
<declaracion> ::= fix <variable>+
| assume <propostcion>+
| (from <hecho>+)? have <proposicion>+ <demostracton>
| (from <hecho>+)? show <proposicion>+ <demostracton>
<proposicion> ::= (<etiqueta>:)? <cadena>
hecho = <etiqueta>
método = -
| this

291
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rule <hecho>
simp
blast
auto

~— Y~ — ~—

induct <vartable>

La declaracion "show" demuestra la conclusion de la demostracion
mientras que la declaracion "have'" demuestra un resultado intermedio.

*}

section {* Atajos de Isabelle/Isar *}

text {*
Isar tiene muchos atajos, como los siguientes:
this | éste | el hecho probado en la declaracion antertor
then | entonces | from this
hence por lo tanto | then have
thus de esta manera | then show

with hecho+t

*}..

R

con | from hechot+ and this
por ésto | by this
trivialmente | by regla (Isabelle adivina la regla)

section {* Resumen de las reglas de la ldgica *}

text {*
Resumen de reglas proposicionales:

o & 6 o 6 6 o S 6 o 6 &

Truel:
conjyl:

conjunctl:
conjunct2:

conjE:
disjyll:
drsgI2:
disjE:
notl:
notE:
FalseE:

notnotD:

wmpl:

§; P R; § R R
(P False) TiP

nP;, P R

False P

nn P P

(p Q) P @
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4 impE: P @; P, § R R
U mp: P @g; P @
4 iff: (P Q) (@ P) P=4¢
4 iffI: P Q;Q P P=g
4 1ffD1: g =P, ¢ P
4 1ffD2: P=gq;,q P
4 1ffE: P=¢g;, P ;9 P R
4 ccontr: (P False) P
% classtcal: (nP P) P
4 exluded_middle: 7P P
% disjCI: (ng P) P
% wmpCE: P @; nP R; § R R
4 1ffCE: P =4¢; P, § R; nP; nf
14 swap: nP; R P R
*}
text {*
Resumen de reglas de cuantificadores:
% allE: z. Pz; Py R R
4 alll: (z. Pz) z. Pz
4 exl: Pa z. Pz
U exE: . Pz, z. Pz @ ¢
*}
text {*
Resumen de reglas de la igualdad:
4 refl: t =1t
% subst: s =t; Ps Pt
4 trans: r=s;,s8=%t r==t
% sym: s=1t t=s=s
1% not_sym: t s s t
% ssubst: t =s;, Ps Pt
4 box_equals: a =b; a =c; b=d c=4d
% arg_cong: =Yy fzx=Ffuy
% fun_cong: f =9 fzxz=9c
U cong: f=9,z=y fz=9y
*}

text {*
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Nota: Mas informacion sobre las reglas de inferencia se encuentra en
la seccion 2.2 de "Isabelle’s Logics: HOL" http://goo.qgl/ZwdUu
(pagina 8).

*}

end
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Razonamiento por casos y por induccion

chapter {* Tema 6: Razonamiento por casos y por induccion *}
theory T6

imports Main Parity

begin

section {* Razonamiento por distincidon de casos *}

subsection {* Distincidn de casos booleanos *}

text {*
Lema. [Demostracion por distincion de casos booleanos]
nd A
*}

- "La demostracidn estructurada es"
lemma "nA A"
proof cases

assume "A"
thus 7thesis ..
next

assume "nA"
thus 7thesis ..
ged

- "La demostracidn detallada es"

lemma "HhA A"
proof cases

295
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assume "A"
thus 7thesis by (rule disjI2)
next

assume "hA"
thus 7thesis by (rule disjIl)
ged

- "La demostracidon automatica es"
lemma "HnA A"

by auto
text {*
Lema. [Demostracion por distincion de casos booleanos nominados]
nd A4
*}

- "La demostracidén estructurada es"
lemma "nA A"
proof (cases "A")
case True
thus 7thesis
next
case False
thus 7thesis
ged

- "La demostracidén detallada es"
lemma "nA A"
proof (cases "A")

case True

thus 7thesis by (rule disjI2)
next

case False

thus 7thesis by (rule disjI1)
ged

text {*
El método "cases'" sobre una formula:
4 El método (cases F) es una abreviatura de la aplicacion de la regla

F g; nF § ¢
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% La expresion "case True'" es una abreviatura de F.
% La expresion '"case False" es una abreviatura de 7F.

1% Ventajas de '"cases" con nombre:
14 reduce la escritura de la formula y

1% es wndependiente del orden de los casos.

*}

subsection {* Distincion de casos sobre otros tipos de datos *}

text {*
Lema. [Distincidn de casos sobre listas]

La longitud del resto de una lista es la longitud de la lista menos 1.

*}

- "La demostracién detallada es"
lemma "length(tl xs) = length xs - 1"
proof (cases xs)

case Nil thus 7thesis by simp
next

case Cons thus 7thesis by simp
ged

- "La demostracidn automatica es"
lemma "length(tl xs) = length xs - 1"
by auto

text {*
Distincion de casos sobre listas:

4 El método de distincion de casos se activa con (cases zs) donde zs

es del tipo lista.
% "case Nil" es una abreviatura de
"assume Nil: xzs =[]".
% "case Cons" es una abreviatura de
"fex ? ?? assume Cons: xzs = 2 # 22"
donde ? y ?? son variables anonimas.

*}

text {*
Lema. [Ejemplo de andlists de casos]

El resultado de eliminar los n+l primeros elementos de zs es el mismo
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que eliminar los n primeros elementos del resto de zs.

*}

- "La demostracién detallada es"
lemma "drop (n + 1) xs = drop n (tl xs)"
proof (cases xs)

case Nil thus "drop (n + 1) xs = drop n (t1l xs)" by simp
next

case Cons thus "drop (n + 1) xs = drop n (tl xs)" by simp
ged

- "La demostracidén automatica es"
lemma "drop (n + 1) xs = drop n (tl xs)"
by (cases xs, auto)

text {x*
La funcion drop esta definida en la teoria List de forma que
(drop n zs) la lista obtenida eliminando en zs} los n primeros
elementos. Su definicion es la siguiente
drop_Nil: "drop n [] = []" |
drop_Cons: "drop n (z#zs) = (case n of
0 => z#zs |
Suc(m) => drop m zs)"

*}
section {* Induccidn matemdtica *}

text {*
[Principio de induccion matemdtical
Para demostrar una propiedad P para todos los numeros naturales basta
probar que el 0 tiene la propiedad P y que si n tiene la propiedad P,
entonces n+l1 también la tiene.
PO;n. Pn P (Sucn) Pm

En Isabelle el principio de induccion matematica estd formalizado en
el teorema nat.induct y puede verse con
thm nat.induct

Ejemplo de demostracion por induccion: Usaremos el principio de
induccton matemdtica para demostrar que
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1 +3+ ... + (2n-1) = n"2

Definicion. [Suma de los primeros impares]
(suma_impares n) la suma de los n numeros impares.

*}
fun suma_impares :: '"nat nat" where
"suma_impares 0 = 0"
| "suma_impares (Suc n) = (2%(Suc n) - 1) + suma_impares n"
text {*

La suma de los 3 primero numero impares se puede calcular mediante "value".

+}
value "suma_impares 3"

text {*
Lema. [Ejemplo de demostracion por induccton matemdtical
La suma de los n primeros numeros impares es n”2.

*}

- "La demostracién automatica es"
lemma "suma_impares n = n * n"
by (induct n) simp_all

text {*
En la demostracion "by (induct n) simp_all" se aplica induccion en n y
los dos casos se prueban por simplificacion.

*}

-- " Demostracién del lema anterior usando patrones"
lemma "suma_impares n = n * n" (is "7P n")
proof (induct n)
show "7P 0" by simp
next
fix n assume "7P n"
thus "?P (Suc n)" by simp
ged

text {*
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Patrones: Cualquier formula seguida de (is patrdn) equipara el patrin
con la formula.

*}

- "Demostracién del lema anterior con patrones y razonamiento ecuacional"
lemma "suma_impares n = n * n" (is "7P n")
proof (induct n)

show "7P 0" by simp

next
fix n assume HI: "7P n"
have "suma_impares (Suc n) = (2 * (Suc n) - 1) + suma_impares n" by simp
also have " = (2 * (Suc n) - 1) + n * n" using HI by simp
also have " =n *n + 2 *x n + 1" by simp
finally show "?P (Suc n)" by simp
ged

- "Demostracidén del lema anterior por induccidn y razonamiento ecuacional"
lemma "suma_impares n = n * n"
proof (induct n)

show '"suma_impares O = 0 * 0" by simp
next

fix n assume HI: "suma_impares n = n * n"

have "suma_impares (Suc n) = (2 * (Suc n) - 1) + suma_impares n" by simp
also have " = (2 * (Suc n) - 1) + n * n" using HI by simp
also have " =n * n + 2 *x n + 1" by simp

finally show "suma_impares (Suc n) = (Suc n) * (Suc n)" by simp
ged

text {x*
Definicion. Un nimero matural n es par st existe un natural m tal que
n=m+m.

+}

definition par :: "nat bool" where

"par n m. n=m+m"

text {*
Lema. [Ejemplo de tnduccion y existenctiales] Para todo nimero natural
n, se verifica que n¥(n+l1) par.

*}
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lemma
fixes n :: "nat"
shows "par (nx(n+1))"
proof (induct n)
show "par (0*x(0+1))" by (simp add:par_def)
next
fix n assume "par (n*(nt+1))"
hence "m. n*(n+1) = m+m" by (simp add:par_def)
then obtain m where m: "n*(nt+l) = m+m" by (rule exE)
hence "(Suc n)*((Suc n)+1) = (m+n+1)+(m+n+1)" by auto
hence "m. (Suc n)*((Suc n)+1) = m+m" by (rule exI)
thus "par ((Suc n)*((Suc n)+1))" by (simp add:par_def)
ged

text {*
En Isabelle puede demostrarse de manera mds simple un lema equivalente
usando en lugar de la funcion "par" la funcion "even' definida en la
teoria Parity por
even z <« mod 2 = 0"

*}
lemma
fixes n :: '"nat"
shows "even (n*(n+1))"
by auto
text {*

Para completar la demostracion basta demostrar la equivalencia de las
funciones "par" y "even".

*}

lemma
fixes n :: "nat"
shows '"par n = even n"
proof -
have "par n = (m. n = m+m)" by (simp add:par_def)
thus "par n = even n'" by presburger
ged
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text {x*
En la demostracion anterior hemos usado la tdactica "presburger" que
corresponde a la arttmética de Presburger.

*}

section {* Induccidn estructural *}

text {*
Induccion estructurall

U

En Isabelle puede hacerse induccion estructural sobre cualquier tipo
Tecursivo.
La induccion matemdatica es la induccion estructural sobre el tipo de

los naturales.

El esquema de induccion estructural sobre listas es

4 list.induct: P []; z ys. Pys P (z # ys) P zs

Para demostrar una propiedad para todas las listas basta demostrar

que la lista vacia tiene la propiedad y que al afiadir un elemento a una
lista que tiene la proptedad se obtiene una lista que también tiene la
propiedad.

En Isabelle el principio de induccion sobre listas estd formalizado
mediante el teorema list.induct que puede verse con

thm list.induct

Concatenacion de listas:
En la teoria List.thy estd definida la concatenacion de listas (que

S

L
L
*}

e representa por @) como sigue
append_Nil: "[]Q@ys = ys"
append_Cons: "(z#zs)0Oys = z#(rslys)"

ema. [Ejemplo de induccidon sobre listas]
a concatenacion de listas es asociativa.

- "La demostracién automatica es"
lemma conc_asociativa_1: "xs @ (ys @ zs) = (xs @ ys) @ zs"

by

(induct xs) simp_all

- "La demostracién estructurada es"
lemma conc_asociativa: "xs @ (ys @ zs) = (xs Q@ ys) @ zs"

proof (induct xs)
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show "[] @ (ys @ zs) = ([] @ ys) @ zs"

proof -
have "[1 @ (ys @ zs) = ys @ zs" by simp
also have " = ([] @ ys) @ zs" by simp
finally show 7thesis
ged
next
fix x xs

assume HI: "xs @ (ys @ zs) = (xs @ ys) @ zs"
show "(x#xs) @ (ys @ zs) = ((x#xs) Q@ ys) @ zs"

proof -
have "(x#xs) @ (ys @ zs) = x#(xs @ (ys @ zs))" by simp
also have " = x#((xs Q@ ys) @ zs)" using HI by simp
also have " = (x#(xs @ ys)) @ zs" by simp
also have " = ((x#xs) @ ys) @ zs" by simp
finally show 7thesis
ged
ged
text {x*

Ejemplo [Arboles binarios]
Definir un tipo de dato para los drboles binarios.

*}

datatype ’a arbolB = Hoja "’a"
| Nodo "’a" "’a arbolB" "’a arbolB"

text {*
Ejemplo. [Imagen especular]
Definir la funcion "espejo" que aplicada a un arbol devuelve su imagen
especular.

*}

fun espejo :: "’a arbolB ’a arbolB" where
"espejo (Hoja a) = (Hoja a)"
| "espejo (Nodo f x y) = (Nodo f (espejo y) (espejo x))"

text {*
Ejemplo [La imagen especular es involutival
Demostrar que la funcion "espejo" wnvolutiva,; es decir, para cualquier
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arbol t, se tiene que
espejo (espejo(t)) = t.
*}

- "La demostracién automatica es"
lemma espejo_involutiva_1: "espejo(espejo(t)) = t"
by (induct t) auto

- "La demostracién estructurada es"
lemma espejo_involutiva: "espejo(espejo(t)) = t" (is "7P t")
proof (induct t)

fix x :: ’a show "7P (Hoja x)" by simp
next
fix t1 :: "’a arbolB" assume hl: "7P t1"
fix t2 :: "’a arbolB" assume h2: "7P t2"
fix x :: ’a
show "?P (Nodo x t1 t2)"
proof -
have "espejo(espejo(Nodo x tl t2)) = espejo(Nodo x (espejo t2) (espejo t1))"
by simp
also have " = Nodo x (espejo (espejo t1)) (espejo (espejo t2))" by simp
also have " = Nodo x tl1 t2" using hl h2 by simp
finally show 7thesis
ged
ged
text {*

Ejemplo. [Aplanamiento de drboles]
Definir la funcion "aplana" que aplane los darboles recorriéndolos en
orden wnfijo.

*}

fun aplana :: "’a arbolB ’a list" where
"aplana (Hoja a) = [a]"
| "aplana (Nodo x t1 t2) = (aplana t1)@[x]@(aplana t2)"

text {*
Ejemplo. [Aplanamiento de la imagen especular] Demostrar que
aplana (espejo t) = rev (aplana t)
*}
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- "La demostracidén automdtica es"
lemma "aplana (espejo t) = rev (aplana t)"
by (induct t) auto

- "La demostracién estructurada es"
lemma "aplana (espejo t) = rev (aplana t)" (is "?P t")
proof (induct t)

fix x :: ’a
show "7P (Hoja x)" by simp
next
fix t1 :: "’a arbolB" assume hil: "7P t1"
fix t2 :: "’a arbolB" assume h2: "?7P t2"
fix x :: ’a
show "?P (Nodo x t1 t2)"
proof -

have "aplana (espejo (Nodo x tl1 t2)) =
aplana (Nodo x (espejo t2) (espejo t1))" by simp
also have " = (aplana(espejo t2))@[x]@(aplana(espejo t1))" by simp

also have " = (rev(aplana t2))@[x]@(rev(aplana t1))" using hl h2 by simp
also have " = rev((aplana t1)@[x]@(aplana t2))" by simp
also have " = rev(aplana (Nodo x t1 t2))" by simp
finally show 7thesis
ged

ged
section {* Heuristicas para la induccion *}

text {#
Definicion. [Definicion recursiva de inversal
(tnversa zs) la inversa de la lista zs. Por ejemplo,
inversa [a,b,c] = [c,b,a]

*}

fun inversa :: "’a list ‘’a list" where
"inversa [] = [1"

| "inversa (x#xs) = (inversa xs) Q@ [x]"

value "inversa [a,b,c]"
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text {x*
Definicion. [Definicidon de inversa con acumuladores]

(2nversadc zs) es la inversa de la lista zs calculada con
acumuladores. Por ejemplo,

inversadc [a,b,c] = [c,b,a]
snversadcduz [a,b,c] [] = [c,b,al
*}
fun inversaAcAux :: "’a list ’a list ’a list" where

"inversaAcAux [] ys = ys"
| "inversaAcAux (x#xs) ys = inversaAcAux xs (x#ys)"

definition inversalAc :: '"’a list ’a list" where
"inversaAc xs inversalAcAux xs []"

value "inversaAcAux [a,b,c] [1"
value "inversaAc [a,b,c]"

text {#
Lema. [Ejemplo de equivalenctia entre las definiciones]
La inversa de [a,b,c] es lo mismo calculada con la primera definticion
que con la segunda.

*}

lemma "inversaAc [a,b,c] = inversa [a,b,c]"
by (simp add: inversaAc_def)

text {*
Nota. [Ejemplo fallido de demostracion por induccion]

El siguiente intento de demostrar que para cualquier lista zs, se
tiene que '"inversadc zs = inversa zs" falla.

*}

lemma "inversaAc xs = inversa xs"
proof (induct xs)
show "inversaAc [] = inversa []" by (simp add: inversaAc_def)

next
fix a xs assume HI: "inversaAc xs = inversa xs"
have "inversaAc (a#xs) = inversaAcAux (a#xs) []" by (simp add: inversaAc_def)

also have " = inversaAcAux xs [a]" by simp
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also have " = inversa (a#xs)"
- "Problema: la hipdétesis de induccidén no es aplicable."
oops

text {x*
Nota. [Heuristica de gemeralizacion]

Cuando se use demostracion estructural, cuantificar universalmente las
variables libres (o, equivalentemente, considerar las vartables libres

como wvariables arbitrarias).

Lema. [Lema con generalizacion]
Para toda lista ys se tiene
inversadcAdur s ys = (inversa zs) @ ys

*}

- "La demostracidén automatica es"
lemma inversaAcAux_es_inversa_1:
"inversaAcAux xs ys = (inversa xs)Qys"
by (induct xs arbitrary: ys) auto

- "La demostracién estructurada es"

lemma inversaAcAux_es_inversa:
"inversaAcAux xs ys = (inversa xs)Qys"

proof (induct xs arbitrary: ys)

show "ys. inversaAcAux [] ys = (inversa [])@ys" by simp
next

fix a xs

assume HI: "ys. inversaAcAux xs ys = inversa xsQys"

show "ys. inversaAcAux (a#xs) ys = inversa (a#xs)Qys"

proof -
fix ys
have "inversaAcAux (a#xs) ys = inversaAcAux xs (a#ys)" by simp
also have " = inversa xs@Q(a#ys)" using HI by simp
also have " = inversa (a#xs)@ys" by simp
finally show "inversaAcAux (a#xs) ys = inversa (a#xs)Qys" by simp
ged
ged
text {#*

Corolarto. Para cualquier lista zs, se tiene que
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tnversadc s = i1nversa Ts

*}

corollary "inversaAc xs = inversa xs"
by (simp add: inversaAcAux_es_inversa inversaAc_def)

text {*
Nota. En el paso "tnversa zs@(a#ys) = inversa (a#zs)Oys" se usan
lemas de la teoria List. Se puede observar, activando "Trace
Simplifiter” y D"[Trace Rules", que los lemas usados son
4 append_assoc: (zs @ ys) @ zs = zs @ (ys @ zs)
4 append.append_Cons: (z#zs)0Oys = z#(zsys)
4 append.append_Nil: []JOys = ys
Los dos ultimos son las ecuaciones de la definicion de append.

En la siguiente demostracion se detallan los lemas utilizados.

*}

lemma "(inversa xs)@(at#tys) = (inversa (a#xs))Qys"
proof -
have "(inversa xs)@(a#ys) = (inversa xs)@(a#([]J@ys))"
by (simp only:append.append_Nil)

also have " = (inversa xs)@([al@ys)" by (simp only:append.append_Cons)
also have " = ((inversa xs)@[a])@ys" by (simp only:append_assoc)
also have " = (inversa (a#xs))Qys" by (simp only:inversa.simps(2))
finally show 7thesis .

ged

section {* Recursion gemeral. La funcion de Ackermann *}

text {x*
El objetivo de esta seccion es mostrar el uso de las definiciones
recursivas generales y sus esquemas de induccion. Como ejemplo se usa la
funcion de Ackermann (se puede consultar informacidon sobre dicha funcion en
http://en.wikipedia.org/wikt/Ackermann_ function).

Definicion. La funcion de Ackermann se define por
Alm,n) = n+1, si m=0,
A(m-1,1), st m>0 y n=0,
A(m-1,4(m,n-1)), st m>0 y n>0
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para todo los numeros naturales.

La funcion de Ackermann es recursiva, pero no es primitiva Tecursiva.

*}

fun ack :: "nat nat nat" where
"ack 0 n = n+1"
| "ack (Suc m) 0 = ack m 1"
| "ack (Suc m) (Suc n) = ack m (ack (Suc m) n)"

text {*
Nota. [Ejemplo de cdlculo]
El cdalculo del wvalor de la funcion de Ackermann para 2 y 3 se realiza
mediante "value"

*}
value "ack 2 3" (* devuelve 9 #)

text {#
Nota. [Definiciones recursivas generales]
% Las definiciones recursivas generales se tdentifican mediante "fun'.
% Al definir una funcidn recursiva general se gemera una rTegla de
induccion. En la definicion anterior, la regla generada es
ack.induct:
n. PO n;
m. Pm1 P (Suc m) 0;
mmn. P (Suc m) n; Pm (ack (Suc m) n) P (Suc m) (Suc n)
Pabd

Lema. Para todos my n, A(m,n) > n.

*}

text {*
El lema anterior se puede demostrar automdticamente, como sigue.

*}

- "La demostracidn automatica es"
lemma "ack m n > n"
by (induct m n rule: ack.induct) simp_all
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- "La demostracidén detallada es"
lemma "ack m n > n"
proof (induct m n rule: ack.induct)
fix n :: "nat"
show "ack 0 n > n" by simp
next
fix m assume "ack m 1 > 1"
thus "ack (Suc m) 0 > 0" by simp
next
fixmn
assume "n < ack (Suc m) n" and
"ack (Suc m) n < ack m (ack (Suc m) n)"
thus "Suc n < ack (Suc m) (Suc n)" by simp
ged

text {x*
Nota. [Induccion sobre recursion]
El formato para inictar una demostracion por induccion en la regla
inductiva correspondiente a la definicion recursiva de la funcion f m
n es
proof (induct m n rule:f.induct)

*}
section {* Recursidn mutua e induccidn *}

text {x*
Nota. [Ejemplo de defintcion de tipos mediante recursion cruzadal
% Un drbol de tipo a es una hoja o un nodo de tipo a junto con un
bosque de tipo a.
% Un bosque de tipo a es el boque vacio o un bosque contruido afiadiendo
un drbol de tipo a a un bosque de tipo a.

*}

datatype ’a arbol = Hoja | Nodo "’a" "’a bosque"
and ’a bosque = Vacio | ConsB "’a arbol" "’a bosque"

text {*
Nota. [Regla de induccidon correspondiente a la recursion cruzadal
La regla de induccion sobre drboles y bosques es arbol_bosque.induct:
P1 Hoja;
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T b. P2 b P1 (Nodo = b);

P2 Vacio;

a b. P1 a; P2 b P2 (ConsB a b)
P1 a P2D

Nota. [Ejemplos de definicidn por recursion cruzadal

4 aplana_arbol a) es la lista obtenida aplanando el drbol a.

% (aplana_bosque b) es la lista obtentda aplanando el bosque b.

% (map_arbol a h) es el arbol obtenido aplicando la funcion h a
todos los nodos del drbol a.

4 (map_bosque b h) es el bosque obtentido aplicando la funcion h a
todos los nodos del bosque b.

*}

fun
aplana_arbol :: "’a arbol ’a list" and
aplana_bosque :: '"’a bosque ’a list'" where

"aplana_arbol Hoja = [1"
| "aplana_arbol (Nodo x b) = x#(aplana_bosque b)"
| "aplana_bosque Vacio = []"
| "aplana_bosque (ConsB a b) = (aplana_arbol a) @ (aplana_bosque b)"

fun
map_arbol :: "’a arbol (’a ’b) ’b arbol" and
map_bosque :: "’a bosque (’a ’b) ’b bosque" where

"map_arbol Hoja h = Hoja"
| "map_arbol (Nodo x b) h = Nodo (h x) (map_bosque b h)"
| "map_bosque Vacio h = Vacio"
| "map_bosque (ConsB a b) h = ConsB (map_arbol a h) (map_bosque b h)"

text {*
Lema. [Ejemplo de tnduccion cruzadal
4 aplana_arbol (map_arbol a h) = map h (aplana_arbol a)
4 aplana_bosque (map_bosque b h) = map h (aplana_bosque b)

*}

- "La demostracién automatica es"
lemma "aplana_arbol (map_arbol a h) = map h (aplana_arbol a)

aplana_bosque (map_bosque b h) = map h (aplana_bosque b)"
by (induct_tac a and b) auto
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- "La demostracién detallada es"
lemma "aplana_arbol (map_arbol a h) = map h (aplana_arbol a)
aplana_bosque (map_bosque b h) = map h (aplana_bosque b)"
proof (induct_tac a and b)
show "aplana_arbol (map_arbol Hoja h) = map h (aplana_arbol Hoja)" by simp
next
fix x b
assume HI: "aplana_bosque (map_bosque b h) = map h (aplana_bosque b)"
have "aplana_arbol (map_arbol (Nodo x b) h)
= aplana_arbol (Nodo (h x) (map_bosque b h))" by simp

also have " = (h x)#(aplana_bosque (map_bosque b h))" by simp
also have " = (h x)#(map h (aplana_bosque b))" using HI by simp
also have " = map h (aplana_arbol (Nodo x b))" by simp

finally show "aplana_arbol (map_arbol (Nodo x b) h)
= map h (aplana_arbol (Nodo x b))"

next
show "aplana_bosque (map_bosque Vacio h) = map h (aplana_bosque Vacio)"
by simp
next
fix a b

assume HI1: "aplana_arbol (map_arbol a h) = map h (aplana_arbol a)"
and HI2: "aplana_bosque (map_bosque b h) = map h (aplana_bosque b)"
have "aplana_bosque (map_bosque (ConsB a b) h)
= aplana_bosque (ConsB (map_arbol a h) (map_bosque b h))" by simp

also have " = aplana_arbol(map_arbol a h)@aplana_bosque(map_bosque b h)"
by simp

also have " = (map h (aplana_arbol a))@(map h (aplana_bosque b))"
using HI1 HI2 by simp

also have " = map h (aplana_bosque (ConsB a b))" by simp

finally show "aplana_bosque (map_bosque (ConsB a b) h)
= map h (aplana_bosque (ConsB a b))" by simp
ged

end
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6.1. Ejercicios de induccion sobre listas

6.1.1. Cons inverso y cuantificadores sobre listas

chapter {* T6Rla: Cons inverso y cuantificadores sobre listas *}

theory T6Rl1a
imports Main
begin

section {* Cons inverso *}

text {x*
Ejercicto 1. Definir recursivamente la funcion
snoc :: "’a list ’a ’a list”
tal que (snoc zs a) es la lista obtenida al afiadir el elemento a al
final de la lista zs. Por ejemplo,
value "snoc [2,5] (3::int)" == [2,5,3]

Nota: No usar @.

fun snoc :: "’a list ’a ’a list" where
"snoc [] a = [a]"
| "snoc (x#xs) a = x # (snoc xs a)"

text {*
Ejercicto 2. Demostrar el siguiente teorema
snoc zs a = zs @ [a]

- "La demostracidén automatica del lema es"
lemma snoc_append: "snoc xs a = xs @ [a]"
by (induct xs) auto

- "La demostracidon semiautomdtica del lema es"
lemma snoc_append_2: "snoc xs a = xs @ [a]"
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proof (induct xs)

show "snoc [] a
next

fix b xs assume "snoc xs a = xs Q@ [a]"

thus "snoc (b # xs) a = (b # xs) @ [a]" by auto
ged

[] @ [a]" by auto

- "La demostracidén estructurada del lema es"
lemma snoc_append_3: '"snoc xs a = xs @ [a]"
proof (induct "xs")

show "snoc [] a = [] @ [a]"

proof -
have "snoc [1 a = [al" by simp
also have " = [1 @ [a]" by simp
finally show "snoc [] a = [1 @ [a]"
ged
next

fix b xs assume HI: "snoc xs a = xs @ [a]"
show "snoc (b # xs) a = (b # xs) @ [a]"

proof -
have "snoc (b # xs) a = b # (snoc xs a)" by simp
also have " = b # (xs @ [a])" using HI by simp
also have " = (b # xs) @ [al" by simp
finally show "snoc (b # xs) a = (b # xs) @ [a]l"
ged
ged
text {x*

Ejercicio 3. Demostrar el siguiente teorema
rev (z # zs) = snoc (rev zs) z"

- "La demostracidén automdtica del teorema es"
theorem rev_cons: '"rev (x # xs) = snoc (rev xs) x"
by (auto simp add: snoc_append)

- "La demostracidon estructurada del teorema es'
theorem rev_cons_2: "rev (x # xs8) = snoc (rev xs) x"
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proof -
have "rev (x # xs) = (rev xs) @ [x]" by simp
also have " = snoc (rev xs) x" by (simp add:snoc_append)

finally show "rev (x # xs) = snoc (rev xs) x"
ged

section {* Cuantificadores sobre listas *}

text {*
Ejercicto 4. Definir la funcion
todos :: (’a bool) ’a list bool
tal que (todos p zs) se werifica st todos los elementos de la lista
zs cumplen la propiedad p. Por ejemplo, se werifica
todos (z. 1<length z) [[2,1,4],[1,3]]
fitodos (z. 1<length z) [[2,1,4],[3]]

Nota: La funcion todos es equivalente a la predefinida list_all.

fun todos :: "(’a bool) ’a list bool" where
"todos p [I True"
| "todos p (y#ys) = ((p y) (todos p ys))"

value "todos (x. 1<length x) [[2,1,4],[1,3]]1" -- "= True"
value "todos (x. 1<length x) [[2,1,4],[3]1]1" -- "= False"
text {#

Ejercicto 5. Definir la funcion

algunos :: (’a bool) ’a list bool
tal que (algunos p zs) se verifica st algunos elementos de la lista
zs cumplen la propiedad p. Por ejemplo, se werifica

algunos (z. 1<length z) [[2,1,4],[3]]

fialgunos (z. I1<length z) [[],[3]]"

Nota: La funcion algunos es equivalente a la predefinida list_ex.
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fun algunos :: "(’a bool) ’a list bool" where
"algunos p [l False"
| "algunos p (x#xs) ((p x) (algunos p xs))"

value "algunos (x. 1<length x) [[2,1,4],[3]]1" -- "= True"
value "algunos (x. 1<length x) [[],[3]1]1" -- "= False"
text {*

Ejercicio 6. Demostrar o refutar:
todos (z. Px { z) s = (todos P zs todos { zs)

- "La demostracidén automatica es"
lemma "todos (x. P x Q x) xs = (todos P xs todos Q xs)"
by (induct xs) auto

- "La demostracidén estructurada es"
lemma "todos (x. P x Q x) xs = (todos P xs todos Q xs)"
proof (induct xs)
show "todos (x. P x Q x) [1 = (todos P [1 todos Q [1)" by simp
next
fix a xs
assume "todos (x. P x Q x) xs = (todos P xs todos Q xs)"
thus "todos (x. P x Q x) (a#xs) = (todos P (a#xs) todos Q (at#txs))"
by auto
ged

- "La demostracidén detallada es"
lemma "todos (x. P x Q x) xs = (todos P xs todos Q xs)"
proof (induct xs)

show "todos (x. P x Q x) [1 = (todos P [1 todos Q [1)" by simp
next

fix a xs

assume HI: "todos (x. P x Q x) xs = (todos P xs todos Q xs)"

show "todos (x. P x Q x) (a#txs) = (todos P (a#xs) todos Q (a#xs))"

proof -

have "todos (x. P x Q x) (at#txs) =
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((Pa) (Q a) todos (x. P x Q x) xs)" by simp

also have " = ((P a) (Q a) todos P xs todos Q xs)" using HI by simp
also have " = (((P a) todos P xs) ((Q a) todos Q xs))" by auto
also have " = (todos P (a#xs) todos Q (a#xs))" by simp
finally show 7thesis
ged
ged
text {*

Ejercicio 7. Demostrar o refutar:
todos P (z @ y) = (todos Pz todos P y)

- "La demostracién automatica es"
lemma todos_append [simp]:
"todos P (x @ y) = (todos P x todos P y)"
by (induct x) simp_all

- "La demostracién estructurada es"

lemma todos_append_2:
"todos P (x @ y) = (todos P x todos P y)"

proof (induct x)

show "todos P ([] @ y) = (todos P [] todos P y)" by simp
next

fix a x

assume "todos P (x @ y) = (todos P x todos P y)"

thus "todos P ((a#x) @ y) = (todos P (a#x) todos P y)"

by auto

ged

- "La demostracién detallada es"

lemma todos_append_3:
"todos P (x @ y) = (todos P x todos P y)"

proof (induct x)

show "todos P ([] @ y) = (todos P [1 todos P y)" by simp
next

fix a x

assume HI: "todos P (x @ y) = (todos P x todos P y)"



318 Capitulo 6. Razonamiento por casos y por induccién

show "todos P ((a#x) @ y) = (todos P (a#x) todos P y)"

proof -
have "todos P ((a#x) @ y) = ((P a) todos P (xQ@y))" by simp
also have " = ((P a) todos P x todos P y)" using HI by simp
also have " = (todos P (a#x) todos P y)" by simp
finally show 7thesis
ged
ged
text {x*

Ejercicto 8. Demostrar o refutar:
todos P (rev zs) = todos P zs

- "La demostracidon automatica es"
lemma "todos P (rev xs) = todos P xs"
by (induct xs) auto

- "La demostracidén estructurada es"
lemma "todos P (rev xs) = todos P xs"
proof (induct xs)
show "todos P (rev []1) = todos P []" by simp
next
fix a xs
assume "todos P (rev xs) = todos P xs"
thus "todos P (rev (a#xs)) = todos P (a#xs)" by auto
ged

- "La demostracidén detallada es"
lemma "todos P (rev xs) = todos P xs"
proof (induct xs)
show "todos P (rev []1) = todos P []" by simp
next
fix a xs
assume HI: "todos P (rev xs) = todos P xs"
show "todos P (rev (a#xs)) = todos P (a#xs)"
proof -
have "todos P (rev (a#xs)) = todos P ((rev xs)@[al)" by simp
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also have " = (todos P (rev xs) todos P [a])" by simp
also have " = (todos P xs todos P [al)" using HI by simp
also have " = (todos P [a] todos P xs)" by auto
also have " = (P a todos P xs)" by simp
also have " = todos P (a#xs)" by simp
finally show 7thesis
ged
ged
text {x*

Ejercicto 9. Demostrar o refutar:
algunos (z. Pz § z) zs = (algunos P zs algunos § zs)

- "Se busca un contraejemplo con nitpick"
lemma "algunos (x. P x Q x) xs = (algunos P xs algunos Q xs)"
nitpick
oops

text {*
El contraejemplo encontrado es
Vitpick found a counterexample for card ’a = 3:

Free wvariables:
P = (z. _)(a\<"bsub>1\<"esub> := True, a\< bsub>2\<"esub> := True, al< bsub>3\
@ = (z. _)(a\<"bsub>1\<"esub> := False, a\<"bsub>2\<"esub> := False, al<~ bsub>
zs = [al< bsub>3\<"esub>, al< bsub>2\< esub>]

*}

text {*

Ejercicto 10. Demostrar o refutar:
algunos P (map f zs) = algunos (P f) zs

- "La demostracidn automatica es"
lemma "algunos P (map f xs) = algunos (P o f) xs"
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by (induct xs) simp_all

- "La demostracidén estructurada es"
lemma "algunos P (map f xs) = algunos (P f) xs"
proof (induct xs)
show "algunos P (map f []) = algunos (P f£) []" by simp
next
fix a xs
assume "algunos P (map f xs) = algunos (P f) xs"
thus "algunos P (map f (a#xs)) = algunos (P f) (a#xs)" by auto
ged

- "La demostracidén detallada es"
lemma "algunos P (map f xs) = algunos (P f) xs"
proof (induct xs)
show "algunos P (map f []) = algunos (P f£) [1" by simp
next
fix a xs
assume HI: "algunos P (map f xs) = algunos (P f) xs"
show "algunos P (map f (a#xs)) = algunos (P £f) (a#xs)"
proof -
have "algunos P (map f (a#xs)) = algunos P ((f a)#(map f xs))" by simp

also have " = ((P (f a)) (algunos P (map f xs)))" by simp
also have " = (((P f) a) (algunos (P f) xs))" using HI by simp
also have " = algunos (P f) (a#xs)" by simp
finally show 7thesis .
ged
ged
text {x*

Ejercicto 11. Demostrar o refutar:
algunos P (zs @ ys) = (algunos P zs algunos P ys)

- "La demostracidén automatica es"
lemma algunos_append:

"algunos P (xs @ ys) = (algunos P xs algunos P ys)"
by (induct xs) simp_all
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- "La demostracién estructurada es"
lemma algunos_append_2:

"algunos P (xs @ ys) = (algunos P xs algunos P ys)"
proof (induct xs)

show "algunos P ([] @ ys) = (algunos P [] algunos P ys)" by simp
next

fix a xs

assume "algunos P (xs @ ys) = (algunos P xs algunos P ys)"

thus "algunos P ((a#xs) @ ys) = (algunos P (a#xs) algunos P ys)"

by auto

ged

- "La demostracidén detallada es"
lemma algunos_append_3:

"algunos P (xs @ ys) = (algunos P xs algunos P ys)"
proof (induct xs)

show "algunos P ([] @ ys) = (algunos P [] algunos P ys)" by simp
next

fix a xs

assume HI: "algunos P (xs @ ys) = (algunos P xs algunos P ys)"

show "algunos P ((a#xs) Q@ ys) = (algunos P (a#xs) algunos P ys)"

proof -
have "algunos P ((a#xs) @ ys) = algunos P (a#(xs @ ys))" by simp
also have " = ((P a) algunos P (xs @ ys))" by simp
also have " = ((P a) algunos P xs algunos P ys)" using HI by simp
also have " = (algunos P (a#xs) algunos P ys)" by simp
finally show 7thesis
ged
ged
text {*

Ejercicto 12. Demostrar o refutar:
algunos P (rev zs) = algunos P zs

- "La demostracidn automatica es"
lemma "algunos P (rev xs) = algunos P xs"
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by (induct xs) (auto simp add: algunos_append)

- "La demostracidén estructurada es"
lemma "algunos P (rev xs) = algunos P xs"
proof (induct xs)
show "algunos P (rev []) = algunos P []" by simp
next
fix a xs
assume "algunos P (rev xs) = algunos P xs"
thus "algunos P (rev (a#xs)) = algunos P (a#xs)"
by (auto simp add: algunos_append)
ged

- "La demostracidén detallada es"
lemma "algunos P (rev xs) = algunos P xs"
proof (induct xs)
show "algunos P (rev []) = algunos P []" by simp
next
fix a xs
assume HI: "algunos P (rev xs) = algunos P xs"
show "algunos P (rev (a#xs)) = algunos P (a#xs)"

proof -
have "algunos P (rev (a#xs)) = algunos P ((rev xs) @ [al)" by simp
also have " = (algunos P (rev xs) algunos P [a])"

by (simp add: algunos_append)

also have " = (algunos P xs algunos P [a])" using HI by simp
also have " = (algunos P xs P a)" by simp
also have " = (P a algunos P xs)" by auto
also have " = algunos P (a#xs)" by simp
finally show 7thesis
ged
ged
text {#

Ejercicto 13. Encontrar un término no trivial Z tal que sea cterta la
sigutente ecuacion:
algunos (z. Pz { z) zs = Z
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text {*
Solucton: La ecuacion se vertfica eligiendo como Z el término
algunos P zs algunos { zs
En efecto,
*}

lemma "algunos (x. P x Q x) xs
by (induct xs) auto

(algunos P xs algunos Q xs)"

- "De forma estructurada"
lemma "algunos (x. P x Q x) xs
proof (induct xs)

show "algunos (x. P x Q x) [1 = (algunos P [1 algunos Q [1)" by simp
next

(algunos P xs algunos Q xs)"

fix a xs

assume "algunos (x. (P x Q x)) xs
thus "algunos (x. P x Q x) (a#xs)
by auto

(algunos P xs algunos Q xs)"
(algunos P (a#xs) algunos Q (a#xs))"

ged

- "De forma detallada"
lemma "algunos (x. P x Q x) xs = (algunos P xs algunos Q xs)"
proof (induct xs)

show "algunos (x. P x Q x) [] = (algunos P [] algunos Q [1)" by simp
next

fix a xs

assume HI: "algunos (x. (P x Q x)) xs = (algunos P xs algunos Q xs)"

show "algunos (x. P x Q x) (a#xs) = (algunos P (a#xs) algunos Q (a#xs))"

proof -

have "algunos (x. P x Q x) (a#xs) =
((P a) (Q a) algunos (x. P x Q x) xs)" by simp

also have " = ((P a) (Q a) algunos P xs algunos Q xs)"
using HI by simp
also have " = (((P a) algunos P xs) ((Q a) algunos Q xs))" by auto
also have " = (algunos P (a#xs) algunos Q (a#xs))" by simp
finally show 7thesis
ged

ged



324 Capitulo 6. Razonamiento por casos y por induccién

text {x*
Ejercicto 14. Demostrar o refutar:
algunos P zs = (7 todos (z. (7t P z)) zs)

- "La demostracidon automatica es"
lemma "algunos P xs = (& todos (x. (& P x)) xs)"
by (induct xs) simp_all

- "La demostracién estructurada es"
lemma "algunos P xs = (& todos (x. (A P x)) xs)"
proof (induct xs)
show "algunos P [] = (& todos (x. (& P x)) [1)" by simp
next
fix a xs
assume "algunos P xs =
thus "algunos P (a#xs)
by auto

(i todos (x. (&8 P x)) xs)"
= (A todos (x. (A P x)) (a#xs))"

ged

- "La demostracién detallada es"
lemma "algunos P xs = (& todos (x. (& P x)) xs)"
proof (induct xs)
show "algunos P [] = (& todos (x. (A P x)) [1)" by simp
next
fix a xs
assume HI: "algunos P xs = (& todos (x. (A P x)) xs)"
show "algunos P (a#xs) = (& todos (x. (& P x)) (a#xs))"

proof -
have "algunos P (a#xs) = ((P a) algunos P xs)" by simp
also have " = ((P a) 1 todos (x. (A P x)) xs)" using HI by simp
also have " = (i (1 (P a) todos (x. (A P x)) xs))" by simp
also have " = (& todos (x. (A P x)) (a#xs))" by simp
finally show 7thesis

ged

ged

text {*
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Ejercicio 15. Definir la funcion primitiva recursiva

estaEn :: ’a ’a list bool
tal que (estaEn = zs) se wverifica st el elemento z estd en la lista
zs. Por ejemplo,

estaEn (2::nat) [3,2,4] = True
estaEn (1::nat) [3,2,4] = False
*}
fun estakEn :: "’a ’a list Dbool'" where
"estaEn x [] = False"

| "estaEn x (a#txs) = (x=a estaEn x xs)"

value "estaEn (2::mnat) [3,2,4]" -- "= True"
value "estaEn (1::mat) [3,2,4]" -- "= False"
text {*

text {#
Solucion: La relacion es
estaEn y zs = algunos (z. z=y) zs
En efecto,
*}

lemma estaEn_algunos:
"estaEn y xs = algunos (x. x=y) xs"
by (induct xs) auto

- "La demostracién estructurada es"
lemma estaEn_algunos_2:
"estaEn y xs = algunos (x. x=y) xs"
proof (induct xs)
show "estaEn y [] = algunos (x. x=y) []1" by simp
next
fix a xs
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assume "estaEn y xs = algunos (x. x=y) xs"
thus "estaEn y (a#xs) = algunos (x. x=y) (a#xs)" by auto
ged

- "La demostracién detallada es"
lemma estaEn_algunos_3:

"estaEn y xs = algunos (x. x=y) xs"
proof (induct xs)

show "estaEn y [] = algunos (x. x=y) []1" by simp
next

fix a xs

assume HI: "estaEn y xs = algunos (x. x=y) xs"

show "estaEn y (a#xs) = algunos (x. x=y) (a#xs)"

proof -
have "estaEn y (a#xs) = (y=a estaEn y xs)" by simp
also have " = (y=a algunos (x. x=y) xs)" using HI by simp
also have " = (a=y algunos (x. x=y) xs)" by auto
also have " = algunos (x. x=y) (a#xs)" by simp
finally show 7thesis
ged
ged
text {*

Ejercicto 17. Definir la funcion primitiva recursiva
sinDuplicados :: ’a list bool
tal que (sinDuplicados xs) se wverifica st la lista zs no contiene
duplicados. Por ejemplo,
sinDuplicados [1::nat,4,2] True
sinDuplicados [1::nat,4,2,4] = False

fun sinDuplicados :: '"’a list bool" where
"sinDuplicados [] = True"
| "sinDuplicados (a#xs) = (( estaEn a xs) sinDuplicados xs)"

value "sinDuplicados [1::nat,4,2]" -— "= True"
value "sinDuplicados [1::nat,4,2,4]" -- "= False"
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text {x*
Ejercicto 18. Definir la funcion primitiva recursiva
borraluplicados :: ’a list bool
tal que (borraDuplicados zs) es la lista obtenida eliminando los
elementos duplicados de la lista zs. Por ejemplo,
borraDuplicados [1::nat,2,4,2,3] = [1,4,2,3]

Nota: La funcion borraDuplicados es equivalente a la predefinida remdups.

fun borraDuplicados :: "’a list ’a list'" where
"borraDuplicados [] = [1"
| "borraDuplicados (a#xs) = (if estaEn a xs
then borraDuplicados xs
else (a#borraDuplicados xs))"

value "borraDuplicados [1::nat,2,4,2,3]" -- "= [1,4,2,3]"

text {x*
Ejercicto 19. Demostrar o refutar:
length (borraDuplicados zs) length zs

- "La demostraci6én automdtica es"
lemma length_borraDuplicados:
"length (borraDuplicados xs) length xs"
by (induct xs) simp_all

- "La demostracidén estructurada es"

lemma length_borraDuplicados_2:
"length (borraDuplicados xs) length xs"

proof (induct xs)

show "length (borraDuplicados []) length [1" by simp
next

fix a xs

assume HI: "length (borraDuplicados xs) length xs"
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thus "length (borraDuplicados (a#xs)) length (a#xs)"
proof (cases)
assume "estaEn a xs"
thus "length (borraDuplicados (a#xs)) length (a#xs)"
using HI by auto
next
assume " (i estaEn a xs)"
thus "length (borraDuplicados (a#xs)) length (a#xs)"
using HI by auto
ged
ged

- "La demostracidén detallada es"
lemma length_borraDuplicados_3:
"length (borraDuplicados xs) length xs"
proof (induct xs)
show "length (borraDuplicados []) length [1" by simp
next
fix a xs
assume HI: "length (borraDuplicados xs) length xs"
show "length (borraDuplicados (a#xs)) length (a#xs)"
proof (cases)
assume "estaEn a xs"
hence "length (borraDuplicados (at#xs)) = length (borraDuplicados xs)"
by simp
also have " Ilength xs" using HI by simp
also have " length (a#xs)" by simp
finally show 7thesis
next
assume " (i estaEn a xs)"
hence "length (borraDuplicados (a#xs)) = length (a#(borraDuplicados xs))"

by simp
also have " = 1 + length (borraDuplicados xs)" by simp
also have " 1 + length xs" using HI by simp
also have " = length (a#xs)" by simp
finally show 7thesis
ged

ged

text {*
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Ejercicio 20. Demostrar o refutar:
estakEn a (borraDuplicados zs) = estaEn a s

- "La demostracidén automatica es"
lemma estaEn_borraDuplicados:
"estaEn a (borraDuplicados xs) = estaEn a xs"
by (induct xs) auto

- "La demostracién estructurada es"
lemma estaEn_borraDuplicados_2:
"estaEn a (borraDuplicados xs) = estaEn a xs"
proof (induct xs)
show "estaEn a (borraDuplicados []) = estaEn a []" by simp
next
fix b xs
assume HI: "estaEn a (borraDuplicados xs) = estaEn a xs"
show "estaEn a (borraDuplicados (b#xs)) = estaEn a (b#xs)"
proof (rule iffI)
assume cl: "estaEn a (borraDuplicados (b#xs))"
show "estaEn a (b#xs)"
proof (cases)
assume "estaEn b xs"
thus "estaEn a (b#xs)" using cl HI by auto
next
assume "h estaEn b xs"
thus "estaEn a (b#xs)" using cl HI by auto
qed
next
assume c2: "estaEn a (b#xs)"
show "estaEn a (borraDuplicados (b#xs))"
proof (cases)
assume "a=b"
thus "estaEn a (borraDuplicados (b#xs))" using HI by auto
next
assume "ab"
thus "estaEn a (borraDuplicados (b#xs))" using ‘ab‘ c2 HI
qed

by auto
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ged
ged

- "La demostracién detallada es"
lemma estaEn_borraDuplicados_3:
"estaEn a (borraDuplicados xs) = estaEn a xs"
proof (induct xs)
show "estaEn a (borraDuplicados []) = estaEn a []" by simp
next
fix b xs
assume HI: "estaEn a (borraDuplicados xs) = estaEn a xs"
show "estaEn a (borraDuplicados (b#xs)) = estaEn a (b#xs)"
proof (rule iffI)
assume cl: "estaEn a (borraDuplicados (b#xs))"
show "estaEn a (b#xs)"
proof (cases)
assume "estaEn b xs"
hence "estaEn a (borraDuplicados xs)" using cl by simp
hence "estaEn a xs" using HI by simp
thus "estaEn a (b#xs)" by simp
next
assume "h estaEn b xs"
hence "estaEn a (b#(borraDuplicados xs))" using cl1 by simp
hence "a=b (estaEn a (borraDuplicados xs))" by simp
hence "a=b (estaEn a xs)" using HI by simp
thus "estaEn a (b#xs)" by simp
qed
next
assume c2: "estaEn a (b#xs)"
show "estaEn a (borraDuplicados (b#xs))"
proof (cases)
assume '"a=b"
thus "estaEn a (borraDuplicados (b#xs))" using HI by auto
next
assume "ab"
hence "estaEn a xs" using c2 by simp
hence "estaEn a (borraDuplicados xs)" using HI by simp
thus "estaEn a (borraDuplicados (b#xs))" using ‘ab‘ by simp
gqed
ged
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ged

text {*
Ejercicio 21. Demostrar o refutar:
sinDuplicados (borraDuplicados zs)

- "La demostracién automatica"
lemma sinDuplicados_borraDuplicados:
"sinDuplicados (borraDuplicados xs)"
by (induct xs) (auto simp add: estaEn_borraDuplicados)

- "La demostracién estructurada es"
lemma sinDuplicados_borraDuplicados_2:
"sinDuplicados (borraDuplicados xs)"
proof (induct xs)
show "sinDuplicados (borraDuplicados []1)" by simp
next
fix a xs
assume HI: "sinDuplicados (borraDuplicados xs)"
show "sinDuplicados (borraDuplicados (a#xs))"
proof (cases)
assume "estaEn a xs"
thus "sinDuplicados (borraDuplicados (a#xs))" using HI by simp
next
assume "h estaEn a xs"
thus "sinDuplicados (borraDuplicados (a#xs))"
using ‘h estaEn a xs‘ HI
by (auto simp add: estaEn_borraDuplicados)
ged
ged

- "La demostracién detallada es"
lemma sinDuplicados_borraDuplicados_3:
"sinDuplicados (borraDuplicados xs)"
proof (induct xs)
show "sinDuplicados (borraDuplicados []1)" by simp
next
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fix a xs
assume HI: "sinDuplicados (borraDuplicados xs)"
show "sinDuplicados (borraDuplicados (a#xs))"
proof (cases)
assume "estaEn a xs"
thus "sinDuplicados (borraDuplicados (a#xs))" using HI by simp
next
assume "h estaEn a xs"
hence "ii (estaEn a xs) sinDuplicados (borraDuplicados xs)"
using HI by simp
hence "i estaEn a (borraDuplicados xs)
sinDuplicados (borraDuplicados xs)"
by (simp add: estaEn_borraDuplicados)
hence "sinDuplicados (a#borraDuplicados xs)" by simp

thus "sinDuplicados (borraDuplicados (a#xs))"
(X

using ‘d estaEn a xs‘ by simp
ged
ged
text {*

Ejercicto 22. Demostrar o refutar:
borraDuplicados (rev zs) = rev (borraDuplicados zs)

- "Se busca un contraejemplo con"
lemma "borraDuplicados (rev xs) = rev (borraDuplicados xs)"
quickcheck

oops

text {*
El contraejemplo encontrado es
zs = [3, 2, 3]
En efecto,
borraDuplicados (rev zs) = borraDuplicados (rev [3,2,3])
rev (borraDuplicados zs) = rev (borraDuplicados [3,2,3])

*}

end

[2,3]
[3,2]
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6.1.2. Sustitucién, inversién y eliminacién

chapter {* T6R1b: Sustituciodn, inversion y eliminacion *}

theory T6R1b
imports Main
begin

section {* Sustitucidn, tnversion y eliminacton *}

text {*
Ejercicto 1. Definir la funcion
sust :: "’a ’a ’a list ’a list"
tal que (sust z y 2s) es la lista obtenida sustituyendo cada
occurrencia de T por y en la lista zs. Por ejemplo,
sust (1::nat) 2 [1,2,3,4,1,2,3,4]1 = [2,2,3,4,2,2,3,4]

fun sust :: "’a ’a ’a list ’a list" where
"sust x y [1 = [I"
| "sust x y (z#zs) = (if z=x then y else z)#(sust x y zs)"

value "sust (1::nat) 2 [1,2,3,4,1,2,3,4]" -- "= [2,2,3,4,2,2,3,4]"

text {x*
Ejercicio 2. Demostrar o refutar:
sust z y (zslys) = (sust z y xs)@(sust z y ys)"

- "La demostracién automatica es"
lemma sust_append:
"sust x y (xs@ys) = (sust x y xs)@(sust x y ys)"
by (induct xs) auto

- "La demostracidén estructurada es"
lemma sust_append_2:
"sust x y (xs @ ys) = (sust x y xs)@(sust x y ys)"
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proof (induct xs)
show "sust x y ([]J@ys) = (sust x y []1)@(sust x y ys)" by simp
next
fix a xs
assume HI: "sust x y (xs@ys) = (sust x y xs)@(sust x y ys)"
show "sust x y ((a#xs)Qys) = (sust x y (a#xs))@(sust x y ys)"
proof (cases)
assume "x=a"
thus "sust x y ((a#xs)Qys)
using HI by auto

(sust x y (a#xs))@(sust x y ys)"

next

leall

assume
thus "sust x y ((a#xs)Qys)

using HI by auto

(sust x y (a#xs))@(sust x y ys)"

ged
ged

- "La demostracién detallada es"
lemma sust_append_3:
"sust x y (xs @ ys) = (sust x y xs)@(sust x y ys)"
proof (induct xs)
show "sust x y ([J@ys) = (sust x y [1)@(sust x y ys)" by simp
next
fix a xs
assume HI: "sust x y (xs@ys) = (sust x y xs)@(sust x y ys)"
show "sust x y ((a#xs)Qys) = (sust x y (a#xs))@(sust x y ys)"
proof (cases)
assume "x=a"
hence "sust

M

y ((a#xs)@ys) = sust x y (a#(xs@ys))" by simp

also have " = y#(sust x y (xsQys))" using ‘x=a‘ by simp

also have " = y#((sust x y xs)@(sust x y ys))" using HI by simp
also have " = (y#(sust x y xs))@(sust x y ys)" by simp

also have " = (sust x y (a#xs))@(sust x y ys)" using ‘x=a‘ by simp

finally show "sust x y ((a#xs)Qys) = (sust x y (a#xs))@(sust x y ys)" .
next

assume "xa"

hence "sust x y ((a#xs)Qys) = sust x y (a#(xsQys))" by simp

also have " = a#(sust x y (xsQys))" using ‘xa‘ by simp
also have " = a#((sust x y xs)Q@(sust x y ys))" using HI by simp
also have " = (a#(sust x y xs))@(sust x y ys)" by simp
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also have " = (sust x y (a#xs))@(sust x y ys)" using ‘xa‘ by simp
finally show "sust x y ((a#xs)@ys) = (sust x y (a#xs))@(sust x y ys)"
ged
ged

text {x*
Ejercicto 3. Demostrar o refutar:
rev (sust ¢ y zs) = sust ¢ y (rev zs)

- "La demostracidén automatica es"
theorem rev_sust:

"rev(sust x y zs) = sust x y (rev zs)"
by (induct zs) (simp_all add: sust_append)

- "La demostracién estructurada es"
theorem rev_sust_2:

"rev (sust x y zs) = sust x y (rev zs)"
proof (induct zs)

show "rev (sust x y [1) = sust x y (rev [1)" by simp
next

fix a zs

assume HI: "rev (sust x y zs) = sust x y (rev zs)"

show "rev (sust x y (a#zs)) = sust x y (rev (a#zs))"

using HI by (auto simp add: sust_append)

ged

- "La demostracién detallada es"
theorem rev_sust_3:

"rev (sust x y zs) = sust x y (rev zs)"
proof (induct zs)

show "rev (sust x y [1) = sust x y (rev [1)" by simp
next

fix a zs

assume HI: "rev (sust x y zs) = sust x y (rev zs)"

show "rev (sust x y (a#zs)) = sust x y (rev (a#zs))"

proof -

have "rev (sust x y (a#zs)) = rev ((if x=a then y else a)#(sust x y zs))"
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by simp
also have " = (rev (sust x y zs))@[if x=a then y else al]" by simp
also have " = (sust x y (rev zs))Q@[if x=a then y else al" using HI by simp
also have " = (sust x y (rev zs))@(sust x y [al)" by simp
also have " = sust x y ((rev zs)@[a])" by (simp add: sust_append)
also have " = sust x y (rev (a#zs))" by simp
finally show "rev (sust x y (a#zs)) = sust x y (rev (a#zs))"
ged
ged
text {*

Ejercicio 4. Demostrar o refutar:
sust ¢ y (sust u v zs) = sust u v (sust ¢ y zs)

theorem "sust x y (sust u v zs) = sust u v (sust x y zs)"
quickcheck
oops

text {*
El contraejemplo encontrado es:
= -1

Q 8 ¢ &
I
[
~

zs = [-1]
Efectivamente,
sust (-1) 1 (sust (-1) 0 [(-1)])
sust (-1) 0 (sust (-1) 1 [(-1)])
*}

[oj
[1]

text {*

Ejercicio 5. Demostrar o refutar:
sust y z (sust z y zs) = sust ¢ z 2s
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theorem "sust y z (sust x y zs) = sust x z zs"

quickcheck
oops
text {x*
El contraejemplo encontrado es:
z =0
y =1
z =0
zs = [1]
En efecto,

sust 1 0 (sust 0 1 [1]) = [0]
sust 0 0 [1] = [1]
*}

text {x*
Ejercicto 6. Definir la funcion
borra :: "’a ’a list ’a list"
tal que (borra z ys) es la lista obtenida borrando la primera
ocurrencia del elemento = en la lista ys. Por ejemplo,
borra (2::nat) [1,2,3,2] = [1,3,2]

Nota: La funcion borra es equivalente a la predefinida removel.

fun borra :: "’a ’a list ’a list" where
"borra x [1 = [1"
| "borra x (y#ys) = (if x=y then ys else (y#(borra x ys)))"

value "borra (2::nat) [1,2,3,2]" -- "= [1,3,2]"

text {#
Ejercicto 7. Definir la funcion
borralodas :: "’a ’a list ’a list”
tal que (borraTodas z ys) es la lista obtenida borrando todas las
ocurrencias del elemento z en la lista ys. Por ejemplo,
borraTodas (2::mat) [1,2,3,2] = [1,3]
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fun borraTodas :: "’a ’a list ’a list'" where
"borraTodas x [] = []1"
| "borraTodas x (y#ys) =
(if x=y
then (borraTodas x ys)
else (y#(borraTodas x ys)))"

value "borraTodas (2::nat) [1,2,3,2]" -- "= [1,3]"

text {*
Ejercicio 8. Demostrar o refutar:
borra z (borraTodas = zs) = borralodas = zs

- "La demostracidén automitica es"
theorem "borra x (borraTodas x xs) = borraTodas x xs"
by (induct xs arbitrary: x) simp_all

- "La demostracién estructurada es"
theorem "borra x (borraTodas x xs) = borraTodas x xs"
proof (induct xs arbitrary: x)
fix x
show "borra x (borraTodas x []) = borraTodas x []1" by simp
next
fix ax :: "’b" and xs :: "’b list"
assume HI: "x. borra x (borraTodas x xs) = borraTodas x xs"
show "borra x (borraTodas x (a#txs)) = borraTodas x (a#xs)"
proof (cases)
assume "x=a"
hence "borra x (borraTodas x (a#xs)) = borra x (borraTodas x xs)" by simp
also have " = borraTodas x xs" using HI by simp
also have " = borraTodas x (a#xs)" using ‘x=a‘ by simp
finally show "borra x (borraTodas x (a#xs)) = borraTodas x (a#xs)"
next
assume "xa"
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hence "borra x (borraTodas x (a#xs)) = borra x (a#(borraTodas x xs))"

by simp
also have " = a#(borra x (borraTodas x xs))" using ‘xa‘ by simp
also have " = a#(borraTodas x xs)" using HI by simp
also have " = borraTodas x (a#xs)" using ‘xa‘ by simp
finally show "borra x (borraTodas x (a#xs)) = borraTodas x (a#xs)"
qed
ged
text {x*

Ejercicto 9. Demostrar o refutar:
borraTodas = (borraTodas = zs) = borralTodas T s

- "La demostracidon automatica es"
theorem "borraTodas x (borraTodas x xs)
by (induct xs arbitrary: x) simp_all

borraTodas x xs"

- "La demostracién estructurada es"
borraTodas x xs"

theorem "borraTodas x (borraTodas x xs)
proof (induct xs arbitrary: x)
fix x
show "borraTodas x (borraTodas x []) = borraTodas x []" by simp
next
fix ax :: "’b" and xs :: "’b list"
assume HI: "x. borraTodas x (borraTodas x xs) = borraTodas x xs"
show "borraTodas x (borraTodas x (a#xs)) = borraTodas x (attxs)"
proof (cases)
assume '"x=a"
hence "borraTodas x (borraTodas x (a#xs)) = borraTodas x (borraTodas x xs)"

by simp
also have " = borraTodas x xs" using HI by simp
also have " = borraTodas x (a#xs)" using ‘x=a‘ by simp

finally show "borraTodas x (borraTodas x (a#xs)) = borraTodas x (a#xs)"
next

llxall

assume
hence "borraTodas x (borraTodas x (at#txs)) =

borraTodas x (a#(borraTodas x xs))" by simp
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also have " = a#(borraTodas x (borraTodas x xs))" using ‘xa‘ by simp
also have " = a#(borraTodas x xs)" using HI by simp
also have " = borraTodas x (a#xs)" using ‘xa‘ by simp
finally show "borraTodas x (borraTodas x (a#xs)) = borraTodas x (a#xs)"
ged
ged
text {*

Ejercicio 10. Demostrar o refutar:
borraTodas = (borra =z zs) = borralodas = zs

- "La demostracidén automitica es"
theorem "borraTodas x (borra x xs) = borraTodas x xs"
by (induct xs) simp_all

- "La demostracidn estructurada es"
theorem borraTodas_borra:
"borraTodas x (borra x xs) = borraTodas x xs"
proof (induct xs)
show "borraTodas x (borra x []) = borraTodas x []" by simp
next
fix a :: "’a" and xs :: "’a list"
assume HI: "borraTodas x (borra x xs) = borraTodas x xs"
show "borraTodas x (borra x (a#txs)) = borraTodas x (a#xs)"
proof (cases)
assume '"x=a"
hence "borraTodas x (borra x (a#xs)) = borraTodas x xs" by simp
also have " = borraTodas x (a#xs)" using ‘x=a‘ by simp
finally show "borraTodas x (borra x (a#xs)) = borraTodas x (a#xs)"

next
1"

assume "xa"

hence "borraTodas x (borra x (a#xs)) = borraTodas x (a# (borra x xs))"
by simp

also have " = a#(borraTodas x (borra x xs))" using ‘xa‘ by simp

also have " = a#(borraTodas x xs)" using HI by simp

also have " = borraTodas x (a#xs)" using ‘xa‘ by simp

finally show "borraTodas x (borra x (a#xs)) = borraTodas x (a#xs)"
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ged
ged

text {#
Ejercicio 11. Demostrar o refutar:
borra = (borra y zs) = borra y (borra z zs)

- "La demostracién automatica es"
theorem "borra x (borra y xs) = borra y (borra x xs)"
by (induct xs) simp_all

- "La demostracién estructurada es"
theorem "borra x (borra y xs) = borra y (borra x xs)"
proof (induct xs)

show "borra x (borra y []) = borra y (borra x []1)" by simp
next

fix a xs

borra y (borra x xs)"
borra y (borra x (a # xs))"

assume HI: "borra x (borra y xs)
show "borra x (borra y (a # xs))
proof (cases)

assume "x=y"

thus "borra x (borra y (a # xs))
next

borra y (borra x (a # xs))" by simp

assume "

xy"
show "borra x (borra y (a # xs))
proof (cases)
assume "y=a"
hence "xa" using ‘xy‘ by simp
have "borra x (borra y (a # xs)) = borra x xs" using ‘y=a‘ by simp

borra y (borra x (a # xs))"

also have " = borra y (a # (borra x xs))" using ‘y=a‘ by simp

also have " = borra y (borra x (a # xs))" using ‘xa‘ by simp

finally show "borra x (borra y (a # xs)) = borra y (borra x (a # xs))"
next

assume "ya"
show "borra x (borra y (a # xs)) = borra y (borra x (a # xs))"
proof (cases)
assume "x=a"



342 Capitulo 6. Razonamiento por casos y por induccién

have "borra x (borra y (a # xs)) = borra x (a#(borra y xs))"
using ‘ya‘ by simp

also have " = borra y xs" using ‘x=a‘ by simp

also have " = borra y (borra x (a#xs))" using ‘x=a‘ by simp

finally show "borra x (borra y (a#xs)) = borra y (borra x (a#xs))"
next

assume "xa"

have "borra x (borra y (a # xs)) = borra x (a#(borra y xs))"
using ‘ya‘ by simp

also have " = a#(borra x (borra y xs))" using ‘xa‘ by simp

also have " = a#(borra y (borra x xs))" using HI by simp

also have " = borra y (a#(borra x xs))" using ‘ya‘ by simp

also have " = borra y (borra x (a#xs))" using ‘xa‘ by simp
finally show "borra x (borra y (a#xs)) = borra y (borra x (a#xs))"

ged
ged
ged

ged

- "La demostracién puede simplificarse como se muestra a continuacidn"
theorem "borra x (borra y xs) = borra y (borra x xs)"
proof (induct xs)

show "borra x (borra y []) = borra y (borra x []1)" by simp
next

fix a xs

assume HI: "borra x (borra y xs) = borra y (borra x xs)"

show "borra x (borra y (a # xs)) = borra y (borra x (a # xs))"
proof (cases)
assume "y=a" thus 7thesis by simp

next
assume "ya'" thus 7thesis
proof (cases)
assume "x=a'" thus 7thesis by simp
next
assume "xa'" thus 7thesis

proof -
have "borra x (borra y (a#xs)) = a#(borra x (borra y xs))"
using ‘xa‘ ‘ya‘ by simp
also have " = a#(borra y (borra x xs))" using HI by simp

also have " = borra y (borra x (a#xs))"
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using ‘xa‘ ‘ya‘ by simp
finally show "borra x (borra y (a # xs)) = borra y (borra x (a # xs))".
ged
gqed
ged
ged

text {*
Ejercicio 12. Demostrar o refutar el teorema:
borraTodas = (borra y zs) = borra y (borraTodas z zs)

- "La demostracién automatica es"
theorem "borraTodas x (borra y xs) = borra y (borraTodas x xs)"
by (induct xs) (auto simp add: borraTodas_borra)

- "La demostracién estructurada es"
theorem "borraTodas x (borra y xs) = borra y (borraTodas x xs)"
proof (induct xs)
show "borraTodas x (borra y []) = borra y (borraTodas x [])" by simp
next
fix a xs
assume HI: "borraTodas x (borra y xs) = borra y (borraTodas x xs)"
show "borraTodas x (borra y (a#xs)) = borra y (borraTodas x (a#xs))"
proof (cases)
assume "x=y"
show "borraTodas x (borra y (a#xs)) = borra y (borraTodas x (a#xs))"
proof (cases)
assume "y=a"
hence "borraTodas x (borra y (a # xs)) = borraTodas x xs" by simp

also have " = borraTodas x (borra x xs)"
by (rule borraTodas_borral[symmetricl)
also have " = borraTodas x (borra y xs)" using ‘x=y‘ by simp
also have " = borra y (borraTodas x xs)" using HI by simp
also have " = borra y (borraTodas x (a#xs))" using ‘x=y‘ ‘y=a‘ by simp

finally show 7thesis
next
assume "ya"
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hence "borraTodas x (borra y (a # xs)) = a#(borraTodas x (borra y xs))"
using ‘x=y‘ by simp

also have " = a#borra y (borraTodas x xs)" using HI by simp
also have " = borra y (borraTodas x (a # xs))" using ‘x=y‘ ‘ya‘ by simp
finally show 7thesis
ged
next
assume "xy"

show "borraTodas x (borra y (a # xs)) = borra y (borraTodas x (a # xs))"
proof (cases)
assume "x=a"
hence "borraTodas x (borra y (a#xs)) = borraTodas x (a#(borra y xs))"
using ‘xy‘ by simp

also have " = borraTodas x (borra y xs)" using ‘x=a‘ by simp
also have " = borra y (borraTodas x xs)" using HI by simp
also have " = borra y (borraTodas x (a#xs))" using ‘x=a‘ by simp
finally show 7thesis

next
assume "x a"

show "borraTodas x (borra y (a # xs)) = borra y (borraTodas x (a # xs))"
proof (cases)

assume "y = a"

hence "borraTodas x (borra y (a#xs)) = borraTodas x xs" by simp

also have " = borra y (a#(borraTodas x xs))" using ‘xa‘ ‘y=a‘ by simp
also have " = borra y (borraTodas x (a#xs))" using ‘xa‘ by simp
finally show 7thesis .

next

assume "y a"

hence "borraTodas x (borra y (a#xs)) = (a#(borraTodas x (borra y xs)))"
using ‘xa‘ ‘ya‘ by simp

also have " = (a#borra y (borraTodas x xs))" using HI by simp

also have " = borra y (borraTodas x (a#xs))" using ‘xa‘ ‘ya‘ by simp
finally show 7thesis .
ged
qed
ged

ged

text {*
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Ejercicio 13. Demostrar o refutar:
borra y (sust z y zs) = borra = zs

theorem "borra y (sust x y xs) = borra x xs"
quickcheck
oops

text {x*
El contraejemplo encontrado es
Tz = 1
zs = [0]
y =0
En efecto,
borra y (sust =z y zs) = borra 0 (sust 1 0 [0]) = []
borra  zs = borra 1 [0] = [0]
*}

text {*

Ejercicto 14. Demostrar o refutar:
borraTodas y (sust ¢ y xs) = borraTodas z zs"

theorem "borraTodas y (sust x y xs) = borraTodas x xs"
quickcheck

oops
text {x*
El contraejemplo encontrado es
Tz = -1
zs = [1]
y =1
En efecto,

borraTodas y (sust z y zs) = borraTodas 1 (sust -1 1 [1]) = []

borraTodas = zs = borralodas -1 [1] = [1]

*}
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text {x*
Ejercicto 15. Demostrar o refutar:
sust ¢ y (borraTodas = 2zs) = borraTodas = zs

- "La demostracién automatica es"
theorem "sust x y (borraTodas x zs) = borraTodas x zs"
by (induct zs) auto

- "La demostracién estructurada es"
theorem sust_borraTodas:
"sust x y (borraTodas x zs) = borraTodas x zs"
proof (induct zs)
show "sust x y (borraTodas x []) = borraTodas x []" by simp
next
fix z zs
assume HI: "sust x y (borraTodas x zs) = borraTodas x zs"
show "sust x y (borraTodas x (z#zs)) = borraTodas x (z#zs)"
proof (cases)
assume "x=z"
hence "sust x y (borraTodas x (z#zs)) = sust x y (borraTodas x zs)" by simp

also have " = borraTodas x zs" using HI by simp
also have " = borraTodas x (z#zs)" using ‘x=z‘ by simp
finally show 7thesis
next
assume "xz"
hence "sust x y (borraTodas x (z#zs)) = sust x y (z#(borraTodas x zs))"
by simp
also have " = z#(sust x y (borraTodas x zs))" using ‘xz‘ by simp
also have " = z#(borraTodas x zs)" using HI by simp
also have " = borraTodas x (z#zs)" using ‘xz‘ by simp
finally show 7thesis
ged
ged
text {*

Ejercicio 16. Demostrar o refutar:
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sust z y (borraTodas z zs) = borraTodas z (sust z y zs)

theorem "sust x y (borraTodas z zs) = borraTodas z (sust x y zs)"

quickcheck
oops
text {#
El contraejemplo encontrado es
z =20
y = 1
z =20
zs = [0]
En efecto,

sust z y (borraTodas z zs)
borraTodas z (sust x y zs)

*}

text {*

sust 0 1 (borraTodas 0 [0])
borraTodas 0 (sust 0 1 [0])

[]
[1]

Ejercicto 17. Demostrar o refutar:
rev (borra = zs) = borra x (rev xs)

theorem "rev (borra x xs) = borra x (rev xs)"
quickcheck
oops

text {x*
El contraejemplo encontrado es
T = -4
zs = [-4, 0, -4]
En efecto,
rev (borra = zs) = rev (borra -4 [-4,0,-41)
borra = (rev zs) = borra -4 (rev [-4,0,-4])

*}

text {*

['4: 0]
[0,-4]1
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Ejercicio 18. Demostrar o refutar el teorema:
borraTodas = (zs@ys) = (borraTodas z zs)@(borraTodas = ys)

- "La demostracidén automatica es"
lemma "borraTodas x (xs@ys) = (borraTodas x xs)@(borraTodas x ys)"
by (induct xs arbitrary: x) simp_all

- "La demostracién estructurada es"
lemma borraTodas_append:
"borraTodas x (xs@ys) = (borraTodas x xs)@(borraTodas x ys)"
proof (induct xs arbitrary: x)

show "x. borraTodas x ([]Q@ys) = (borraTodas x [])@(borraTodas x ys)" by simp

next
fix a x xs
assume HI: "x. borraTodas x (xsQys) = (borraTodas x xs)@(borraTodas x ys)"
show "borraTodas x ((a#xs)@ys) = (borraTodas x (a#xs))@(borraTodas x ys)"
proof (cases)
assume "x=a"
hence "borraTodas x ((a#xs)Qys) = borraTodas x (xsQys)" by simp

also have " = (borraTodas x xs)@(borraTodas x ys)" using HI by simp
also have " = (borraTodas x (a#xs))@(borraTodas x ys)" using ‘x=a‘ by simp
finally show 7thesis
next
assume "xa"
hence "borraTodas x ((a#xs)Qys) = a#(borraTodas x (xs@ys))" by simp
also have " = a#((borraTodas x xs)@(borraTodas x ys))" using HI by simp
also have " = (borraTodas x (a#xs))@(borraTodas x ys)" using ‘xa‘ by simp
finally show 7thesis
ged
ged
text {*

Ejercicto 19. Demostrar o refutar el teorema:
rev (borraTodas = xs) = borralodas z (rev xs)
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- "La demostracidén automitica es"
theorem "rev (borraTodas x xs) = borraTodas x (rev xs)"
by (induct xs) (auto simp add: borraTodas_append)

- "La demostracidén estructurada es"
theorem "rev (borraTodas x xs) = borraTodas x (rev xs)"
proof (induct xs)
show "rev (borraTodas x []) = borraTodas x (rev [1)" by simp
next
fix a xs
assume HI: "rev (borraTodas x xs8) = borraTodas x (rev xs)"
show "rev (borraTodas x (at#txs)) = borraTodas x (rev (attxs))"
proof (cases)
assume '"x=a"
hence "rev (borraTodas x (a#xs)) = rev (borraTodas x xs)" by simp

also have " = borraTodas x (rev xs)" using HI by simp

also have " = (borraTodas x (rev xs))@(borraTodas x [a])"
using ‘x=a‘ by simp

also have " = borraTodas x ((rev xs)@[a])"
by (simp add: borraTodas_append)

also have " = borraTodas x (rev (a#xs))" by simp

finally show 7thesis

next

assume "xa"
hence "rev (borraTodas x (a#xs)) = rev (a#(borraTodas x xs))" by simp

also have " = (rev (borraTodas x xs))@[al" by simp

also have " = (borraTodas x (rev xs))@[al" using HI by simp

also have " = (borraTodas x (rev xs))@(borraTodas x [a])"
using ‘xa‘ by simp

also have " = borraTodas x ((rev xs)@[a])"
by (simp add: borraTodas_append)

also have " = borraTodas x (rev (a#xs))" by simp

finally show 7thesis

ged
ged

end
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6.1.3. Menor posicién valida

chapter {* T6Ri1c: Menor posicidon vdalida *}

theory T6R1c
imports Main
begin

section {* Menor posicion valida *}

text {*
Ejercicto 1. Definir la funcion
menorValida :: "(’a bool) ’a list mnat”
tal que (menorValida p xzs) es el indice del primer elemento de una
lista zs que satisface el predicado p y es la longitud de zs s
ningun elemento satisface el predicado p. Por ejemplo,
menorValida (z. 4<z) [1::nat, 3, 5, 3, 1] =2
menorValida (xz. 6<z) [1::nat, 3, 5, 3, 1] =5
menorValida (z. 1<length z) [[], [1, 2], [3]] = 1

fun menorValida :: "(’a bool) ’a list nat'" where
"menorValida P [] = Q"
| "menorValida P (x#xs) (if P x then 0 else 1+(menorValida P xs))"

value "menorValida (x. 4<x) [1l::nat, 3, 5, 3, 11" - "= 2"
value "menorValida (x. 6<x) [1l::nat, 3, 5, 3, 11" -- "= B
value "menorValida (x. 1<length x) [[l, [1, 2], [3::nat]l]l" -- "= 1"
text {*

Ejercicto 2. Demostrar que menorValida devuelve la longitud de la
lista syss ningun elemento satisface el predicado dado.

- "La demostracién automatica es"
lemma "(menorValida P xs = length xs) = list_all ( x. (& P x)) xs"
by (induct xs) auto
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- "La demostracién estructurada es"
lemma menorValida_es_length:
"(menorValida P xs = length xs) = list_all ( x. & P x) xs"
proof (induct xs)
show "(menorValida P [] = length []1) = list_all ( x. & P x) [1"
by simp
next
fix a xs
assume HI: "(menorValida P xs = length xs) = list_all ( x. & P x) xs"
show "(menorValida P (a#xs) = length (a#xs)) = list_all ( x. & P x) (a#xs)"
proof (cases)
assume "P a"
thus "(menorValida P (a#xs) = length (a#xs)) =
list_all (x. & P x) (a#xs)" by simp
next
assume "A(P a)"
hence "(menorValida P (a#xs)
(1 + menorValida P xs

length (a#xs)) =
1 + length xs)" by simp

also have " = (menorValida P xs = length xs)" by simp
also have " = list_all (x. #a(P x)) xs" using HI by simp
also have " = list_all (x. #(P x)) (a#xs)" using ‘4(P a)‘ by simp
finally show 7thesis .
ged
ged
text {*

Ejercicio 3. Demostrar si n es el valor de (menorValida P zs),
entonces ninguno de los primeros n elementos de la lista zs verifica
la propiedad P.

- "La demostracidén automitica es"
lemma "list_all (x. & P x) (take (menorValida P xs) xs)"
by (induct xs) auto

- "La demostracidon estructurada es"
lemma "list_all (x. & P x) (take (menorValida P xs) xs)"
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proof (induct xs)
show "list_all (x. f P x) (take (menorValida P []) [1)" by simp
next
fix a xs
assume HI: "list_all (x. & P x) (take (menorValida P xs) xs)"
show "list_all (x. f P x) (take (menorValida P (a#xs)) (a#xs))"
proof (cases)
assume "P a"
hence "menorValida P (a#xs) = 0" by simp
hence "take (menorValida P (a#xs)) (a#xs) = []1" by simp
thus "list_all (x. # P x) (take (menorValida P (a#xs)) (a#xs))"
by simp
next
assume "H(P a)"
hence "menorValida P (a#xs) = 1 + menorValida P xs" by simp
hence "take (menorValida P (a#xs)) (a#xs) =
a#(take (menorValida P xs) xs)" by simp
thus "list_all (x. & P x) (take (menorValida P (at#txs)) (a#txs))"
using HI ‘4(P a)‘ by simp
ged
ged

text {*
Ejercicto 4. £Como se puede relacionar
"menorValida (z. Pz § z) zs"
con
"menorValida P zs" y "menorValida { zs"?
£Se puede decir algo parecido con la conjuncion de P y {°?
Prueba tus conjeturas.

text {#
La relacion es la siguiente: La menor posicion de los elementos que
verifican la proptedad "P {" es el minimo de la menor posicion de
los elementos que verifican P y de la menor posicion de los elementos
que verifican §.

*}
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- "La demostracidén automatica es"
lemma menorValida_diyuncion_auto:
"menorValida (x. P x Q x) xs =
min (menorValida P xs) (menorValida Q xs)"
by (induct xs) auto

- "La demostracidén estructurada es"
lemma menorValida_diyuncion:
"menorValida ( x. Px Q x) xs =
min (menorValida P xs) (menorValida Q xs)"
proof (induct xs)
show "menorValida ( x. P x Q x) [ =
min (menorValida P []) (menorValida Q [1)" by simp
next
fix a xs
assume HI: "menorValida ( x. P x Q x) xs =
min (menorValida P xs) (menorValida Q xs)"
show "menorValida ( x. P x Q x) (at#txs) =
min (menorValida P (a#xs)) (menorValida Q (a#xs))"
proof (cases)
assume "P a"
hence "menorValida ( x. P x Q x) (a#xs) = 0" by simp
also have " = min 0 (menorValida Q (a#xs))" by simp
also have " = min (menorValida P (a#xs)) (menorValida Q (a#xs))"
using ‘P a‘ by simp
finally show 7thesis
next
assume " P a"
show "menorValida ( x. P x Q x) (a#fixs) =
min (menorValida P (a#xs)) (menorValida Q (a#xs))"
proof (cases)
assume "Q a"
hence "menorValida ( x. P x Q x) (a#xs) = 0" by simp
also have " = min (menorValida P (a#xs)) 0" by simp

also have " = min (menorValida P (a#xs)) (menorValida Q (a#xs))"

using ‘Q a‘ by simp
finally show 7thesis
next
assume '"n Q a"
hence "menorValida ( x. P x Q x) (a#xs) =
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1 + (menorValida ( x. P x Q x) xs)" using ‘4P a‘ by simp

also have " = 1+min (menorValida P xs) (menorValida Q xs)"
using HI by simp
also have " = min (menorValida P (at#txs)) (menorValida Q (a#xs))"

using ‘4 P a‘ ‘4 Q a‘ by simp
finally show 7thesis
qed
ged
ged

text {*
La menor posicion de los elementos que verifican la propiedad "P ("
es mayor o igual que el mdzximo de la menor posicion de los elementos
que verifican P y de la menor posicion de los elementos que verifican (.

*}

- "La demostracidén automatica es"
lemma menorValida_conjuncion_auto:
"max (menorValida P xs) (menorValida Q xs) menorValida ( x. P x Q x) xs"
by (induct xs) auto

- "La demostracidén estructurada es"
lemma menorValida_conjuncion:
"max (menorValida P xs) (menorValida Q xs) menorValida ( x. P x Q x) xs"
proof (induct xs)
show "max (menorValida P []) (menorValida Q [])
menorValida ( x. P x Q x) []1" by simp
next
fix a xs
assume HI: "max (menorValida P xs) (menorValida Q xs)
menorValida ( x. P x Q x) xs"
show "max (menorValida P (a#xs)) (menorValida Q (a#xs))
menorValida ( x. P x Q x) (a#xs)"
proof (cases)
assume "P a"
show "max (menorValida P (a#xs)) (menorValida Q (a#xs))
menorValida ( x. P x Q x) (a#txs)"
proof -
have "menorValida P (a#xs) = 0" using ‘P a‘ by simp
hence f1: "max (menorValida P (a#xs)) (menorValida Q (a#xs)) =
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menorValida Q (a#xs)" by simp

have "menorValida Q (a#xs) menorValida ( x. P x Q x) (at#txs)"
proof (cases)

assume "Q a"

hence "menorValida Q (a#xs) = 0" by simp

also have " menorValida ( x. P x Q x) (a#xs)" by simp

finally show "menorValida Q (a#xs)

menorValida ( x. P x Q x) (a#xs)"

next

assume "n Q a"

hence "menorValida Q (a#xs) = 1+(menorValida Q xs)" by simp

also have " 1+(max (menorValida P xs) (menorValida Q xs))" by simp
also have " 1+(menorValida ( x. P x Q x) xs)" using HI by simp
also have " = menorValida ( x. P x Q x) (a#xs)"

using ‘4 Q a‘ by simp
finally show "menorValida Q (a#xs)
menorValida ( x. P x Q x) (at#txs)"
ged
thus "max (menorValida P (a#xs)) (menorValida Q (a#xs))
menorValida ( x. P x Q x) (a#xs)" using f1 by simp
ged
next
assume " P a"
show "max (menorValida P (a#xs)) (menorValida Q (a#xs))
menorValida ( x. P x Q x) (a#xs)"
proof (cases)
assume "Q a"
hence "menorValida Q (a#xs) = 0" by simp
hence "max (menorValida P (a#xs)) (menorValida Q (a#xs)) =
menorValida P (a#xs)" by simp

also have " = 1+(menorValida P xs)" using ‘4 P a‘ by simp

also have " 1+(max (menorValida P xs) (menorValida Q xs))" by simp
also have " 1+(menorValida ( x. P x Q x) xs)" using HI by simp
also have " = menorValida ( x. P x Q x) (a#txs)"

using ‘4 P a‘ by simp
finally show "max (menorValida P (a#xs)) (menorValida Q (a#xs))
menorValida ( x. P x Q x) (attxs)"
next
assume '"n Q a"
hence "max (menorValida P (a#xs)) (menorValida Q (a#xs)) =
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max (1+(menorValida P xs)) (1+(menorValida Q xs))"
using ‘4 P a‘ by simp

also have " = 1+(max (menorValida P xs) (menorValida Q xs))" by simp
also have " 1+(menorValida ( x. P x Q x) xs)" using HI by simp
also have " = menorValida ( x. P x Q x) (a#xs)"

using ‘4 P a‘ by simp
finally show "max (menorValida P (a#xs)) (menorValida Q (a#xs))
menorValida ( x. P x Q x) (a#xs)"
gqed
ged
ged

text {*
La destgualdad complementaria no es wvdlida.

*}

lemma

"menorValida ( x. P x Q x) xs max (menorValida P xs) (menorValida Q xs)"
quickcheck
oops

text {*
El contraejemplo encontrado es
P = {a\< dsub>1}
g = {a\<"tsub>2}
s = [a\<"2sub>1, al\<"isub>2]

*}

text {x*
Ejercicto 5. St P implica {, £qué relacion puede deducirse entre
"menorValida P xzs" y "menorValida § zs"?

text {#
Se deduce que
"menorValida § zs menorValida P zs".

*}
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- "La demostracidén automatica es"
lemma menorValida_si_implica_auto:
"(x. Px Q x) menorValida Q xs menorValida P xs"
by (induct xs) auto

- "La demostracidén estructurada es"
lemma menorValida_si_implica:
assumes "(x. P x Q x)"
shows "menorValida Q xs menorValida P xs"
proof (induct xs)
show "menorValida Q [] menorValida P [1" by simp
next
fix a xs
assume HI: "menorValida Q xs menorValida P xs"
show "menorValida Q (a#xs) menorValida P (a#xs)"
proof (cases)
assume "Q a"
hence "menorValida Q (a#xs) = 0" by simp

also have " menorValida P (a#xs)" by simp
finally show 7thesis
next

assume "n Q a"

hence "n P a" using assms by blast

have "menorValida Q (a#xs) = 1+(menorValida Q xs)"
using ‘4 Q a‘ by simp

also have " 1+(menorValida P xs)" using HI by simp
also have " = menorValida P (a#xs)" using ‘4 P a‘ by simp
finally show 7thesis
ged
ged
end

6.1.4. Numero de elementos validos
chapter {* T6R1d: Numero de elementos vdlidos *}
theory T6R1d

imports Main
begin
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section {* Nimero de elementos wdlidos *}

text {*
Ejercicto 1. Definir la funcion
cuentaP :: "(’a bool) ’a list mnat"
tal que (cuentaP § zs) es el numero de elementos de la lista =S que
satisfacen el predicado . Por ejemplo,
cuentaP (z. 2<z) [1,3,4,0,5] = 3

fun cuentaP :: "(’a bool) ’a list mnat'" where
"cuentaP Q [] o"
| "cuentaP Q (x#xs) (if Q x then (1 + cuentaP Q xs) else cuentaP Q xs)"

value "cuentaP (x. 2<x) [1::nat,3,4,0,5]" -- "= 3"

text {#
Ejercicio 2. Demostrar o refutar:
cuentaP P (zs @ ys) = cuentaP P zs + cuentaP P ys*

- "La demostracién automatica es"
lemma cuentaP_append_auto:
"cuentaP P (xs @ ys) = cuentaP P xs + cuentaP P ys"
by (induct xs) auto

- "La demostracién estructurada es"
lemma cuentaP_append:
"cuentaP P (xs @ ys) = cuentaP P xs + cuentaP P ys"
proof (induct xs)
show "cuentaP P ([] @ ys) = cuentaP P [] + cuentaP P ys" by simp
next
fix a xs
assume HI: "cuentaP P (xs Q@ ys) = cuentaP P xs + cuentaP P ys"
show '"cuentaP P ((a#xs) @ ys) = cuentaP P (a#xs) + cuentaP P ys"
proof (cases)
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assume "P a'"

hence "cuentaP P ((a#xs) Q@ ys) 1 + cuentaP P (xs @ ys)" by simp

also have " = 1 + cuentaP P xs + cuentaP P ys" using HI by simp
also have " = cuentaP P (a#xs) + cuentaP P ys" using ‘P a‘ by simp
finally show 7thesis

next

assume "h P a"
hence "cuentaP P ((a#xs) @ ys) = cuentaP P (xs @ ys)" by simp

also have " = cuentaP P xs + cuentaP P ys" using HI by simp
also have " = cuentaP P (a#xs) + cuentaP P ys" using ‘4 P a‘ by simp
finally show 7thesis
ged
ged
text {x*

Ejercicto 3. Demostrar que el numero de elementos de una lista que
cumplen una determinada propiedad es el mismo que el de esa lista
wnvertida.

- "La demostracidén automatica es"
lemma cuentaP_rev_auto:
"cuentaP P xs = cuentaP P (rev xs)"
by (induct xs) (simp_all add: cuentaP_append)

- "La demostracidn estructurada es"
lemma cuentaP_rev:

"cuentaP P xs = cuentaP P (rev xs)"
proof (induct xs)

show "cuentaP P [] = cuentaP P (rev [1)" by simp
next

fix a xs

assume HI: "cuentaP P xs = cuentaP P (rev xs)"

show "cuentaP P (a#xs) = cuentaP P (rev (a#xs))"

proof -
have '"cuentaP P (a#xs) = cuentaP P xs + cuentaP P [a]" by simp
also have " = cuentaP P (rev xs) + cuentaP P [a]" using HI by simp

also have " = cuentaP P ((rev xs) @ [al)" by (simp add: cuentaP_append)
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also have " = cuentaP P (rev (a#xs))" by simp
finally show 7thesis
ged
ged
text {x*

Ejercicto 4. Encontrar y demostrar una relacion entre las funciones
filter y cuentaP.

text {*
Solucion: La relacion existente es
length (filter P zs) = cuentaP P zs

*}

- "La demostracidén automdtica es"
lemma length_filter:
"length (filter P xs) = cuentaP P xs"
by (induct xs) simp_all

- "La demostracidén estructurada es"
lemma length_filter_2:
"length (filter P xs) = cuentaP P xs"
proof (induct xs)
show "length (filter P []) = cuentaP P []" by simp
next
fix a xs
assume HI: "length (filter P xs) = cuentaP P xs"
show "length (filter P (a#xs)) = cuentaP P (a#xs)"
proof (cases)
assume "P a"
hence "length (filter P (a#xs)) = length (a#(filter P xs))" by simp

also have " =1 + length (filter P xs)" by simp
also have " = 1 + cuentaP P xs" using HI by simp
also have " = cuentaP P (a#xs)" using ‘P a‘ by simp

finally show 7thesis
next
assume "n P a"
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hence "length (filter P (a#xs)) = length (filter P xs)" by simp

also have " = cuentaP P xs" using HI by simp
also have " = cuentaP P (a#xs)" using ‘4 P a‘ by simp
finally show 7thesis
ged
ged
end

6.1.5. Contador de occurrencias

chapter {* T6Rle: Contador de occurrencias *}

theory T6R1e
imports Main
begin

section {* Contador de ocurrencias *}

text {#*
Ejercicto 1. Definir la funcion
veces :: "’a ’a list mnat”
tal que (veces z ys) es el numero de occurrencias del elemento = en la
lista ys. Por ejemplo,
veces (2::mat) [2,1,2,5,2] = 3

fun veces :: "’a ’a list nat" where
"veces x [] = 0"
| "veces x (y#xs) = (if x=y then (1+(veces x xs)) else (veces x xs))"

value "veces (2::nat) [2,1,2,5,2]" -- "= 3"

text {*

Ejercicio 2. Demostrar o refutar:
veces a (zs @ ys) = veces a TS + veces a ys
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*}

- "La demostracién automatica es"
lemma veces_append [simp]:
"veces a (xs @ ys) = veces a xs + veces a ys"
by (induct xs) auto

- "La demostracién estructurada es"
lemma veces_append_2:
"veces a (xs @ ys) = veces a xs + veces a ys"
proof (induct xs)
show "veces a ([] @ ys) = veces a [] + veces a ys" by simp
next
fix b xs
assume HI: "veces a (xs @ ys) = veces a xs + veces a ys"
show "veces a ((b#xs) Q@ ys) = veces a (b#xs) + veces a ys"
proof (cases "a=b")
assume "a=b"
have "veces a ((b#xs) Q@ ys) = veces a (b#(xsQys))" by simp

also have " =1 + veces a (xsQys)" using ‘a=b‘ by simp
also have " = 1 + veces a xs8 + veces a ys" using HI by simp
also have " = veces a (b#xs) + veces a ys" using ‘a=b‘ by simp
finally show 7thesis

next

assume "ab"
have "veces a ((b#xs) @ ys) = veces a (b#(xs@ys))" by simp

also have " = veces a (xs@ys)" using ‘ab‘ by simp
also have " = veces a xs + veces a ys" using HI by simp
also have " = veces a (b#xs) + veces a ys" using ‘ab‘ by simp
finally show 7thesis
ged
ged
text {*

Ejercicio 3. Demostrar o refutar:
veces a s = veces a (rev zs)
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- "La demostracidén automatica es"
lemma veces_rev:
"veces a xs = veces a (rev xs)"
by (induct xs) auto

- "La demostracidén estructurada es"
lemma veces_rev_2:
"veces a xs = veces a (rev xs)"
proof (induct xs)
show "veces a [] = veces a (rev [])" by simp
next
fix b xs
assume HI: "veces a xs = veces a (rev xs)"
show "veces a (b#xs) = veces a (rev (b#xs))"
proof -
have "veces a (b#xs) = veces a [b] + veces a xs" by simp

also have " = veces a (rev xs) + veces a [b]" using HI by simp
also have " = veces a ((rev xs) @ [b]l)" by simp
also have " = veces a (rev (b#xs))" by simp
finally show 7thesis
ged
ged
text {x*

Ejercicio 4. Demostrar o refutar:
"veces a zs length xzs".

- "La demostracién automatica es"
lemma veces_le_length_auto:
"veces a xs length xs"
by (induct xs) auto

- "La demostracién estructurada es"
lemma veces_le_length:
"veces a xs length xs"
proof (induct xs)
show "veces a [] 1length []" by simp
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next
fix b xs
assume HI: "veces a xs length xs"
show "veces a (b#xs) length (b#xs)"
proof -
have "veces a (b#xs) 1 + veces a xs" by simp
also have " 1 + length xs" using HI by simp
also have " = length (b#xs)" by simp
finally show 7thesis
ged
ged

text {*

Ejercicto 5. Sabiendo que la funcion map aplica una funcion a todos
los elementos de una lista:

map f [z\<"isub>1,,z\<"isub>n] = [f z\<“isub>1,,f z\<isub>n],
demostrar o refutar

veces a (map f zs) = veces (f a) zs

- "La busqueda de un contraejemplo con quickcheck es"
lemma veces_map:
"veces a (map f xs) = veces (f a) xs"
quickcheck
oops

text {#
El contraejemplo encontrado es

a = a\<"tsub>2
f = (. _)(a\<"isub>1 := al<"isub>1, al<"tsub>2 := a\<"isub>1)
zs = [a\<isub>1]
En efecto,
veces a (map f zs) = veces a\<"isub>2 (map f [a\<"tsub>1]) = weces a\<"isub>2 [a
veces (f al<~isub>2) [a\<"isub>1] = weces (f a\<~tsub>2) [a\<"isub>1] = wec
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Ejercicto 6. La funcion

filter :: "(’a bool) ’a list ’a list”
estd definida por
filter P [] =[]

filter P (z # zs) (if Pz then = # filter P zs else filter P zs)
Encontrar una exzpresion e que no contenga filter tal que se verifique
la stguiente propredad:

veces a (ftlter P zs) = e

text {*
Solucion: "La expresion es
(¢f (P a) then veces a zs else 0)
como se prueba a continuacion.

*}

- "La demostracidén automatica es"
lemma veces_filter:

"veces a (filter P xs) = (if (P a) then veces a xs else 0)"
by (induct xs) auto

- "La demostracidén estructurada es"
lemma veces_filter_2:
"veces a (filter P xs) = (if (P a) then veces a xs else 0)"
proof (induct xs)
show "veces a (filter P []) = (if (P a) then veces a [] else 0)" by simp
next
fix b xs
assume HI: "veces a (filter P xs) = (if (P a) then veces a xs else 0)"
show "veces a (filter P (b#xs)) = (if (P a) then veces a (bi#xs) else 0)"
proof (cases)
assume "P b"
hence "veces a (filter P (b#xs)) = veces a (b#(filter P xs))" by simp

also have " = veces a ([b]J@(filter P xs))" by simp

also have " = (veces a [b]) + (veces a (filter P xs))" by simp

also have " = (veces a [b]) + (if (P a) then veces a xs else 0)"
using HI by simp

also have " = (if (P a) then ((veces a [b])+(veces a xs)) else 0)"

using ‘P b by simp
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also have " = (if (P a) then (veces a ([b]l@xs)) else 0)" by simp
also have " = (if (P a) then (veces a (b#xs)) else 0)" by simp
finally show 7thesis

next

assume "h P b"
hence "veces a (filter P (b#xs)) = veces a (filter P xs)" by simp
also have " = (if (P a) then veces a xs else 0)" using HI by simp
also have " = (if (P a) then (veces a (b#xs)) else 0)"
using ‘4 P b‘ by simp
finally show 7thesis
ged
ged

text {*

Ejercicto 7. Usando wveces, definir la funcion

borralups :: "’a list bool"
tal que (borraDups zs) es la lista obtenida eliminando los elementos

duplicados de la lista zs. Por ejemplo,
borraDups [1::nat,2,4,2,3] = [1,4,2,3]

Nota: La funcion borralups es equivalente a la predefintda rTemdups.

fun borraDups :: '"’a list ‘’a list'" where

"borraDups [] = []"
| "borraDups (x#xs) = (if 0<(veces x xs) then (borraDups xs)
else (x#borraDups xs))"

value "borraDups [1::nat,2,4,2,3]" -- "= [1,4,2,3]"

text {*

Ejercicto 8. Encontrar una expresion e que no contenga la funcion

borralups tal que se wverifique
veces = (borraDups xzs) = e
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text {*
Solucion: La expresion es
(if 0<(veces z zs) then 1 else 0)
comp se prueba a continuacion.

*}

- "La demostracidén automatica es"
lemma veces_borraDups:
"veces x (borraDups xs) = (if O<veces x xs then 1 else 0)"
by (induct xs) auto

- "La demostracién estructurada es"
lemma veces_borraDups_2:
"veces x (borraDups xs) = (if 0<(veces x xs) then 1 else 0)"
proof (induct xs)
show "veces x (borraDups []) = (if (O<veces x []) then 1 else 0)" by simp
next
fix a xs
assume HI: "veces x (borraDups xs) = (if (0O<veces x xs) then 1 else 0)"
show "veces x (borraDups (a#xs)) = (if (O<veces x (a#xs)) then 1 else 0)"
proof (cases)
assume cl: "O<(veces a xs)"
hence "veces x (borraDups (a#xs)) = veces x (borraDups xs)" by simp

also have " = (if (O<veces x xs) then 1 else 0)" using HI by simp
also have " = (if (O<veces x (a#xs)) then 1 else 0)" using cl by simp
finally show 7thesis

next

assume c2: "h 0<(veces a xs)"
hence "veces x (borraDups (a#xs)) = veces x (a#(borraDups xs))" by simp

also have " = (veces x [a]) + (veces x (borraDups xs))'" by simp
also have " = (veces x [a]l) + (if (O<veces x xs) then 1 else 0)"
using HI by simp
also have " = (if (O<veces x (a#xs)) then 1 else 0)" using c2 by simp
finally show 7thesis
ged
ged
text {*

Ejercicto 9. Usando la funcion "veces', definir la funcion
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distintos :: "’a list bool"
tal que (distintos zs) se verifica si cada elemento de zs aparece tan
solo una vez. Por ejemplo,

distintos [1,4,3]

nn distintos [1,4,1]

Nota: La funcion "distintos" es equivalente a la predefinida "distinct'.

fun distintos :: "’a list bool" where
"distintos [] = True"
| "distintos (x#xs) = ((veces x xs = 0) distintos xs)"

value "distintos [1::nat,4,3]" -- "= True"

value "H distintos [1::nat,4,1]" -- "= True"

fun distintos’ :: "’a list Dbool'" where
"distintos’ [] = True"

| "distintos’ (x#xs) = (& (elem x xs) distintos’ xs)"

value "distintos’ [1::nat,4,3]" -- "= True"
value "A distintos’ [1::nat,4,1]" -- "= True"
text {#

- "La demostracién automatica es"
lemma distintos_borraDups:
"distintos (borraDups xs)"
by (induct xs) (auto simp add: veces_borraDups)

- "La demostracién estructurada es"
lemma distintos_borraDups_2:
"distintos (borraDups xs)"
proof (induct xs)
show "distintos (borraDups [])" by simp
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next
fix a xs
assume HI: "distintos (borraDups xs)"
show "distintos (borraDups (a#xs))"
proof (cases)
assume "O<veces a xs"
hence "distintos (borraDups (a#xs)) = distintos (borraDups xs)" by simp
thus 7thesis using HI by simp
next
assume "H O<veces a xs"
hence "veces a (borraDups xs) = 0" by (simp add:veces_borraDups)
hence "(veces a (borraDups xs) = 0) (distintos (borraDups xs))"
using HI by simp
hence "distintos (a#borraDups xs)" using ‘A O<veces a xs‘ by simp
thus "distintos (borraDups (a#xs))" using ‘i O<veces a xs‘ by simp
ged
ged

end

6.1.6. Suma y aplanamiento de listas

chapter {* T6R1f: Suma y aplanamiento de listas *}

theory T6R1f
imports Main T6R1_1-Cons_inverso_y_cuantificadores_sobre_listas
begin

section {* Suma y aplanamiento de listas *}

text {*
Ejercicto 1. Definir la funcion
suma :: "nat list mnat"
tal que (suma zs) es la suma de los elementos de la lista de numeros
naturales zs. Por ejemplo,
suma [3::nat,2,4] = 9

fun suma :: '"nat list nat" where
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"suma [] = 0"

| "suma (x#xs) X + suma xs"

value "suma [3::nat,2,4]" -- "= 9"

text {x*
Ejercicto 2. Definir la funcion
aplana :: "’a list list ’a list”
tal que (aplana zss) es la obtenida concatenando los mtembros de la

lista de listas "zss'". Por ejemplo,
aplana [[2,3], [4,5], [7,91] = [2,3,4,5,7,9]

fun aplana :: "’a list list ’a list" where
"aplana [] = [
| "aplana (x#xs) = x @ aplana xs"

value "aplana [[2::nat,3], [4,5], [7,91]" -- "= [2,3,4,5,7,9]"

text {*
Ejercicto 3. Demostrar o refutar
length (aplana zs) = suma (map length zs)

- "La demostracidén automdtica es"
lemma length_aplana:
"length (aplana xs) = suma (map length xs)"
by (induct xs) auto

- "La demostracién estructurada es"
lemma length_aplana_2:
"length (aplana xs) = suma (map length xs)"
proof (induct xs)
show "length (aplana []) = suma (map length [])" by simp
next
fix a xs



6.1. Ejercicios de induccién sobre listas 371

assume HI: "length (aplana xs) = suma (map length xs)"
show "length (aplana (a#xs)) = suma (map length (a#xs))"
proof -

have "length (aplana (a#xs)) = length (a @ (aplana xs))" by simp

also have " = length a + length (aplana xs)" by simp
also have " = length a + suma (map length xs)" using HI by simp
also have " = suma (map length (a#xs))" by simp
finally show 7thesis
ged
ged
text {*

Ejercicto 4. Demostrar o refutar
suma (zs @ ys) = suma TS + suma Ys

- "La demostracidén automdtica es:"
lemma suma_append:

"suma (xs @ ys) = suma xs + suma ys"
by (induct xs) auto

- "La demostracién estructurada es"
lemma suma_append_2:
"suma (xs @ ys) = suma xs + suma ys"
proof (induct xs)
show "suma ([] @ ys) = suma [] + suma ys" by simp
next
fix a xs
assume HI: "suma (xs @ ys) = suma xs + suma ys"
show "suma ((a#xs) @ ys) = suma (a#xs) + suma ys"

proof -
have "suma ((a#xs) @ ys) = suma (a#(xsQys))" by simp
also have " = a + suma (xsQys)" by simp
also have " = a + suma xs + suma ys" using HI by simp
also have " = suma (a#xs) + suma ys" by simp
finally show 7thesis

ged

ged
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text {*
Ejercicto 5. Demostrar o refutar
aplana (zs @ ys) = (aplana zs) @ (aplana ys)

- "La demostracién automatica es"
lemma aplana_append:
"aplana (xs @ ys) = (aplana xs) @ (aplana ys)"
by (induct xs) auto

- "La demostracién estructurada es"
lemma aplana_append_2:
"aplana (xs @ ys) = (aplana xs) @ (aplana ys)"
proof (induct xs)
show "aplana ([] @ ys) = (aplana []) @ (aplana ys)" by simp
next
fix a xs
assume HI: "aplana (xs @ ys) = (aplana xs) @ (aplana ys)"
show "aplana ((a#xs) @ ys) = (aplana (a#xs)) @ (aplana ys)"

proof -
have "aplana ((a#xs) @ ys) = aplana (a#(xsQys))" by simp
also have " = a @ (aplana (xs@ys))" by simp
also have " = a @ aplana xs @ aplana ys" using HI by simp
also have " = aplana (a#xs) @ aplana ys" by simp
finally show 7thesis
ged
ged
text {*

Ejercicto 6. Demostrar o refutar
aplana (map rev (rev zs)) = rev (aplana zs)

- "La demostracidn automatica es"
lemma aplana_map_rev_rev:
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"aplana (map rev (rev xs)) = rev (aplana xs)"
by (induct xs) (auto simp add: aplana_append)

- "La demostracién estructurada es"
lemma aplana_map_rev_rev_2:

"aplana (map rev (rev xs)) = rev (aplana xs)"
proof (induct xs)

show "aplana (map rev (rev [])) = rev (aplana []1)" by simp
next

fix a xs

assume HI: "aplana (map rev (rev xs)) = rev (aplana xs)"

show "aplana (map rev (rev (a#xs))) = rev (aplana (a#xs))"

proof -
have "aplana (map rev (rev (a#xs))) = aplana (map rev ((rev xs)@[al))"
by simp
also have " = aplana ((map rev (rev xs))@(map rev [a]))" by simp
also have " = (aplana (map rev (rev xs)))@(aplana (map rev [al))"
by (simp add: aplana_append)
also have " = (rev (aplana xs))@(aplana (map rev [al))" using HI by simp
also have " = (rev (aplana xs))@(rev (aplana [a]))" by simp
also have " = rev ((aplana [a])@(aplana xs))" by simp
also have " = rev (aplana (a#xs))" by simp
finally show 7thesis
ged
ged
text {*

Ejercicto 7. Demostrar o refutar
aplana (rev (map rev zs)) = rev (aplana zs)

- "La demostracién automatica es"
lemma aplana_rev_map_rev:
"aplana (rev (map rev xs)) = rev (aplana xs)"
by (induct xs) (auto simp add: aplana_append)

text {*
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Ejercicio 8. Demostrar o refutar
list_all (list_all P) zs = list_all P (aplana zs)

- "La demostracidén automatica es"
lemma list_all_list_all:

"list_all (list_all P) xs = list_all P (aplana xs)"
by (induct xs) auto

- "La demostracién estructurada es"
lemma list_all_list_all_2:

"list_all (list_all P) xs = list_all P (aplana xs)"
proof (induct xs)

show "list_all (list_all P) [] = list_all P (aplana []1)" by simp
next

fix a xs

assume HI: "list_all (list_all P) xs = list_all P (aplana xs)"

show "list_all (1list_all P) (a#xs) = list_all P (aplana (a#xs))"

proof -

have "list_all (list_all P) (a#xs) =
((list_all P a) (list_all (list_all P) xs))" by simp

also have " = ((list_all P a) (list_all P (aplana xs)))"
using HI by simp
also have " = list_all P (a@(aplana xs))" by simp
also have " = list_all P (aplana (a#xs))'" by simp
finally show 7thesis
ged
ged
text {x*

Ejercicto 9. Demostrar o refutar
aplana (rev zs) = aplana zs

- "La busqueda de un contraejemplo con QuickCheck es"
lemma aplana_rev:
"aplana (rev xs) = aplana xs"
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quickcheck

oops

text {*

El contraejemplo encontrado es
zs = [[a\<~isub>1], [a\<"isub>2]]

*}

text {*

Ejercicio 10. Demostrar o refutar
suma (rev xs)

= suma s

- "La demostracidén automitica es"
lemma suma_rev:

"suma (rev xs)

suma xs'"

by (induct xs) (auto simp add: suma_append)

- "La demostracién estructurada es"
lemma suma_rev_2:

"suma (rev xs)

proof (induct xs)
show "suma (rev []) = suma []" by simp

next
fix a xs
assume HI:

suma xs'"

"suma (rev xs) = suma xs"

show "suma (rev (a#xs)) = suma (a#xs)"

proof -
have
also
also
also
also

"suma (rev (a#xs)) = suma ((rev xs)@[a]l)" by simp

have
have
have
have

(suma (rev xs)) + (suma [al)" by (simp add:

(suma xs) + (suma [a])" using HI by simp
a + (suma xs)" by simp
suma (a#xs)" by simp

finally show 7thesis

ged
ged

text {*

suma_append)
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Ejercicio 11. Buscar un predicado P para que se verifique la siguiente
proptedad
list_all P zs length zs suma TS

text {*
Solucion: El predicado es "(xz. 1 z)", como se demuestra a
continuacion

*}

- "La demostracién automatica es"
lemma "list_all (x. 1 x) xs length xs suma xs"
by (induct xs) auto

- "La demostracidén estructurada es"
lemma "list_all (x. 1 x) xs length xs suma xs"
proof (induct xs)
show "list_all (x. 1 x) [1 1length [1 suma []" by simp
next
fix a xs
assume HI: "list_all (x. 1 x) xs length xs suma xs"
show "list_all (x. 1 x) (a#xs) 1length (a#xs) suma (a#xs)"
proof
assume cl: "list_all (x. 1 x) (a#xs)"
hence c2: "1 a" by simp
have ¢3: "list_all (x. 1 x) xs" using cl by simp
have "length (a#xs) a + (length xs)" using c2 by simp

also have " a + (suma xs)" using HI c¢3 by simp
also have " = suma (a#xs)" by simp
finally show "length (a#xs) suma (a#xs)"
ged
ged
text {x*

Ejercicto 12. Demostrar o refutar
algunos (algunos P) zs = algunos P (aplana zs)
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*}

- "La demostraci6én automdtica es"
lemma algunos_algunos:
"algunos (algunos P) xs = algunos P (aplana xs)"
by (induct xs) (auto simp add: algunos_append)

- "La demostracidén estructurada es"
lemma algunos_algunos_2:

"algunos (algunos P) xs = algunos P (aplana xs)"
proof (induct xs)

show "algunos (algunos P) [l = algunos P (aplana [])" by simp
next

fix a xs

assume HI: "algunos (algunos P) xs = algunos P (aplana xs)"

show "algunos (algunos P) (a#xs) = algunos P (aplana (a#xs))"

proof -

have "algunos (algunos P) (a#xs) =
((algunos P a) (algunos (algunos P) xs))" by simp

also have " = ((algunos P a) (algunos P (aplana xs)))" using HI by simp
also have " = algunos P (a @ (aplana xs))" by (simp add: algunos_append)
also have " = algunos P (aplana (a#xs))" by simp
finally show 7thesis
ged
ged
text {*

Ejercicto 13. Redefinir, usando la funcion list_all, la funcion
algunos. Llamar la nueva funcion algunos2 y demostrar que es
equivalente a algunos.

fun algunos2 :: "(’a bool) (’a list bool)" where
"algunos2 P xs = (A list_all (x. & P x) xs)"

- "La demostracién automatica es"
lemma algunos2_algunos:
"algunos2 P xs = algunos P xs"
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by (induct xs) auto

- "La demostracidén estructurada es"
lemma algunos2_algunos_2:

"algunos2 P xs = algunos P xs"
proof (induct xs)

show "algunos2 P [] = algunos P []1" by simp
next

fix a xs

assume HI: "algunos2 P xs = algunos P xs"

show "algunos2 P (a#xs) = algunos P (a#xs)"

proof -
have "algunos2 P (a#xs) = (& list_all (x. & P x) (a#xs))"
by simp
also have " = (& ((@ P a) (list_all (x. & P x) xs)))" by simp
also have " = ((P a) & (list_all (x. 4 P x) xs))" by simp
also have " = ((P a) (algunos2 P xs))" by simp
also have " = ((P a) (algunos P xs))" using HI by simp
also have " = algunos P (a#xs)" by simp
finally show 7thesis
ged
ged
end

6.1.7. Conjuntos mediante listas

chapter {* T6R1g: Conjuntos mediante listas *}

theory T6R1g
imports Main
begin

text {*
Los conjuntos finitos se pueden representar mediante listas. En esta
relacion se define la union y se demostran algunas de sus
propiedades. Analogamente se puede hacer con la interseccion y
diferencia. *}

text {*
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Ejercicto 1. Definir la funcion
union_1 "a list ’a list ’a list”

tal que (union_l zs ys) es la union de las listas zs e ys. Por

ejemplo,
union_1l [1,2] [2,3] = [1,2,3]

fun union_1 "’ list ’a list ’a list" where

"union_1 [] ys = ys"

| "union_1 (x#xs) ys = (if x set ys
then (union_1 xs ys)

else x#(union_1 xs ys))"

value "union_1 [1::mnat,2] [2,3]" -- "= [1,2,3]"

text {*

Ejercicto 2. Demostrar o refutar
set (unton_l zs ys) = set zs set ys

lemma set_union_1l: "set (union_1 xs ys) = set xs set ys"

by (induct "xs") auto

text {*

Ejercicto 3. Demostrar que si TS e ys no ttenen elementos repetidos,

entonces (union_l zs ys) tampoco los tiene.

Indicacion: Usar la funcion "distintc” de la teoria List.thy

lemma [rule_format]:
"distinct xs distinct ys
by (induct "xs") (auto simp add: set_union_1)

(distinct (union_1 xs ys))"

section {* Cuantificacidon sobre conjuntos *}
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text {*

Ejercicto 4. Definir un conjunto S para que se wverifique que
(zd. Pz) (z B. Pz) (zS. P z)

text {* S = A4 B *}
lemma "(xA. P x) (x B. P x) (xAB. P x)"
by auto

text {*

Ejercicio 5. Definir una propiedad P para que se verifique que
zd. P (fz) yf ‘4 Qy

text {* § = P *}
lemma "xA. Q (f x) yf ‘A. Q y"
by auto

end

6.1.8. Suma de listas y recursién final

chapter {* T6R1h: Suma de listas y recursion final *}

theory T6R1h
imports Main
begin

text {*
Ejercicto 1. Definir la funcion
suma :: "mat list nat
tal que (suma zs) es la suma de los elementos de xs. Por ejemplo,
suma [2,3,5] = 10
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fun suma :: "nat list nat'" where
"suma [] = Q"
| "suma (x#xs) = x + suma xs"

value "suma [2,3,5]" -- "= 10"

text {*

Ejercicto 2. Demostrar que la suma de la concatenacion de dos listas
es la suma de las sumas de cada lista.

lemma suma_append [simp]:
"suma (xs @ ys) = suma xs + suma ys"
by (induct xs) auto

text {*

Ejercicto 3. Demostrar que la suma de los m primeros numeros naturales
es nx(nt1)/2; es decar,

0+1+2+3+ ... +n=nx(n+t1)/2
Indicacion: Usar la notacion [0..<n+1] para la lista de los n primeros
numeros naturales.

lemma "2 * suma [0..<n+1] =n *x (n + 1)"
by (induct n) auto

text {*

Ejercticto 4. Demostrar que la suma de la lista formada por n copias
del niumero a es mxa.

Indicacion: Usar la expresion (replicate n a) para la lista formada
por n copias del numero a
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lemma "suma (replicate n a) = n * a"
by (induct n) auto

text {*
Ejercicto 5. Definir, mediante recursion final, la funcion
sumaF :: "nat list mnat
tal que (sumaF zs) es la suma de los elementos de zs. Por ejemplo,
sumaF [2,3,5] = 10

fun sumaFAux :: "nat list nat nat" where
"sumaFAux [] n=n"

| "sumaFAux (x#xs) n sumaFAux xs (x + n)"

definition sumaF :: "nat list nat" where
"sumaF xs sumaFAux xs 0"

value "sumaF [2,3,5]" -- "= 10"

text {*
Ejercicto 6. Demostrar que las funciones suma y sumaF son
equivalentes.

lemma sumaFAux_add:
"sumaFAux xs (a+b) = a + sumaFAux xs b"
by (induct xs arbitrary: a b) auto

lemma [simp]: "sumaF [] = 0"
by (auto simp add: sumaF_def)

lemma [simp]: "sumaF (x#xs) = x + sumaF xs"
by (auto simp add: sumaF_def sumaFAux_add[THEN sym])

- "Una demostraciodon estructurada del lema anterior es"
lemma '"sumaF (x#xs) = x + sumaF xs"
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proof -
have "sumaF (x#xs) = sumaFAux (x#xs) 0" by (simp add: sumaF_def)
also have "... = sumaFAux xs (x + 0)" by simp
also have "... = x + sumaFAux xs 0"

using sumaFAux_add[THEN sym] by simp
also have "... = x + sumaF xs" by (simp add: sumaF_def)
finally show 7thesis
ged

theorem "sumaF xs = suma xs"
by (induct xs) auto

end

6.1.9. Intercalacién de listas

chapter {* T6R1%i: Intercalacidon de listas *}
theory T6R11

imports Main

begin

text {*

Ejercicto 1. Definir la funcion

wntercala :: "’a list “’a list ’a list”
tal que (intercala zs ys) es la lista obtenida intercalando los
elementos de zs e ys. Por ejemplo,

value "intercala [a,b] [u,v]" -- "= [a, u, b, v]"
value "intercala [a,b] [u,v,z,y,2z]" -- "= [a, u, b, v, z, y, 2]"
value "intercala [a,b,c,d,e] [u,v]" -- "= [a, u, b, v, c, d, e]"
*}
fun intercala :: '"’a list ’a list ’a list" where

"intercala [] ys = ys"
| "intercala xs [] = xs"
| "intercala (x#xs) (y#ys) = x # y # intercala xs ys"

value "intercala [a,b] [u,v]" -- "= [a, u, b, v]"
value "intercala [a,b] [u,v,x,y,z]" -- "= [a, u, b, v, x, y, z]"
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value "intercala [a,b,c,d,e] [u,v]" -- "= [a, u, b, v, ¢, d, el"

text {*

Ejercicto 2. Demostrar la propiedad distridbutiva de la intercalacion
sobre la concatenacion.

lemma

assumes "length p = length u"
"length q = length v"
shows "intercala (p@q) (u@v) = intercala p u @ intercala q v"

using assms
by (induct p arbitrary: q u v) (simp, case_tac u, auto)

- "Demostracidén estructurada del lema anterior"
lemma
assumes "length p

length u"
"length q = length v"
shows "intercala (p@q) (u@v) = intercala p u @ intercala q v"

using assms
proof (induct p arbitrary: q u v)
fix qu v :: "a list"
assume "length [] = length u" and "length q = length v"
thus "intercala ([]@q) (u@v) = intercala [] u @ intercala q v"
by auto
next
fix a::"’a" and pqu v :: "’a list"
assume
"qg u v. length p = length u; length q = length v
intercala (p @ q) (u @ v) = intercala p u @ intercala q v"
"length (a # p) = length u"
"length q = length v"
thus "intercala ((a#p)@q) (u@v) = intercala (a#p) u @ intercala q v"
by (case_tac u, auto)
ged

end
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6.1.10. Ordenacidn de listas por insercién

chapter {* T6R1j: Ordenacidn de listas por insercion *}

theory T6R1j_Ordenacion_de_listas_por_insercion
imports Main
begin

text {*
En esta relacion de ejercicios se define el algoritmo de ordenacion de
listas por insercion y se demuestra que es correcto.

*}

text {*
Ejercicto 1. Definir la funcion
wnserta :: nat mnat list mnat list
tal que (inserta a zs) es la lista obtenida insertando a delante del
primer elemento de s que es mayor o iqual que a. Por ejemplo,
inserta 3 [2,5,1,7] = [2,3,5,1,7]

fun inserta :: "mat nat list nat list" where
"inserta a [] [a]"
| "inserta a (x#xs) (if a x then attx#txs else x # inserta a xs)"

value "inserta 3 [2,5,1,7]" -- "

[2,3,5,1,7]"

text {*
Ejercicio 2. Definir la funcion
ordena :: nat list mnat list
tal que (ordena zs) es la lista obtenida ordenando xS por insercion.
Por ejemplo,

fun ordena :: "nat list mnat list" where
"ordena [] = [
| "ordena (x#xs) = inserta x (ordena xs)"
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value "ordena [3,2,5,3]" -- "[2,3,3,5]"

text {*
Ejercicio 3. Definir la funcion
menor :: mat mnat list bool
tal que (menor a zs) se wverifica st a es menor o igual que todos los
elementos de zs.Por ejemplo,
menor 2 [3,2,5] = True
menor 2 [3,0,5] = False

fun menor :: '"mat mnat list bool" where
"menor a []

True"

| "menor a (x#xs) (a x menor a xs)"
value "menor 2 [3,2,5]" -- "= True"
value "menor 2 [3,0,5]" -- "= False"

text {x*
Ejercicto 4. Definir la funcion
ordenada :: nat list bool
tal que (ordenada zs) se wverifica st zs es una lista ordenada de
manera creciente. Por ejemplo,
ordenada [2,3,3,5] = True
ordenada [2,4,3,5] = False

fun ordenada :: "nat list bool" where
"ordenada []
| "ordenada (x#xs)

True"
(menor x xs & ordenada xs)"

value "ordenada [2,3,3,5]" -- '"= True"
value "ordenada [2,4,3,5]" -- "= False"

text {*

Ejercicto 5. Demostrar que si y es una cota inferior de zs y ¢ v,
entonces = es una cota inferior de zs.
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- "La demostracién automatica es"
lemma menor_menor:

assumes "x y"

shows "menor y xs menor x xs'"
using assms
by (induct xs) auto

- "La demostracién estructurada es"
lemma menor_menor_2:
assumes "x y"
shows "menor y xs menor x xs"
proof (induct xs)
show "menor y [] menor x []" by simp
next
fix z zs
assume HI: "menor y zs menor x zs"
show "menor y (z # zs) menor x (z # zs)"
proof
assume sup: "menor y (z # zs)"
show '"menor x (z # zs)"
proof (simp only: menor.simps(2))
show "x =z menor x zs"
proof
have "x y" using assms

also have "y z"

using sup by simp
finally show "x z'" by simp
next
have "menor y zs" using sup by simp
with HI show "menor x zs" by simp
ged
gqed
ged
ged

text {*

Ejercicto 6. Demostrar el siguiente teorema de correccion: T es una
cota inferior de la lista obtenida insertando Yy en 2s Syss ¢ y Yy T
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es una cota inferior de zs.

- "La demostracidén automdtica es"
lemma menor_inserta:
"menor x (inserta y zs) = (x y menor x zs)"
by (induct zs) auto

- "La demostracién estructurada es"
lemma menor_inserta_2:
"menor x (inserta y zs) = (x y menor x zs)"
proof (induct zs)
show "menor x (inserta y []) = (x y menor x [1)" by simp
next
fix z zs
assume HI: "menor x (inserta y zs) = (x y menor x zs)"
show "menor x (inserta y (z#zs)) = (x y menor x (z#zs))"

proof (cases "y z")

assume "y z
hence "menor x (inserta y (z#zs)) = menor x (y#z#zs)" by simp
also have "... = (x y menor x (z#zs))" by simp

finally show 7thesis by simp
next
assume "h(y z)"
hence "menor x (inserta y (z#zs)) =
menor x (z # inserta y zs)" by simp

also have "... = (x z menor x (inserta y zs))" by simp
also have "... = (x z x y menor x zs)" using HI by simp
also have "... = (x y menor x (z#zs))" by auto
finally show 7thesis by simp
ged
ged
text {*

Ejercicio 6. Demostrar que al insertar un elemento la lista obtenida
estd ordenada syss lo estaba la original.

- "La demostracidén automitica es"
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lemma ordenada_inserta:
"ordenada (inserta a xs) = ordenada xs"
by (induct xs) (auto simp add: menor_menor menor_inserta)

- "La demostracidén estructurada es"

lemma ordenada_inserta_2:
"ordenada (inserta a xs) = ordenada xs"

proof (induct xs)

show "ordenada (inserta a []) = ordenada []" by simp
next

fix x xs8

assume HI: "ordenada (inserta a xs) = ordenada xs"

show "ordenada (inserta a (x # xs)) ordenada (x # xs)"

proof (cases "a x")

assume "a x"
hence "ordenada (inserta a (x # xs)) =
ordenada (a # x # xs)" by simp
also have "... = (menor a (x#xs) ordenada (x # xs))" by simp
also have "... = ordenada (x # xs)"
using ‘a x¢ by (auto simp add: menor_menor)
finally show "ordenada (inserta a (x # xs)) = ordenada (x # xs)"
by simp
next
assume "h(a x)"
hence "ordenada (inserta a (x # xs)) =
ordenada (x # inserta a xs)" by simp

also have "... = (menor x (inserta a xs) ordenada (inserta a xs))"
by simp

also have "... = (menor x (inserta a xs) ordenada xs)"
using HI by simp

also have "... = (menor x xs ordenada xs)"
using ‘d(a x)¢ by (simp add: menor_inserta)

also have "... = ordenada (x # xs)" by simp

finally show "ordenada (inserta a (x # xs)) = ordenada (x # xs)"
by simp

ged

ged

text {*
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Ejercicio 7. Demostrar que, para toda lista zs, (ordena zs) estd
ordenada.

- "La demostracidén automatica es"
theorem ordenada_ordena:
"ordenada (ordena xs)"
by (induct xs) (auto simp add: ordenada_inserta)

- "La demostracidén estructurada es"

theorem ordenada_ordena_2:
"ordenada (ordena xs)"

proof (induct xs)

show "ordenada (ordena [])" by simp
next

fix x xs8

assume "ordenada (ordena xs)"

hence "ordenada (inserta x (ordena xs))"

by (simp add: ordenada_inserta)

thus "ordenada (ordena (x # xs))" by simp

ged

text {*
Nota. El teorema anterior no garantiza que ordena sea correcta, ya que
puede que (ordena zs) mo tenga los mismos elementos que zs. Por
ejemplo, si se define (ordena zs) como [] se tiene gque (ordena zs)
estd ordenada pero no es una ordenacion de zs. Para ello, definimos la
funcion cuenta.

Ejercicto 8. Definir la funcion

cuenta :: nat list => nat => nat
tal que (cuenta zs y) es el nimero de veces que aparece el elemento y
en la lista zs. Por ejemplo,

cuenta [1,3,4,3,5] 3 = 2
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fun cuenta :: "nat list => nat => nat" where
"cuenta [] y = 0"
| "cuenta (x#xs) y = (if x=y then Suc(cuenta xs y) else cuenta xs y)"

value "cuenta [1,3,4,3,5] 3" -- "= 2"

text {*
Ejercicto 9. Demostrar que el niumero de veces que aparece Yy en
(tnserta = zs) es
* uno mas el nimero de veces que aparece en TS, ST Y = T,
* el numero de veces que aparece en TS, S1 Y T;

- "La demostracién automatica es"
lemma cuenta_inserta:
"cuenta (inserta x xs) y =
(if x=y then Suc (cuenta xs y) else cuenta xs y)"
by (induct xs) auto

- "La demostracién estructurada es"
lemma cuenta_inserta_2:
"cuenta (inserta x xs) y =
(if x=y then Suc (cuenta xs y) else cuenta xs y)"
(is "?P x y xs")
proof (induct xs)
show "?P x y []" by simp
next
fix a xs
assume "7P x y xs"
thus "7P x y (a#xs)" by auto
ged

text {*

Ejercicto 10. Demostrar que el numero de veces que aparece Yy en
(ordena zs) es el numero de veces que aparece en IS.

- "La demostracidén automitica es"
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theorem cuenta_ordena:

"cuenta (ordena xs) y = cuenta xs y"
by (induct xs) (auto simp add: cuenta_inserta)

- "La demostracién estructurada es"

theorem cuenta_ordena_2:

"cuenta (ordena xs) y = cuenta xs y"

proof (induct xs)

show "cuenta (ordena []) y = cuenta [] y" by simp

next
fix x xs

assume HI: "cuenta (ordena xs) y = cuenta xs y"

show "cuenta (ordena (x # xs)) y

proof (cases "x = y")
assume "x = y"

cuenta (x # xs) y"

have "cuenta (ordena (x # xs)) y = cuenta (inserta x (ordena xs)) y"

by simp

also have "... = Suc (cuenta (ordena xs) y)"
using ‘x = y¢ by (simp add: cuenta_inserta)

also have "...
also have "...

Suc (cuenta xs y)" using HI by simp
cuenta (x # xs) y" using ‘x = y¢ by simp

finally show "cuenta (ordena (x # xs)) y = cuenta (x # xs) y"

by simp
next
assume "x y"

have "cuenta (ordena (x

# xs)) y = cuenta (inserta x (ordena xs)) y"

(ordena xs) y"

add: cuenta_inserta)

xs y" using HI by simp

(x # xs) y" using ‘x y‘ by simp

finally show "cuenta (ordena (x # xs)) y = cuenta (x # xs) y"

by simp
also have "... = cuenta
using ‘x y‘ by (simp
also have "... = cuenta
also have "... = cuenta
by simp
ged

ged

end



6.1. Ejercicios de induccién sobre listas 393

6.1.11. Ordenacidn de listas por mezcla

chapter {* T6R1k: Ordenacidn de listas por mezcla *}

theory T6R1k_Ordenacion_de_listas_por_mezcla
imports Main
begin

text {*
En esta relacion de ejercicios se define el algoritmo de ordenacion de
listas por mezcla y se demuestra que es correcto.

*}

section {* Ordenacion de listas *}

Ejercicto 1. Definir la funcion

menor :: nat mnat list bool
tal que (menor a xs) se verifica si a es menor o igual que todos los
elementos de zs.Por ejemplo,

menor 2 [3,2,5] = True

menor 2 [3,0,5] = False

fun menor :: '"mat mnat list bool" where
"menor a [] = True"
| "menor a (x#xs)

(a x menor a xs)"

value "menor 2 [3,2,5]" -- "= True"
value "menor 2 [3,0,5]" -- "= False"
text {*

Ejercicto 2. Definir la funcion

ordenada :: nat list bool
tal que (ordenada zs) se verifica st zs es una lista ordenada de
manera creciente. Por ejemplo,

ordenada [2,3,3,5] = True

ordenada [2,4,3,5] = False
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fun ordenada :: "nat list bool" where
"ordenada [] = True"
| "ordenada (x#xs) = (menor x xs & ordenada xs)"
value "ordenada [2,3,3,5]" -- "= True"
value "ordenada [2,4,3,5]" -- "= False"
text {*

Ejercicto 3. Definir la funcion

cuenta :: nat list => nat => nat
tal que (cuenta xs y) es el nimero de veces que aparece el elemento y
en la lista zs. Por ejemplo,

cuenta [1,3,4,3,5] 3 =2

------------------------------------------------------------------ *}
fun cuenta :: "nat list => nat => nat" where
"cuenta [] y = 0"
| "cuenta (x#xs) y = (if x=y then Suc(cuenta xs y) else cuenta xs y)"
value "cuenta [1,3,4,3,5] 3" -- "= 2"
section {* Ordenacion por mezcla *}
text {x*
Ejercicto 4. Definir la funcion
mezcla :: nat list mnat list nat list
tal que (mezcla zs ys) es la lista obtenida mezclando las listas
ordenadas zs e ys. Por ejemplo,
mezcla [1,2,5] [3,5,7] = [1,2,3,5,5,7]
__________________________________________________________________ *}

fun mezcla :: "nat list nat list mnat list" where
"mezcla [] ys = ys"
| "mezcla xs [l = xs"
| "mezcla (x # xs) (y # ys) = (if x y
then x # mezcla xs (y # ys)
else y # mezcla (x # xs) ys)"
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value "mezcla [1,2,5] [3,5,7]" -- "= [1,2,3,5,5,7]"

text {#
Ejercicto 5. Definir la funcion
ordenal :: nat list mnat list
tal que (ordenaM zs) es la lista obtenida ordenando la lista s
medtante mezclas; es decir, la divide en dos mitades, las ordena y las
mezcla. Por ejemplo,

fun ordenaM :: '"nat list mnat list" where
"ordenaM [] = []"
| "ordenaM [x] = [x]"
| "ordenaM xs =
(let mitad = length xs div 2 in
mezcla (ordenaM (take mitad xs))
(ordenaM (drop mitad xs)))"

value "ordenaM [3,2,5,2]" -- "= [2,2,3,5]"

text {#
Ejercicio 6. Sea z y. Si y es menor o tgual que todos los elementos
de zs, entonces T es menor o tgual que todos los elementos de s

lemma menor_menor:
"X y menor y xs menor x xs"
by (induct xs) auto

text {#
Ejercicto 7. Demostrar que el numero de veces que aparece n en la
mezcla de dos listas es igual a la suma del niumero de apariciones en
cada una de las listas
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lemma cuenta_mezcla:
"cuenta (mezcla xs ys) n = cuenta xs n + cuenta ys n"
by (induct xs ys rule: mezcla.induct) auto

text {*
Ejercicio 8. Demostrar que = es menor que todos los elementos de ys y
de zs, entonces también lo es de su mezcla.

lemma menor_mezcla:
assumes "menor x ys'
"menor x zs"
shows  "menor x (mezcla ys zs)"
using assms
by (induct ys zs rule: mezcla.induct) simp_all

text {x*
Ejercicto 9. Demostrar que la mezcla de dos listas ordenadas es una
lista ordenada.
Indicacion: Usar los siguientes lemas
4 linorder_not_le: (nz y) = (y < z)

C]

4 order_less_le: (z<y)=(z y z y)

lemma ordenada_mezcla:
assumes "ordenada xs"
"ordenada ys"
shows  "ordenada (mezcla xs ys)"
using assms
by (induct xs ys rule: mezcla.induct)
(auto simp add: menor_mezcla
Menor _menor
linorder_not_le
order_less_le)

text {*



6.1. Ejercicios de induccién sobre listas 397

Ejercicto 10. Demostrar que st T es mayor que 1, entonces el minimo de
T Yy su mitad es menor que ZT.

Indicacion: Usar los siguientes lemas

4 min_def: min a b = (if a b then a else b)

4 linorder_not_le: (i z y) = (y < z)

lemma min_mitad:
"{ < x min x (x div 2::nat) < x"
by (simp add: min_def linorder_not_le)

text {*

Ejercicio 11. Demostrar que st T es mayor que 1, entonces T menos su
mitad es menor que .

__________________________________________________________________ *}
lemma menos_mitad:
"1 <x x - x div (2::nat) < x"
by arith
text {*
Ejercicio 11. Demostrar que (ordenal zs) estd ordenada
------------------------------------------------------------------ *}

theorem ordenada_ordenaM:

"ordenada (ordenaM xs)"
by (induct xs rule: ordenaM.induct)
(auto simp add: ordenada_mezcla)

text {*

Ejercicio 12. Demostrar que el numero de apariciones de un elemento en
la concatenacion de dos listas es la suma del numero de apariciones en
cada una.

lemma cuenta_conc:
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"cuenta (xs @ ys) x = cuenta xs x + cuenta ys x"
by (induct xs) auto

text {*

Ejercicio 13. Demostrar que las listas zs y (ordenalM zs) tiemen los
mismos elementos.

theorem cuenta_ordenaM:
"cuenta (ordenaM xs) x = cuenta xs x"
by (induct xs rule: ordenaM.induct)
(auto simp add: cuenta_mezcla
cuenta_conc [symmetric]l)

end

6.2. Ejercicios sobre arboles y otros tipos de datos induc-
tivos

6.2.1. Recorridos de arboles

chapter {* T6R2a: Recorridos de drboles *}

theory T6R2a
imports Main
begin

text {*
Ejercicto 1. Definir el tipo de datos arbol para representar los
arboles binarios que tiene informacion en los nodos y en las hojas.
Por ejemplo, el drbol

a df h
se representa por "N e (N c (Ha) (Hd)) (Ng (Hf) (Hh))".
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datatype ’a arbol = H "’a" | N "’a" "’a arbol" "’a arbol"
value "N e (Nc (Ha) (Hd)) (Ng (Hf) (Hh))"

text {*
Ejercicto 2. Definir la funcion
prelrden :: "’a arbol ’a list”
tal que (prelOrden a) es el recorrido pre orden del drbol a. Por

ejemplo,
prelrden (N e (N c (Ha) (Hd)) (N g (Hf) (Hh)))
= [e,c,a,d,g9,f,h]
*}
fun preOrden :: "’a arbol ’a list" where
"preOrden (H x) = [x]"

| "preOrden (N x i d) = x#((preOrden i)@(preOrden d))"

value "preOrden (N e (Nc (Ha) (Hd) (Ng (Hf) (Hh))"
-- "= [e,C:a:d:g,f:h] "

Ejercicto 3. Definir la funcion
postOrden :: "’a arbol ’a list”
tal que (postOrden a) es el recorrido post orden del drbol a. Por

ejemplo,
postOrden (N e (N c (Ha) (Hd)) (Ng (H f) (Hh)))
= le,c,a,d,9,f,h]
*}
fun postOrden :: "’a arbol ’a list" where
"postOrden (H x) = [x]"

| "postOrden (N x i d) = (postOrden i)@(postOrden d)@[x]"
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value "postOrden (N e (Nc (Ha) (Hd) (Ng (Hf) (Hh)))"
- "[a,d,c,f,h,g,e]l"

text {*
Ejercicto 4. Definir la funcion
wnlrden :: "’a arbol ’a list”
tal que (inOrden a) es el recorrido in orden del drbol a. Por

ejemplo,
inOrden (N e (N c (Ha) (Hd)) (Ng (K f) (Hh)))
= [a,c,d,e,f,g,h]
*}
fun inOrden :: "’a arbol ’a list" where
"inOrden (H x) = [x]"

| "inOrden (N x i d) = (inOrden 1)@[x]@(inOrden d)"

value "inOrden (N e (Nc (Ha) (Hd) (Wg (Hf) (Hn)H"
- [a,C,d,e,f,g:h] "

text {*

Ejercicto 5. Definir la funcion
espejo :: "’a arbol ’a arbol”

tal que (espejo a) es la imagen especular del drbol a. Por ejemplo,
espejo (Ne (N c (Ha) (Hd)) (Ng (Hf) (Hh)))
=Ne (Ng (Hh) (Hf)) (Wc (Hd) (Ha))

fun espejo :: "’a arbol ’a arbol" where
"espejo (H x) = (Hx"
| "espejo (N x i d) = (N x (espejo d) (espejo i))"

value "espejo (NWe (Nc (Ha) (Hd)) (NWg (Hf) (Hh))"
--"Ne Wg (Hh) (Hf)) (Nc (Hd) Ha)"

text {*
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Ejercicio 6. Demostrar que

prelOrden (espejo a) = rev (postOrden a)

lemma ‘'"preOrden (espejo a) = rev (postOrden a)"

by (induct a) auto

text {*

Ejercicio 7. Demostrar que
postOrden (espejo a) = rev (prelOrden a)

lemma "postOrden (espejo a) = rev (preOrden a)"

by (induct a) auto

text {*

Ejercicio 8. Demostrar que
inOrden (espejo a) = rev (inlrden a)

theorem "inOrden (espejo a) = rev (inOrden a)"

by (induct a) auto

text {*

Ejercicto 9. Definir la funcion
ratz :: "’a arbol ’a”
tal que (ratz a) es la ratiz del drbol a. Por ejemplo,

raiz (N e (Nc (Ha) (Hd)) (Ng (Hf) (Hh))) = e

fun raiz :: "’a arbol ’a'" where

"raiz (H x) = x"

| "raiz (N x i d) x"
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value "raiz (N e (Nc (Ha) (Hd) (Ng (Hf) (Hh)))" -- "= e"

text {*

Ejercicto 10. Definir la funcion
extremo_tzquierda :: "’a arbol ’‘a”
tal que (extremo_izquierda a) es el modo mds a la tzquterda del drbol

a. Por ejemplo,
extremo_tzquierda (N e (N c (Ha) (Hd)) (Ng (Hf) (Hh))) = a

fun extremo_izquierda :: "’a arbol ’a'" where
"extremo_izquierda (H a) = a"
| "extremo_izquierda (N f x y) = (extremo_izquierda x)"

value "extremo_izquierda (N e (Nc (Ha) (Hd)) (N g (Hf) (Hh))" -- "= a"

text {*
Ejercicto 11. Definir la funcion
extremo_derecha :: "’a arbol ’a”
tal que (extremo_derecha a) es el nodo mds a la derecha del drbol

a. Por ejemplo,
extremo_derecha (N e (N c (H a) (H d)) (N g (H f) (Hh))) =h

fun extremo_derecha :: "’a arbol ’a'" where
"extremo_derecha (H x) = x"
| "extremo_derecha (N x i d) (extremo_derecha d)"

value "extremo_derecha (N e (Nc (Ha) (Hd) (Ng (Hf) (Hh)))" -- "= h"

text {*

Ejercicto 12. Demostrar o refutar
last (inOrden a) = extremo_derecha a
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*}

lemma [simp]: "inOrden a [1"
by (induct a) auto

lemma [simp]: "ys [] last (xs@ys) = last ys"
by (induct xs) auto

theorem "last (inOrden a) = extremo_derecha a"
by (induct a) auto

text {*

Ejercicto 13. Demostrar o refutar
hd (inOrden a) = extremo_izquierda a

theorem "hd (inOrden a) = extremo_izquierda a"
by (induct a) auto

text {*

Ejercicto 14. Demostrar o refutar
hd (prelrden a) = last (postOrden a)

theorem "hd (preOrden a) = last (postOrden a)"
by (induct a) auto

text {*

Ejercicio 15. Demostrar o refutar
hd (prelrden a) = Tatz a

theorem "hd (preOrden a) = raiz a"
by (induct a) auto
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text {*

Ejercicio 16. Demostrar o refutar
hd (inOrden a) = raiz a

theorem "hd (inOrden a) = raiz a"
quickcheck
oops

text {*
Quickcheck found a counterexzample:
a = N a\< isub>1 (H a\<"isub>2) (H a\<"isub>1)

Evaluated terms:
hd (inOrden a) = a\<"1sub>2
ratz a = a\<"isub>1

*}

text {*

Ejercicto 17. Demostrar o refutar
last (postlOrden a) = rTatz a

theorem "last (postOrden a) = raiz a"
by (induct a) auto

end

6.2.2. Plegados de listas y de arboles

chapter {* T6R2b: Plegados de listas y de drboles *}
theory T6R2b

imports Main
begin
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section {* Nuevas funciones sobre listas *}

text {*
Nota. En esta relacion se usard la funcion suma tal que (suma zs) es
la suma de los elementos de zs, defintda por

*}

fun suma :: "nat list nat'" where
"suma [] = Q"
| "suma (x # xs) = x + suma xs"

text {*
Las funciones de plegado, foldr y foldl, estan definidas en la teortia

List.thy por

foldr :: "(’a ’b ’b) ’a list ’b ’b"
foldr f [] = id

foldr f (z # zs) = f © foldr f zs

foldl :: "(’b ’a ’b) ’b ’a list ’b"
foldl f a [] = a

foldl f a (z # zs) = foldl f (f a z) zs"

Por ejemplo,
foldr (op +) [a,b,c] d
foldl (op +) d [a,b,c]

a + (b + (¢ + d))
((d +a) +b) +c

foldr (op -) [9,4,2] (0::2nt) = 7

foldl (op -) (0::4nt) [9,4,2] = -15
*}
value "foldr (op +) [a,b,c] d" — "=a+ (b+ (c+d)"
value "foldl (op +) d [a,b,c]" -- "= ((d + a) +b) +c"
value "foldr (op -) [9,4,2] (0::int)" -- "= 7"
value "foldl (op -) (0::int) [9,4,2]" -- "= -15"
text {#

Ejercicto 1. Demostrar que
suma zs = foldr (op +) zs 0
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lemma suma_foldr: "suma xs = foldr (op +) xs 0"
by (induct xs) auto

text {*
Ejercicio 2. Demostrar que
length zs = foldr (  res. 1 + res) zs 0

lemma length_foldr: "length xs = foldr ( x res. 1 + res) xs 0"
by (induct xs) auto

text {x*
Ejercicto 3. La aplicacion repetida de foldr y map tiene el
inconventente de que la lista se recorre wvarias veces. Sin embargo, es
suficiente recorrerla una vez como se muestra en el siguiente ejemplo,
suma (map (z. = + 3) zs) = foldr h zs b
Determinar los wvalores de h y b para que se vertifique la igualdad
antertor y demostrarla.

text {* Basta tomar (z y.  +y + 3) como h y 0 como b *}
lemma "suma (map (x. x + 3) xs) = foldr (xy. x +y + 3) xs 0"
by (induct xs) auto

text {*

Ejercicio 4. Generalizar el resultado anterior; es decir determinar
los valores de h y b para que se verifique la tgualdad

foldr g (map f zs) a = foldr h zs b
y demostrarla.

text {* Basta tomar (z acc. g (f z) acc) como h y a como b *}
lemma "foldr g (map f xs) a = foldr (x acc. g (f x) acc) xs a"
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by (induct xs) auto

text {*
Ejercicto 5. La siguiente funcion invterte una lista en tiempo lineal
fun inversa_ac :: "[’a list, ’a list] ’a list" where
"inversa_ac [] ys = ys"
| "inversa_ac (z#zs) ys = (inversa_ac zs (z#ys))"

definition inversa_ac :: "’a list ’a list" where
"inversa_ac TS inversa_ac_auz s []"
Por ejemplo,
inversa_ac [a,d,b,c] = [c, b, d, al
Demostrar que inversa_ac se puede defintr unsando foldl.

fun inversa_ac_aux :: "[’a list, ’a list] ‘’a list" where
"inversa_ac_aux [] ys = ys"
| "inversa_ac_aux (x#xs) ys = (inversa_ac_aux xs (x#ys))"

definition inversa_ac :: '"’a list ’a list" where
"inversa_ac xS inversa_ac_aux xs []"

value "inversa_ac [a,d,b,c]" -- "= [c, b, d, a]"

lemma inversa_ac_aux_foldl_aux:
"inversa_ac_aux xs a = foldl ( ys x. x # ys) a xs"
by (induct xs arbitrary: a) auto

corollary inversa_ac_aux_foldl:
"inversa_ac_aux xs a = foldl ( ys x. x # ys) a xs"
by (rule inversa_ac_aux_foldl_aux)

text {x*
Ejercicto 6. Demostrar la siguiente proptedad distributiva de la suma
sobre la concatenacion:
suma (zs @ ys) = suma TS + suma Ys
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*}

lemma suma_append [simp]:
"suma (xs @ ys) = suma xs + suma ys"
by (induct xs) auto

text {*

Ejercicto 7. Demostrar una propiedad simtlar para foldr

foldr f (zs @ ys) a = f (foldr f zs a) (foldr f ys a)
En este caso, hay que restringir el resultado teniendo en cuenta
propiedades algebratcas de f y a.

text {* Definicion de a es neutro por la izquiera de f *}
definition neutro_izquierda :: "[’a ’b ’b, ’al bool" where
"neutro_izquierda f a (x. (f a x = x))"

text {* Definicion de f es asociativa *}
definition asociativa :: "[’a ’a ’al bool" where
"asociativa f (xyz. f (fxy)z=1fx ({yz)"

lemma foldr_append:
assumes "neutro_izquierda f a"
"asociativa f"
shows "foldr f (xs @ ys) a = f (foldr f xs a) (foldr f ys a)"
using assms
by (induct xs) (auto simp add: neutro_izquierda_def asociativa_def)

text {*

Ejercicto 8. Definir, usando foldr, la funcion
prod :: "nat list mnat”
tal que (prod zs) es el producto de los elementos de zs. Por ejemplo,

definition prod :: "nat list nat" where
"prod xs foldr (op *) xs 1"
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value "prod [2::nat,3,5]" -- "= 30"

text {#
Ejercicio 9. Demostrar directamente (es decir, sin induccion) que
prod (zs @ ys) = prod zs * prod ys

lemma "prod (xs @ ys) = prod xs * prod ys"
unfolding prod_def
by (rule foldr_append,

simp add: neutro_izquierda_def,

simp add: asociativa_def)

- "Una demostracidén aplicativa del lema anterior es"
lemma "prod (xs @ ys) = prod xs * prod ys"
apply (simp only: prod_def)
apply (rule foldr_append)
apply (simp add: neutro_izquierda_def)
apply (simp add: asociativa_def)
done

section {* Functions on Trees *}

text {*

Ejercicto 10. Definir el tipo de datos arbol para representar los
arboles binarios que tiene informacion solo en los nodos. Por ejemplo,

el drbol
e
/
/|
¢ g
/ V7

U U U U



410 Capitulo 6. Razonamiento por casos y por induccién

datatype ’a arbol = H | N "’a arbol" "’a" "’a arbol"
value "N (N Hc H) e (NH g )"

text {x*
Ejercicto 11. Definir la funcion
prelrden :: "’a arbol ’a list”
tal que (prelOrden a) es el recorrido pre orden del darbol a. Por
ejemplo,
preOrden (N (N H c H) e (N H g H))

= [e,c,g]
*}
fun preOrden :: "’a arbol ’a list" where
"preOrden H = ["

| "preOrden (N i x d) = x#((preOrden i)@(preOrden d))"

value "preOrden (N (N Hc H) e (NH g H))"
_ = [e,c,g] "

text {*

Ejercicto 12. Definir la funcion

postOrden :: "’a arbol ’a list”
tal que (postOrden a) es el recorrido post orden del drbol a. Por
ejemplo,
postOrden (N (N H c H) e (N H g H))
= [c,g,e]
*}
fun postOrden :: "’a arbol ’a list" where
"postOrden H = [1"

| "postOrden (N i x d) (postOrden i)@(postOrden d)@[x]"

value "postOrden (N (N H c H) e (NH g H)"
_ = [c,g,e] "
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text {*

Ejercicto 13. Definir, usando un acumulador, la funcion
postlOrdend :: "’a arbol ’a lzst"”
tal que (postOrdend a) es el recorrido post orden del drbol a. Por

ejemplo,
postOrdend (N (N H c H) e (N H g H))
= [c,g,e]
*}
fun postOrdenAaux :: "[’a arbol, ’a list] ’a list" where
"postOrdenAaux H xs = xs"

| "postOrdenAaux (N i x d) xs = (postOrdenAaux i (postOrdenAaux d (x#xs)))"

definition postOrdenA :: "’a arbol ’a list'" where
"postOrdenA a postOrdenAaux a []"

value "postOrdenA (N (N Hc H) e (NH g H))"
_ = [c,g,e] "

text {*

Ejercicio 14. Demostrar que
postOrdendauz a zs = (postlrden a) @ zs

lemma postOrdenA:
"postOrdenAaux a xs = (postOrden a) @ xs"
by (induct a arbitrary: xs) auto

corollary "postOrdenAaux a xs = (postOrden a) @ xs"
by (rule postOrdenA)

text {*

Ejercicto 15. Definir la funcion
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foldl_arbol :: "(’b => ’a => ’b) ’b ’a arbol ’b" where
tal que (foldl_arbol f b a) es el plegado izquierdo del drbol a con la
operacion f y elemento wnicial b.

fun foldl_arbol :: "(°b => ’a => ’b) ’b ’a arbol ’b" where
"foldl_arbol f b H = b"
| "foldl_arbol £ b (N i x d) = (foldl_arbol f (foldl_arbol f (f b x) d) i)"

Ejercicto 16. Demostrar que
postOrdendauz t a = foldl_arbol ( zs z. Cons = zs) a t

lemma "postOrdenAaux t a = foldl_arbol ( xs x. Cons x xs) a t"
by (induct t arbitrary: a) auto

text {x*
Ejercicto 17. Definir la funcion
suma_arbol :: "nat arbol nat”
tal que (suma_arbol a) es la suma de los elementos del drbol de
numeros naturales a.

fun suma_arbol :: '"mnat arbol mnat" where
"suma_arbol H = Q"
| "suma_arbol (N i x d) = (suma_arbol i) + x + (suma_arbol d)"

text {*

Ejercicio 18. Demostrar que
suma_arbol a = suma (prelrden a)"
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lemma "suma_arbol a = suma (preOrden a)"
by (induct a) auto

end

6.2.3. Arboles binarios completos

chapter {* T6R2c: Arboles binarios completos *}

theory T6R2c
imports Main
begin

text {*

Ejercicio 1. Definir el tipo de datos arbol para representar los
arboles binarios que no tienen informacion nt en los nodos y ni en las
hojas. Por ejemplo, el drbol

U U U U

datatype arbol = H | N arbol arbol
value "N (N H H) (N H H)"

text {*
Ejercicio 2. Definir la funcion
hojas :: "arbol => nat"
tal que (hojas a) es el numero de hojas del drbol a. Por ejemplo,
hojas (N (N H H) (N H H)) = 4
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fun hojas :: "arbol => nat" where
"hojas H = 1"
| "hojas (N i d) = hojas i + hojas d"

value "hojas (N (N H H) (N H H))" -- "= 4"

text {*
Ejercicto 4. Definir la funcion
profundidad :: "arbol => nat"
tal que (profundidad a) es la profundidad del drbol a. Por ejemplo,
profundidad (N (N H H) (N H H)) = 2

fun profundidad :: "arbol => nat" where
"profundidad H = 0"
| "profundidad (N i d) 1 + max (profundidad i) (profundidad d4)"

value "profundidad (N (N H H) (N H H))" -- "= 2"

text {*

Ejercicto 5. Definir la funcion

abc :: "nat arbol”
tal que (abc n) es el drbol binario completo de profundidad n. Por
ejemplo,

abc 3 =N (N (N HH) (NHH)) (N (NHEHE) (NVHEH))

fun abc :: "nat arbol" where
"abc 0 = H"
| "abc (Suc n) = N (abc n) (abc n)"

value "abc 3" -- "= N (N (NHH) (NHH) (N (NHH (NHH)"

text {*
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Ejercicto 6. Un arbol binario a es completo respecto de la medida f st
a es una hoja o bien a es de la forma (N © d) y se cumple que tanto 1
como d son drboles binarios completos respecto de f vy, ademds,

f@z) = f(r).

Definir la funcion

es_abc :: "(arbol => ’a) => arbol => bool
tal que (es_abc f a) se verifica si a es un drbol binarto completo
respecto de f.

fun es_abc :: "(arbol => ’a) => arbol => bool" where

"es_abc f H = True"
"es_abc f (N i d) (es_abc f i es_,abcfd fi=¢Ffd"

text {*

Nota. (stze a) es el numero de nodos del arbol a. Por ejemplo,
size (W (N H H) (N H H)) =3

value "size (N (N H H) (N H H))"
value "size (W (N (NHH) (NHH) (N (NHH) (NHH)))"

text {*

Nota. Tenemos 3 funciones de medida sobre los darboles: nimero de
hojas, numero de modos y profundidad. A cada una le corresponde un
concepto de completitud. En los siguientes ejercicios demostraremos
que los tres conceptos de completitud son iguales.

Ejercicto 7. Demostrar que un arbol binartio a es completo respecto de
la profundidad syss es completo respecto del numero de hojas.

415



416 Capitulo 6. Razonamiento por casos y por induccién

*}

text {* St a es un arbol completo respecto de la profundidad, entonces
el nimero de hojas de a es 2 elevado a la profundidad de a. *}

lemma [simp]: "es_abc profundidad a hojas a = 2 =~ (profundidad a)"

by (induct a) auto

theorem es_abc_profundidad_hojas: "es_abc profundidad a = es_abc hojas a"
by (induct a) auto

Ejercicto 8. Demostrar que un arbol binario a es completo respecto del
numero de hojas syss es completo respecto del numero de nodos

text {* El numero de hojas de un drbol binario a es igual al numero de
nodos da a mds 1. *}

lemma [simp]: "hojas a = size a + 1"

by (induct a) auto

theorem es_abc_hojas_size: "es_abc hojas a = es_abc size a"
by (induct a) auto

text {*

Ejercicto 9. Demostrar que un arbol binartio a es completo respecto de
la profundidad syss es completo respecto del numero de modos

corollary es_abc_size_profundidad: "es_abc size a = es_abc profundidad a"
by (simp add: es_abc_profundidad_hojas es_abc_hojas_size)

text {*
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*}

lemma "es_abc f (abc n)"
by (induct n) auto

text {*

Ejercicto 11. Demostrar que st a es un drbolo binario completo
respecto de la profundidad, entonces a es (abc (profundidad a)).

theorem "es_abc profundidad a a = abc (profundidad a)"
by (induct a) auto

text {*

Ejercicio 12. Encontrar una medida f tal que (es_abc f) es distinto de
(es_abc size).

text {* Basta tomar como f la funcidn constante 0. *}

value "es_abc size (N H (N H H))" -- "= False"
value "es_abc (t. 0) (NH (NHH)" -—- "= True"

lemma "es_abc (t. O::nat) es_abc size"
proof
assume "es_abc (t. 0::nat) = es_abc size"
hence "(es_abc (t. O::nat) (N H (N HH))) = (es_abc size (N H (N H H)))"
by (simp add: fun_eq_iff)
thus False by simp
ged

text {*
Referenctia: Este ejercicio es una adaptacion del de Tobias Nipkow
"Complete Binary ITrees" que se encuentra en
http://isabelle.in. tum.de/exzercises/trees/complete/ex.pdf

*}
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end

6.2.4. Diagramas de decision binarios

chapter {* T6R2d: Diagramas de dectision binarios *}

theory T6R2d
imports Main
begin

text {x*
Las funciones booleanas se pueden representar mediante diagramas de
decision binarios (DDB). Por ejemplo, la funcion f defintda por la
tabla de la izquierda se representa por el DDB de la derecha

P + P
Il pl ql v/ flp,q,7) | / |\
i + / \

| F | F | * [T / q q

| F V]~ ][|F / / V)

| vIF| *|F / v FF r
| vIVv/I]F]/|F / /
[ vVIvVvIvVvIV / F 7
P +

Para cada variable, st su valor es falso se evalia su hijo tzquierdo vy
s1 es verdadero se evalia su hijo derecho.

*}

text {*

Ejercicio 1. Definir el tipo de datos ddb para representar los
dtagramas de decision binarios. Por ejemplo, el DDB anterior se
representa por

N (N (H True) (H False)) (N (H False) (N (H False) (H True)))

datatype ddb = H bool | N ddb ddb

value "N (N (H True) (H False)) (N (H False) (N (H False) (H True)))"
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text {*

abbreviation ddbl :: ddb where
"ddbl N (N (H True) (H False)) (N (H False) (N (H False) (H True)))"

Ejercicto 3. Definir intl,..., int8 para representar las
interpretactiones del ejercicio 1.

*}

abbreviation intl :: "nat bool" where
"intl x False"

abbreviation int2 :: "nat bool" where
"int2 intl (2 := True)"

abbreviation int3 :: "mat bool" where
"int3 intl (1 := True)"

abbreviation int4 :: "nat bool" where
"int4 dintl (1 := True, 2 := True)"

abbreviation intb :: '"mat bool" where
"int5 intl (0 := True)"

abbreviation int6 :: '"mat bool" where
"int6 intl (0 := True, 2 := True)"

abbreviation int7 :: "mat bool" where
"int7 intl (0 := True, 1 := True)"

abbreviation int8 :: '"mat bool" where

True, 1 := True, 2 := True)"

"int8 intl (0

text {*
Ejercicto 4. Definir la funcion
valor :: "(nat bool) mnat ddb bool”
tal que (valor 7 n d) es el wvalor del DDB d en la interpretacion % a
partir de la wvartable de indice n. Por ejemplo,
valor intl 0 ddbl = True
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valor 2nt2 0 ddbl = True
valor 2nt3 0 ddbl = False
valor int4 0 ddbl = False
valor 2ntd 0 ddbl = False
valor 2nt6 0 ddbl = False
valor 2nt7 0 ddbl = False
valor wnt8 0 ddbl = True
*}
fun valor :: "(nat bool) nat ddb bool" where
"valor i n (H x) = x"
| "valor i n (N bl b2) =

(if i n

value '"valor
value '"valor
value '"valor
value '"valor
value '"valor
value '"valor
value '"valor
value '"valor

then valor i

intl
int2
int3
int4
intb
int6
int7
int8

ddb1"
ddb1"
ddb1"
ddb1"
ddb1"
ddb1"
ddb1"
ddb1"

O O O O O O O O

(Suc n) b2 else valor i (Suc n) bl)"

-- "= True"
-- "= True"
-- "= False"
-- "= False"
-- "= False"
-- "= False"
-- "= False"
-- "= True"

Ejercicto 5. Definir la funcion
ddb_op_un ::

tal que (ddb_op_un f d)

"(bool

bool) ddb ddb
es el dtagrama obtenido aplicando el operador

unitario f a cada hoja de DDB d de forma que se conserve el wvalor; es

decir,

valor ¢ n (ddb_op_un f d) = f (valor i n d)"
Por ejemplo,

value "ddb_op_un (z. fiz) ddbl"

=N (N (H False) (H True)) (N (H True) (N (H True) (H False)))

fun ddb_op_un ::
"ddb_op_un f (H x) = H (f x)"

"(bool

bool) ddb ddb" where
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| "ddb_op_un f (N bl b2) = N (ddb_op_un f bl) (ddb_op_un f b2)"

value "ddb_op_un (x. fix) ddbil"
- "= N (N (H False) (H True)) (N (H True) (N (H True) (H False)))"

text {x*
Ejercicto 6. Demostrar que la definicion de ddb_op_un es correcta; es
decar,
valor © n (ddb_op_un f d) = f (valor = n d)"

theorem ddb_op_un_correcto:
"valor i n (ddb_op_un f d) = f (valor i n d)"
by (induct d arbitrary: i n) auto

text {*
Ejercicto 7. Definir la funcion
ddb_op_bin :: "(bool bool bool) ddb ddb ddb"
tal que (ddb_op_bin f d1 d2) es el diagrama obtenido aplicando el
operador binario f a los DDB dl y d2 de forma que se conserve el
valor; es decar,
valor 7 n (ddb_op_bin f d1 d2) = f (valor i n d1) (valor 7 n d2)
Por ejemplo,
ddb_op_bin (op ) ddbl (N (H True) (H False))
=N (N (H True) (H False)) (N (H False) (N (H False) (H False)))
ddb_op_bin (op ) ddbl (N (H False) (H True))
=N (N (H False) (H False)) (N (H False) (N (H False) (H True)))
ddb_op_bin (op ) ddbl (N (H True) (H False))
=N (N (H True) (H True)) (N (H False) (N (H False) (H True)))
ddb_op_bin (op ) ddbl (N (H False) (H True))
=N (N (H True) (H False)) (N (H True) (N (H True) (H True)))

fun ddb_op_bin :: "(bool bool bool) ddb ddb ddb" where
"ddb_op_bin f (H x) d = ddb_op_un (f x) d"
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| "ddb_op_bin f (N di1 d2) d = (case d of
H x N (ddb_op_bin f d1 (H x)) (ddb_op_bin f d2 (H x))
| N di’ d2° N (ddb_op_bin f d1 di’) (ddb_op_bin f d2 d2’))"

value "ddb_op_bin (op ) ddbl (N (H True) (H False))"

-- "N (N (H True) (H False)) (N (H False) (N (H False) (H False)))"
value "ddb_op_bin (op ) ddbl (N (H False) (H True))"

-- "N (N (H False) (H False)) (N (H False) (N (H False) (H True)))"
value "ddb_op_bin (op ) ddbl (N (H True) (H False))"

-- "N (N (H True) (H True)) (N (H False) (N (H False) (H True)))"
value "ddb_op_bin (op ) ddbl (N (H False) (H True))"

-— "N (N (H True) (H False)) (N (H True) (N (H True) (H True)))"

text {#
Ejercicio 8. Demostrar que la definicion de ddb_op_bin es correcta;
es decir,
valor 1 n (ddb_op_bin f di d2) = f (valor % n d1) (valor % n d2)

theorem ddb_op_bin_correcto:
"valor i n (ddb_op_bin f d1 d2) = f (valor i n d1) (valor i n d2)"
proof (induct d1 arbitrary: n d2)
fix b n b2
show "valor i n (ddb_op_bin f (H b) b2) =
f (valor i n (H b)) (valor i n b2)"
by (auto simp add: ddb_op_un_correcto)
next
fix d11 d12 n d2
assume "n d2. valor i n (ddb_op_bin f d11 d2) =
f (valor i n d11) (valor i n d2)"
and "n d2. valor i n (ddb_op_bin f d12 d2) =
f (valor i n d12) (valor i n 4d2)"
thus "valor i n (ddb_op_bin f (N di1l d12) d2) =
f (valor i n (N di11 d12)) (valor i n d42)"
by (cases d2) auto
ged

- "Una demostracidn mas detallada es"
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theorem ddb_op_bin_correcto_2:
"valor i n (ddb_op_bin f d1 d2) = f (valor i n d1) (valor i n d2)"
proof (induct dl1 arbitrary: n d2)
fix b n b2
show "valor i n (ddb_op_bin f (H b) b2) =
f (valor i n (H b)) (valor i n b2)"
by (auto simp add: ddb_op_un_correcto)
next
fix d11 d12 n d2
assume HI1: "n d2. valor i n (ddb_op_bin f di11 d2) =
f (valor i n d11) (valor i n d2)"
and HI2: "n d2. valor i n (ddb_op_bin f di12 d2) =
f (valor i n d12) (valor i n d2)"
show "valor i n (ddb_op_bin f (N di1 di12) d2) =
f (valor i n (N di1 d12)) (valor i n d2)"
proof (cases d2)
fix b
assume "d2 = H b"
thus "valor i n (ddb_op_bin f (N di11 d12) d2)
f (valor i n (N di11 d12)) (valor i n d2)"
using HI1 HI2 by auto
next
fix d21 d22
assume "d2 = N d21 422"
thus "valor i n (ddb_op_bin f (N di1l d12) d2)
f (valor i n (N di11 d12)) (valor i n d2)"
using HI1 HI2 by auto
ged
ged

text {x*
Ejercicto 9. Definir la funcion
ddb_and :: "ddb ddb ddb"
tal que (ddb_and dl d2) es el diagrama correspondiente a la conjunction
de los DDB di y d2 de forma que se conserva el wvalor; es decir,
valor ¢ n (ddb_and di d2) = (valor 1 m dI wvalor i n d2)
Por ejemplo,
ddb_and ddbl (N (H True) (H False))
=N (N (H True) (H False)) (N (H False) (N (H False) (H False)))
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ddb_and ddb1 (N (H False) (H True))
=N (N (H False) (H False)) (N (H False) (N (H False) (H True)))

definition ddb_and :: "ddb ddb ddb" where

"ddb_and ddb_op_bin (op )"

value '"ddb_and ddbl (N (H True) (H False))"

- "= N (N (H True) (H False)) (N (H False) (N (H False) (H False)))"
value "ddb_and ddbl (N (H False) (H True))"

- "= N (N (H False) (H False)) (N (H False) (N (H False) (H True)))"

text {*

Ejercicto 10. Demostrar que la definicion de ddb_and es correcta;
es decir,
valor ¢ n (ddb_and di d2) = (valor 1 m dI wvalor i n d2)

theorem ddb_and_correcta:

"valor i n (ddb_and d1 d2) = (valor i n d1 valor i n d2)"

by (auto simp add: ddb_and_def ddb_op_bin_correcto)

Ejercicto 11. Definir la funcion
ddb_or :: "ddb ddb ddb"
tal que (ddb_or d1 d2) es el diagrama correspondiente a la disyuncion
de los DDB di y d2 de forma que se conserva el wvalor; es decir,
valor ¢ n (ddb_or dl1 d2) = (valor ¢ n dl walor % n d2)
Por ejemplo,
ddb_or ddbl (N (H True) (H False))
=N (N (H True) (H True)) (N (H False) (N (H False) (H True)))
ddb_or ddbl (N (H False) (H True))
=N (N (H True) (H False)) (N (H True) (N (H True) (H True)))
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definition ddb_or :: '"ddb ddb ddb" where
"ddb_or ddb_op_bin (op )"

value "ddb_or ddbl (N (H True) (H False))"

- "= N (N (H True) (H True)) (N (H False) (N (H False) (H True)))"
value "ddb_or ddbl (N (H False) (H True))"

- "= N (N (H True) (H False)) (N (H True) (N (H True) (H True)))"

text {*

Ejercicto 12. Demostrar que la definicion de ddb_or es correcta;
es decir,
valor ¢ n (ddb_or dl d2) = (valor ¢ mn dl walor ¢ n d2)

theorem ddb_or_correcta:
"valor i n (ddb_or d1 d2) = (valor i n d1 valor i n d2)"
by (auto simp add: ddb_or_def ddb_op_bin_correcto)

text {*

Ejercicto 13. Definir la funcion
ddb_not :: "ddb ddb"
tal que (ddb_mnot d) es el diagrama correspondiente a la negacton
del DDB d de forma que se conserva el wvalor, es decir,
valor ¢ n (ddb_or dl1 d2) = (valor ¢ n dl walor % n d2)
Por ejemplo,
ddb_not ddbil
=N (N (H False) (H True)) (N (H True) (N (H True) (H False)))

definition ddb_not :: "ddb ddb'" where
"ddb_not ddb_op_un Not"

value "ddb_not ddbil"
- "= N (N (H False) (H True)) (N (H True) (N (H True) (H False)))"

text {*
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Ejercicro 14. Demostrar que la definicion de ddb_mot es correcta;
es decir,
valor ¢ n (ddb_not d) = (7% wvalor i n d)

theorem ddb_not_correcta:
"valor i n (ddb_not d) = (& valor i n 4)"
by (auto simp add: ddb_not_def ddb_op_un_correcto)

text {*
Ejercicto 15. Definir la funcion
zor :: "bool bool bool"
tal que (zor z y) es la disyuncion excluyente de = e y. Por ejemplo,
zor True False = True
zor True True = False

definition xor :: "bool bool Dbool" where
"xor x y (x Hy) (ax y)"

value "xor True False" -- "= True"
value "xor True True" -- "= False"
text {*

Ejercicto 16. Definir la funcion
ddb_zor :: "ddb ddb ddb"
tal que (ddb_zor dl d2) es el diagrama correspondiente a la disyuncion
excluyente de los DDB dl y d2. Por ejemplo,
ddb_zor ddbl (N (H True) (H False))
=N (N (H True) (H True)) (N (H False) (N (H False) (H True)))
ddb_zor ddbl (N (H False) (H True))
=N (N (H True) (H False)) (N (H True) (N (H True) (H True)))
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definition ddb_xor :: "ddb ddb ddb" where
"ddb_xor ddb_op_bin xor"

value '"ddb_xor ddbl (N (H True) (H False))"

- "= N (N (H False) (H True)) (N (H False) (N (H False) (H True)))"
value "ddb_xor ddbl (N (H False) (H True))"

- "= N (N (H True) (H False)) (N (H True) (N (H True) (H False)))"

text {#
Ejercicto 17. Demostrar que la definicion de ddb_zor es correcta;
es decir,
valor ¢ n (ddb_zor dl d2) = zor (valor i n dl) (valor i n d2)

theorem ddb_xor_correcta:
"valor i n (ddb_xor dl d2) = xor (valor i n d1) (valor i n d2)"
by (auto simp add: ddb_xor_def ddb_op_bin_correcto)

text {x*
Ejercicto 18. Definir la funcion
ddb_var :: "nat ddb" where
tal que (ddb_var n) es el diagrama equivalente a la variable p(n). Por
ejemplo,
ddb_var 0
= N (H False) (H True)
ddb_var 1
=N (N (H False) (H True)) (N (H False) (H True))

fun ddb_var :: "nat ddb" where
"ddb_var O = N (H False) (H True)"
| "ddb_var (Suc i) = N (ddb_var i) (ddb_var i)"

value "ddb_var 0"
- "= N (H False) (H True)"
value '"ddb_var 1"
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- "= N (N (H False) (H True)) (N (H False) (H True))"

text {*
Ejercicto 19. Demostrar que la definicion de ddb_var es correcta;
es decir,
"valor ¢ 0 (ddb_var m) = i n

- "Para probarlo, primero hay que generalizarlo"
theorem ddb_var_correcta:

"valor i m (ddb_var n) = i (n+m)"
by (induct n arbitrary: m) auto

corollary ddb_var_correcta_2:
"valor i 0 (ddb_var n) = i n"
by (simp add: ddb_var_correcta)

text {x*
Ejercicio 20. Definir el tipo de las formulas proposicionales
contruidas con la constante T, las wvartables (Var n) y las conectivas
Not, And, Or y Xor.

*}

datatype form = T
Var nat
Not form

And form form
Or form form
Xor form form

text {x*
Ejercicto 21. Definir la funcion
valor_fla :: "(nmat bool) form bool”
tal que (valor_fla % f) es el walor de la formula f en la
interpretacion 1. Por ejemplo,
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valor_fla (n. True) (Xor T T) = False
valor_fla (n. False) (Xor T (Var 1)) = True

*}
fun valor_fla :: "(nat bool) form bool" where

"valor_fla i T = True"
| "valor_fla i (Var n) =i n"
| "valor_fla i (Not f) = (A(valor_fla i f))"
| "valor_fla i (And f1 f2) = (valor_fla i f1 wvalor_fla i f2)"
| "valor_fla i (Or f1 f2) = (valor_fla i f1 wvalor_fla i f2)"
| "valor_fla i (Xor f1 f2) = xor (valor_fla i f1) (valor_fla i f2)"
value "valor_fla (n. True) (Xor T T)" -- "= False"
value "valor_fla (n. False) (Xor T (Var 1))" -- "= True"
text {*

Ejercicto 22. Definir la funcion
ddb_fla :: "form ddb"

tal que (ddb_fla f) es el DDB equivalente a la formula f; es decir,
valor ¢ 0 (ddb_fla f) = wvalor_fla @ f

*}

fun ddb_fla :: "form ddb" where
"ddb_fla T = H True"
"ddb_fla (Var i) = ddb_var i"

|
| "ddb_fla (Not f)

| "ddb_fla (And f1 £2)
|

|

ddb_not (ddb_fla f)"

ddb_and (ddb_fla f1) (ddb_fla f2)"
ddb_or (ddb_fla f1) (ddb_fla f2)"
ddb_xor (ddb_fla f1) (ddb_fla f2)"

"ddb_fla (0Or f1 £2)
"ddb_fla (Xor f1 £2)

text {#
Ejercicto 23. Demostrar que la definicion de ddb_fla es correcta; es
decar,
valor ¢ 0 (ddb_fla f) = wvalor_fla ¢ f
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theorem ddb_fla_correcta:
"valor e 0 (ddb_fla f) = valor_fla e f"
by (induct f) (auto simp add: ddb_var_correcta
ddb_and_correcta
ddb_or_correcta
ddb_not_correcta
ddb_xor_correcta)

text {x*

Referencias:

% S. Berghofer "Binary dectstion diagrams'. En
http://isabelle.tn.tum.de/exercises/trees/bdd/ex.pdf

4 J.4. Alonso, F.J. Martin y J.L. Ruiz "Diagramas de decision

binartos". En

http://www. cs.us.es/cursos/lp-2005/temas/tema-07.pdf

% Wikipedia "Binary decision diagram'. En
http://en.wikipedia.org/wiki/Binary_decision_diagram

*}

end

6.2.5. Representacion de formulas proposicionales mediante polino-
mios

chapter {* T6R2e: Representacion de formulas proposticionales mediante
polinomios *}

theory T6R2e
imports Main
begin

text {*
El objetivo de esta relacion es definir un procedimiento para
transformar formulas proposticionales (construidas con , y ) en
polinomios de la forma
(p_1 p_n) (q_1 q_m)
y demostrar que, para cualquier interpretacion I, el wvalor de las
formulas coincide con la de su correspondiente polinomio. *}
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text {x*

Ejercicto 1. Las formulas proposicionales pueden definirse mediante
las siguientes reglas:

% es una formula proposicional

% Las variables proposicionales p_1, p_2, son formulas
proposicionales,

4 St Fy G son formulas proposicionales, entonces (F G) y (F G)

también lo son.

donde es una formula que stempre es wverdadera, es la conjuncion y

es la disyuncion exclusiva.

Definir el tipo de datos form para representar las formulas
proposicionales usando

% T en lugar de ,

4 (Var ¢) en lugar de p_1,

4 (And F G) en lugar de (F G) y

4 (Xor F G) en lugar de (F G).

__________________________________________________________________ *}
datatype form = T | Var nat | And form form | Xor form form
text {*
Ejercicto 2. Los siguientes ejemplos de formulas
forml = p0
form2 = (p0 p1) (p0 p1)
__________________________________________________________________ *}
abbreviation forml :: "form" where
"forml Xor (Var 0) T"
abbreviation form2 :: "form" where

"form2 Xor (Xor (Var 0) (Var 1)) (And (Var 0) (Var 1))"

text {*
Ejercicto 3. Definir la funcion
zor :: bool bool bool
tal que (zor p q) es el walor de la disyuncion exclusiva de p y q. Por
ejemplo,
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definition xor :: "bool bool Dbool" where
"xor x y (x hy) (Gx y)"

value '"xor False True" -- "= True"

text {*

Ejercicto 4. Una interpretacion es una aplicacion de los naturales en
los booleanos. Definir las siguientes interpretaciones

| po0 | p1 | p2 | p3 | ..
intl | F [ F [ F | F [ ...
int2 | F |V [ F | F |
wint3 |V | F | F | F |
ant3 [V [V [ F | F |
__________________________________________________________________ *}
abbreviation intl :: '"mat bool" where
"intl x False"
abbreviation int2 :: "mat bool" where
"int2 dintl (1 := True)"
abbreviation int3 :: "nat bool" where
"int3 intl (0 := True)"
abbreviation int4 :: '"mat bool" where
"int4 intl (0 := True, 1 := True)"

text {#
Ejercicto 5. Dada una interpretacion I, el wvalor de de una formula F
repecto de I, I(F), se define por
4 T, st F es ;
4 I(n), si F es p_n;
4 I(G) I(H), st Fes (6 H);
4 I(G) I(H), st Fes (G H).

Definir la funcion
valorF :: (nat bool) form bool
tal que (valorF i f) es el walor de la formula f respecto de la
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wnterpretacion 1. Por ejemplo,

valorF intl forml = True
valorF 4nt3 forml = False
valorF 4ntl form2 = False
valorF int2 form2 = True
valorF int3 form2 = True
valorF int4 form2 = True
_____________________________________________________________________ *}
fun valorF :: "(nat bool) form bool" where
"valorF i T = True"
| "valorF i (Var n) = i n"
| "valorF i (And f g) = (valorF i f wvalorF i g)"
| "valorF i (Xor f g) = xor (valorF i f) (valorF i g)"
value "valorF intl forml" -- "= True"
value "valorF int3 forml" -- "= False"
value "valorF intl form2" -- "= False"
value "valorF int2 form2" -- "= True"
value "valorF int3 form2" -- "= True"
value "valorF int4 form2" -- "= True"
text {*
Ejercicto 6. Un monomio es una lista de niumeros naturales y se puede
wnterpretar como la conjuncion de vartables proposionales cuyos
indices son los nimeros de la lista. Por ejemplo, el monomio [0,2,1]
se interpreta como la formula (p0 p2 pl).
Definir la funcion
formM :: mat list form
tal que (formM m) es la formula correspondiente al monomio. Por
ejemplo,
formM [0,2,1] = And (Var 0) (And (Var 2) (And (Var 1) T))
--------------------------------------------------------------------- *}

fun f

ormM ::

"formM []
| "formM (n#ns) = And (Var n) (formM ns)"

"nat list form" where

= T"
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value "formM [0,2,1]" -- "= And (Var 0) (And (Var 2) (And (Var 1) T)"

text {*

Ejercicto 7. Definir, por recursion, la funcion

valorM :: (nat bool) mnat list bool
tal que (valorM i m) es el walor de la formula representada por el
monomio m en la interpretacion i. Por ejemplo,

valorM intl [0,2,1]

valorM (int1(0:=True,1:=True,2:=True)) [0,2,1]
Demostrar que, para toda interpretacion ¢ y todo momomio m, se tiene
que

valorM i m = valorF i (formM m)

False
True

fun valorM :: "(nat bool) nat list bool" where

"valorM i []
"valorM i (x # xs)

True"
(i x wvalorM i xs)"

value "valorM int1l [0,2,1]" -- "= False"
value "valorM (int1(0:=True,l1:=True,2:=True)) [0,2,1]" -- "= True"

- "La demostracidn automatica es"

lemma correccion_valorM:

"valorM i m = valorF i (formM m)"

by (induct m) auto

- "La demostracidn estructurada es"

lemma correccion_valorM2:

"valorM i m = valorF i (formM m)"

proof (induct m)

show "valorM i [] = valorF i (formM [])" by simp

next

fix x xs assume HI: "valorM i xs = valorF i (formM xs)"
have "valorM i (x#xs) = (i x valorM i xs)" by simp
also have "... = (i x (valorF i (formM xs)))" using HI by simp

also have "... = ((valorF i (Var x)) (valorF i (formM xs)))" by simp
also have "... = valorF i (And (Var x) (formM xs))" by simp
also have "... = valorF i (formM (x#xs))" by simp

finally show "valorM i (x#xs) = valorF i (formM (x#xs))" by simp
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ged

text {*
Ejercicio 8. Un polinomio es una lista de monomios y se puede
wnterpretar como la disyuncion exclusiva de los momomios. Por ejemplo,
el polinomio [[0,2,1],[1,3]] se interpreta como la formula
(p0 p2 p1) (p1 p3).

Definir la funcion

formP :: mat list list form
tal que (formP p) es la formula correspondiente al polinomio p. Por
ejemplo,

formpP [[1,2],[3]]

= Xor (And (Var 1) (And (Var 2) T)) (Xor (And (Var 3) T) (Xor T T))

fun formP :: '"mat list list form" where
"formP [] = Xor TTO"
| "formP (m#ms) = (Xor (formM m) (formP ms))"

value "formP [[1,2],[3]]1"
- "= Xor (And (Var 1) (And (Var 2) T)) (Xor (And (Var 3) T) (Xor T T))"

Ejercicto 9. Definir la funcion

valorP :: (nat bool) mnat list list bool
tal que (valorP 1 p) es el walor de la formula representada por el
polinomio p en la wnterpretacion 7. Por ejemplo,

valorP (int1(1:=True,3:=True)) [[0,2,1],[1,3]] = True
Demostrar que, para toda interpretacion ¢ y todo polinomio p, se tiene
que

valorM 1 p = walorF i (formP p)

fun valorP :: "(nat bool) nat list list bool'" where
"valorP i [] False"
| "valorP i (m # ms) xor (valorM i m) (valorP i ms)"
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value "valorP (inti1(1:=True,3:=True)) [[0,2,1],[1,3]]" -- "= True"

- "La demostracidén automatica es"
lemma correccion_valorP:
"valorP i p = valorF i (formP p)"
by (induct p) (auto simp add: xor_def correccion_valorM)

- "La demostracidén estructurada es"
lemma correccion_valorP2:

"valorP i p = valorF i (formP p)"
proof (induct p)

show "valorP i [] = valorF i (formP []1)" by (simp add: xor_def)
next

fix m ms assume HI: "valorP i ms = valorF i (formP ms)"

have "valorP i (m#ms) = xor (valorM i m) (valorP i ms)" by simp

also have "... = xor (valorM i m) (valorF i (formP ms))" using HI by simp
also have "... = xor (valorF i (formM m)) (valorF i (formP ms))"
by (simp add: correccion_valorM)
also have "... = valorF i (Xor (formM m) (formP ms))" by simp
also have "... = valorF i (formP (m#ms))" by simp

finally show "valorP i (m#ms) = valorF i (formP (m#ms))" by simp
ged

text {*
Ejercicto 10. Definir la funcion
productoM :: mat list mnat list list mnat list list
tal que (productoM m p) es el producto del monomio p por el polinomio
p. Por ejemplo,
productoM [1,3] [[1,2,4]1,[7],[4,1]]
=[[1,3,1,2,4],[1,3,7],[1,3,4,1]]

fun productoM :: '"mat list mnat list list mnat list list" where
"productoM m [] = [
| "productoM m (x#xs) = (m@x)#(productoM m xs)"

value "productoM [1,3] [[1,2,4]1,[7]1,[4,111"
- = [[173,1,2’4]:[1:377]7[173,4,1]]“
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text {*

Ejercicto 11. Demostrar que, en cualquier interpretacion 2, el wvalor
de la concatenacion de dos monomios es la conjuncion de sus valores.

--------------------------------------------------------------------- *}
- "La demostraci6én automdtica es"
lemma valorM_conc:
"valorM i (xs @ ys) = (valorM i xs valorM i ys)"
by (induct xs) auto
- "La demostracidén estructurada es"
lemma valorM_conc2:
"valorM i (xs Q@ ys) = (valorM i xs valorM i ys)"
proof (induct xs)
show "valorM i ([] @ ys) = (valorM i [] wvalorM i ys)" by simp
next
fix x xs assume HI: "valorM i (xs @ ys) = (valorM i xs valorM i ys)"
have "valorM i ((x#xs) @ ys) = valorM i (x#(xs@ys))" by simp
also have "... = (i x (valorM i (xs@ys)))" by simp
also have "... = (i x (valorM i xs valorM i ys))" using HI by simp
also have "... = ((i x valorM i xs) valorM i ys)" by simp
also have "... = ((valorM i (x#xs)) valorM i ys)" by simp
finally show "valorM i ((x#xs) Q@ ys) =
((valorM i (x#xs)) valorM i ys)" by simp
ged
text {*
Ejercicto 12. Demostrar que, en cualquier interpretacion %, el valor
del producto de un momomio por un polinomio es la conjuncion de sus
valores.
_____________________________________________________________________ *}

- "La demostracién automatica es"
lemma correccion_productoM:
"valorP i (productoM m p) = (valorM i m valorP i p)"
by (induct p) (auto simp add: xor_def valorM_conc)

- "La demostracién estructurada es"
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lemma correccion_productoM2:

"valorP i (productoM m p) = (valorM i m valorP i p)"
proof (induct p)

show "valorP i (productoM m []) = (valorM i m wvalorP i [1)" by simp
next

fix xs p

assume HI: "valorP i (productoM m p) = (valorM i m valorP i p)"

have "valorP i (productoM m (xs#p)) = valorP i ((m@xs)#(productoM m p))"

by simp

also have "... = xor (valorM i (m@xs)) (valorP i (productoM m p))"
by simp

also have "... = xor (valorM i (m@xs)) (valorM i m valorP i p)"
using HI by simp

also have "... = xor (valorM i m valorM i xs)

(valorM i m valorP i p)"
by (simp add: valorM_conc)

also have "... = (valorM i m (xor (valorM i xs) (valorP i p)))"
by (auto simp add: xor_def)
also have "... = (valorM i m valorP i (xs#p))" by simp

finally show "valorP i (productoM m (xs#p)) =
(valorM i m valorP i (xs#p))" by simp
ged

text {*

Ejercicto 13. Definir la funcion

producto :: mat list list mnat list list mnat list list
tal que (producto p q) es el producto de los polinomios p y q. Por
ejemplo,

producto [[1,3],[2]] [[1,2,4],[7],[4,1]]
= [[1,3,1,2,4]1,[1,3,71,[1,3,4,1],[2,1,2,4]1,[2,71,[2,4,1]]

fun producto :: '"nat list list mnat list list mnat list list'" where

"producto [] q = [J"
| "producto (m # p) q = (productoM m q) @ (producto p q)"

value "producto [[1,3],[2]1 [[1,2,41,[7],[4,1]1]1"
- "= [[1,3,1,2,4]1,01,3,7],[1,3,4,11,[2,1,2,4],[2,7],[2,4,1]1]"
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text {*
Ejercicto 14. Demostrar que, en cualquier interpretacion %, el wvalor
de la concatenacion de dos polinomios es la disyuncion exclusiva de
sus valores.

--------------------------------------------------------------------- *}
- "La demostraci6én automdtica es"
lemma valorP_conc:
"valorP i (xs @ ys) = (xor (valorP i xs) (valorP i ys))"
by (induct xs) (auto simp add: xor_def)
- "La demostracidén estructurada es"
lemma valorP_conc2:
"valorP i (xs @ ys) = (xor (valorP i xs) (valorP i ys))"
proof (induct xs)
show "valorP i ([]@ys) = xor (valorP i []) (valorP i ys)"
by (simp add: xor_def)
next
fix x xs
assume HI: "valorP i (xs@ys) = xor (valorP i xs) (valorP i ys)"
have "valorP i ((x#xs)Qys) = valorP i (x#(xsQys))" by simp
also have "... = xor (valorM i x) (valorP i (xs@ys))" by simp
also have "... = xor (valorM i x) (xor (valorP i xs) (valorP i ys))"
using HI by simp
also have "... = xor (xor (valorM i x) (valorP i xs)) (valorP i ys)"
by (auto simp add: xor_def)
also have "... = xor (valorP i (x#xs)) (valorP i ys)"
by simp
finally show "valorP i ((x#xs)Qys) = xor (valorP i (x#xs)) (valorP i ys)"
by simp
ged
text {#
Ejercicto 15. Demostrar que, en cualquier interpretacion %, el valor
del producto de dos polinomios es la conjuncion de sus wvalores.
_____________________________________________________________________ *}

- "La demostracidén automitica es"
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lemma correccion_producto:
"valorP i (producto p q) = (valorP i p wvalorP i q)"
by (induct p)
(auto simp add: xor_def correccion_productoM valorP_conc)

- "La demostracién estructurada es"
lemma correccion_producto2:
"valorP i (producto p q) = (valorP i p wvalorP i )"
proof (induct p)
show "valorP i (producto [] q) = (valorP i [] wvalorP i )"
by simp
next
fix m p
assume HI: "valorP i (producto p q)
have "valorP i (producto (m # p) q)
valorP i ((productoM m q) @ (producto p g))" by simp
also have "... = xor (valorP i (productoM m q))
(valorP i (producto p g))"
by (simp add: valorP_conc)
also have "... = xor (valorM i m valorP i q)
(valorP i (producto p g))"

(valorP i p valorP i )"

by (simp add: correccion_productoM)
also have "... = xor (valorM i m valorP i q)
(valorP i p wvalorP i q)"
by (simp add: correccion_producto)

also have "... = (xor (valorM i m) (valorP i p) valorP i q)"
by (auto simp add: xor_def)

also have "... = (valorP i (m # p) valorP i q)"
by simp

finally show "valorP i (producto (m # p) q) =
(valorP i (m # p) valorP i q)" by simp
ged

text {*

Ejercicto 16. Definir la funcion

polinomio :: form mnat list list
tal que (polinomio f) es el polinomio que representa la formula f. Por
ejemplo,

polinomio (Xor (Var 1) (Var 2)) = [[1],[2]]
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polinomio (4dnd (Var 1) (Var 2)) = [[1,2]]
polinomio (Xor (Var 1) T) = [[1],[]]
polinomio (And (Var 1) T) = [[1]]]
polinomio (And (Xor (Var 1) (Var 2)) (Var 3)) = [[1,3],[2,3]]
polinomio (Xor (And (Var 1) (Var 2)) (Var 3)) = [[1,2],[3]]
_____________________________________________________________________ *}
fun polinomio :: "form nat list list" where
"polinomio T = [[1]"
| "polinomio (Var i) = [[i11"
| "polinomio (Xor f1 f2) = polinomio f1 @ polinomio f2"
| "polinomio (And f1 f2) = producto (polinomio f1) (polinomio f2)"
value "polinomio (Xor (Var 1) (Var 2))" -- "= [[1]1,[2]1]"
value "polinomio (And (Var 1) (Var 2))" -- "= [[1,2]]1"
value "polinomio (Xor (Var 1) T)" -- "= [[11, 011"
value "polinomio (And (Var 1) T)" -- "= [[1111"
value "polinomio (And (Xor (Var 1) (Var 2)) (Var 3))" -- "= [[1,3],[2,3]1]"
value "polinomio (Xor (And (Var 1) (Var 2)) (Var 3))" -- "= [[1,2],[3]1]"
text {x*
Ejercicto 17. Demostrar que, en cualquier interpretacion %, el wvalor
de f es igual que el de su polinomzo.
_____________________________________________________________________ *}

- "La demostracién automatica es"
theorem correccion_polinomio:
"valorF i f = valorP i (polinomio f)"
by (induct f)
(auto simp add: xor_def correccion_producto valorP_conc)

- "La demostracién estructurada es"

theorem correccion_polinomioZ2:
"valorF i f = valorP i (polinomio f)"

proof (induct f)

show "valorF i T = valorP i (polinomio T)" by (simp add: xor_def)
next

fix n

show "valorF i (Var n) = valorP i (polinomio (Var n))"
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by (simp add: xor_def)
next
fix f g
assume HI1: "valorF i f
HI2: "valorF i g = valorP i (polinomio g)"
have "valorF i (And f g) = (valorF i f wvalorF i g)" by simp

valorP i (polinomio f)" and

also have "... = (valorP i (polinomio f) valorP i (polinomio g))"
using HI1 HI2 by simp

also have "... = valorP i (producto (polinomio f) (polinomio g))"
by (simp add: correccion_producto)

also have "... = valorP i (polinomio (And f g))"
by simp

finally show "valorF i (And f g) = valorP i (polinomio (And f g))"
by simp

next
fix £ g

assume HI1: "valorF i f = valorP i (polinomio f)" and
HI2: "valorF i g = valorP i (polinomio g)"
have "valorF i (Xor f g) = xor (valorF i f) (valorF i g)"

by simp
also have "... = xor (valorP i (polinomio f)) (valorP i (polinomio g))"
using HI1 HI2 by simp
also have "... = valorP i ((polinomio f) @ (polinomio g))"
by (simp add: valorP_conc)
also have "... = valorP i (polinomio (Xor f g))"
by simp
finally show "valorF i (Xor f g) = valorP i (polinomio (Xor f g))"
by simp
ged
end

6.2.6. Ordenacion de listas mediante drboles ordenados

chapter {* T6R2f: Ordenacidon de listas mediante drboles ordenados *}
theory T6R2f_Ordenacion_de_listas_mediante_arboles_ordenados
imports Main T6R1j_Ordenacion_de_listas_por_insercion

begin

text {*
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En esta relacion de ejercicios se definen los drboles ordenados y se
muestra como se puede ordenar listas mediante drboles. Para ello, se
definen dos funciones

* arbol_de que transforma lista en drboles ordenados y

* lista_de que transforma drboles en listas

Se demuestra que (lista_de (arbol_de zs)) es una lista ordenada con
los mismos elementos que zs.

*}
section {* Arboles ordenados *}

text {*
Ejercicto 1. Definir el tipo de datos arbol para representar los
arboles binarios que tiene en los mnodos numeros naturales. Por
ejemplo, el arbol

H HH H

datatype arbol = Hoja | Nodo nat arbol arbol
value "Nodo 4 (Nodo 1 Hoja Hoja) (Nodo 6 Hoja Hoja)"

text {x*
Ejercicto 2. Definir la funcion
menord :: nat arbol bool
tal que (menord z a) se werifica st T es menor o igual que todos los
elementos del arbol a. Por ejemplo,
menord 2 (Nodo 4 (Nodo 3 Hoja Hoja) (Nodo 6 Hoja Hoja))
menord & (Nodo 4 (Nodo 3 Hoja Hoja) (Nodo 6 Hoja Hoja))

True
False
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fun menorA :: "mat arbol bool" where
True"

"menorA x Hoja
| "menorA x (Nodo n al a2)

(x n menorA x al menorA x a2)"

value "menorA 2 (Nodo 4 (Nodo 3 Hoja Hoja) (Nodo 6 Hoja Hoja))"

- "= True"

value "menorA 5 (Nodo 4 (Nodo 3 Hoja Hoja) (Nodo 6 Hoja Hoja))"
- "= False"

text {*

Ejercicto 3. Definir la funcion
mayord :: mat arbol bool
tal que (mayord = a) se verifica si = es mayor o igual que todos los
elementos del arbol a. Por ejemplo,
mayord 7 (Nodo 4 (Nodo 3 Hoja Hoja) (Nodo 6 Hoja Hoja))
mayord & (Nodo 4 (Nodo 3 Hoja Hoja) (Nodo 6 Hoja Hoja))

True
False

fun mayorA :: "nat arbol bool" where
"mayorA x Hoja
| "mayorA x (Nodo n al a2)

True"

(n x mayorA x al mayorA x a2)"

value "mayorA 7 (Nodo 4 (Nodo 3 Hoja Hoja) (Nodo 6 Hoja Hoja))"

_ = Truell

value "mayorA 5 (Nodo 4 (Nodo 3 Hoja Hoja) (Nodo 6 Hoja Hoja))"
- "= False"

text {#

Ejercicto 5. Un arbol estd ordenado st cada modo es mayayor igual que
todos los nodos de su subdrbol tzquierdo y menor o igual que todos los
nodos de su subdrbol derecho.

Definir la funcion

ordenadod :: arbol bool
tal que (ordenadod z a) se verifica si a es es un drbol ordenado. Por
ejemplo,

ordenadod (Nodo 4 (Nodo 1 Hoja Hoja) (Nodo 6 Hoja Hoja))

= True
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ordenadod (Nodo 4 (Nodo 5 Hoja Hoja) (Nodo 6 Hoja Hoja))

= False
ordenadod (Nodo 4 (Nodo 1 Hoja Hoja) (Nodo 3 Hoja Hoja))
= False
------------------------------------------------------------------ *}
fun ordenadoA :: "arbol bool" where
"ordenadoA Hoja = True"

| "ordenadoA (Nodo n al a2) = (ordenadoA al ordenadoA a2
mayorA n al menorA n a2)"

value "ordenadoA (Nodo 4 (Nodo 1 Hoja Hoja) (Nodo 6 Hoja Hoja))"
_ = Truell

value "ordenadoA (Nodo 4 (Nodo 5 Hoja Hoja) (Nodo 6 Hoja Hoja))"
- "= False"

value "ordenadoA (Nodo 4 (Nodo 1 Hoja Hoja) (Nodo 3 Hoja Hoja))"
- "= False"

text {#
Ejercicto 6. Definir la funcion
insertad :: nat arbol arbol
tal que (inserta n a) es el drbol obtenido insertando n delante del
primer subdrbol de a cuya ratz es mayor o tgual que a. Por ejemplo,
insertad 4 Hoja
= Nodo 4 Hoja Hoja
insertad 1 (Nodo 4 Hoja Hoja)
= Nodo 4 (Nodo 1 Hoja Hoja) Hoja
insertad 6 (Nodo 4 (Nodo 1 Hoja Hoja) Hoja)
= Nodo 4 (Nodo 1 Hoja Hoja) (Nodo 6 Hoja Hoja)
insertad 3 (Nodo 4 (Nodo 1 Hoja Hoja) (Nodo 6 Hoja Hoja))
= Nodo 4 (Nodo 1 Hoja (Nodo 3 Hoja Hoja)) (Nodo 6 Hoja Hoja)
insertad 5 (Nodo 4 (Nodo 1 Hoja Hoja) (Nodo 6 Hoja Hoja))
= Nodo 4 (Nodo 1 Hoja Hoja) (Nodo 6 (Nodo 5 Hoja Hoja) Hoja)

fun insertaA :: "nat arbol arbol" where
"insertalA x Hoja = Nodo x Hoja Hoja"
| "insertaA x (Nodo n al a2) = (if x n
then Nodo n (insertaA x al) a2
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else Nodo n al (insertadA x a2))"

value "insertaA 4 Hoja"
- "= Nodo 4 Hoja Hoja"
value "insertaA 1 (Nodo 4 Hoja Hoja)"
- "= Nodo 4 (Nodo 1 Hoja Hoja) Hoja"
value "insertaA 6 (Nodo 4 (Nodo 1 Hoja Hoja) Hoja)"
- "= Nodo 4 (Nodo 1 Hoja Hoja) (Nodo 6 Hoja Hoja)"
value "insertaA 3 (Nodo 4 (Nodo 1 Hoja Hoja) (Nodo 6 Hoja Hoja))"
- "= Nodo 4 (Nodo 1 Hoja (Nodo 3 Hoja Hoja)) (Nodo 6 Hoja Hoja)"
value "insertaA 5 (Nodo 4 (Nodo 1 Hoja Hoja) (Nodo 6 Hoja Hoja))"
- "= Nodo 4 (Nodo 1 Hoja Hoja) (Nodo 6 (Nodo 5 Hoja Hoja) Hoja)"

text {*
Ejercicto 7. Definir la funcion
arbol_de :: mat list arbol
tal que (arbol_de zs) es el drbol obtenido insertando n los elementos
de la lista zs. Por ejemplo,
arbol_de [6,1,4]
= Nodo 4 (Nodo 1 Hoja Hoja) (Nodo 6 Hoja Hoja)

fun arbol_de :: "nat list arbol" where
"arbol_de [] = Hoja"
| "arbol_de (x#xs) = insertaA x (arbol_de xs)"

value "arbol_de [6,1,4]"
—- "= Nodo 4 (Nodo 1 Hoja Hoja) (Nodo 6 Hoja Hoja)"

text {x*
Ejercicto 8. Demostrar que T es mayor o igual que los nodos del drbol
obtenido tnsertando y en el drbol a syss T es mayor o igual que y y T
es mayor o tgual que los modos del drbol a.

- "La demostracién automatica es"
lemma mayorA_insertaA:
"mayorA x (insertaA y a) = (y x mayorA x a)"
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by (induct a) auto

text {*
Ejercicto 9. Demostrar que T es menor o tgual que los modos del drbol
obtenido insertando y en el arbol a syss T es menor o tqual que y y T
es menor o tgual que los modos del drbol a.

- "La demostracidén automatica es"
lemma menorA_insertal:
"menorA x (insertaA y a) = (x y menorA x a)"
by (induct a) auto

text {x*
Ejercicto 10. Demostrar que el arbol obtentido insertando = en el drbol
a es ordenado syss el arbol a es ordenado.

- "La demostracidén automatica es"
lemma ordenadoA_insertal:
"ordenadoA (insertaA x a) = ordenadoA a"
by (induct a) (auto simp add: mayorA_insertal menorA_insertald)

Ejercicio 11. Demostrar que para cualquier lista zs, (arbol_de zs) es
un arbol ordenado.

- "La demostracidén automatica es"
theorem ordenadoA_arbol_de:
"ordenadoA (arbol_de xs)"
by (induct xs) (auto simp add: ordenadoA_insertal)

text {*

Ejercicto 12. Definir la funcion
cuentad :: arbol => nat => nat
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tal que (cuentad a y) es el nimero de veces que aparece y en el drbol
a. Por ejemplo,

cuentad (Nodo 6 (Nodo 3 Hoja Hoja) (Nodo 6 Hoja Hoja)) 6 = 2

__________________________________________________________________ *}
fun cuentalA :: "arbol => nat => nat" where
"cuental Hoja y = 0"
| "cuentaA (Nodo x al a2) y = (if x=y
then Suc (cuentaA al y + cuentadA a2 y)
else cuentaA al y + cuentaA a2 y)"
value "cuentaA (Nodo 6 (Nodo 3 Hoja Hoja) (Nodo 6 Hoja Hoja)) 6"
_ = 2!!
text {*
Ejercicio 13. Demostrar que el numero de veces que aparece y en el
arbol obtentdo insertando = en el darbol a es
* uno mas el numero de veces que aparece y en a, St Y = T,
* el numero de wveces que aparece Yy en a, St Y I,
------------------------------------------------------------------ *}
- "La demostracién automatica es"
lemma cuentaA_insertah:
"cuentaA (insertaA x a) y =
(if x=y then Suc (cuentaA a y) else cuentaA a y)"
by (induct a) auto
text {*
Ejercicto 14. Demostrar que el numero de veces que aparece Yy en
(arbol_de zs) es el mismo que el numero de veces que aparece Yy en IS.
__________________________________________________________________ *}

- "La demostracidén automitica es"
theorem cuenta_arbol_de:

"cuentaA (arbol_de xs) x = cuenta xs x"
by (induct xs) (auto simp add: cuentaA_insertal)

section {* Ordenacion de lista mediante darboles *}
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text {*
La funcion arbol_de transforma una lista en un drbol ordenado. Vamos a
definir la funcion lista_de que transforme un darbol ordenado en una
lista ordenada. Con ambas, tendremos un algoritmo de ordenacion de
listas.

*}

text {#
Ejercicto 15. Definir la funcion
lista_de :: arbol nat list
tal que (lista_de a) es la lista obtenida recorriendo el arbol a de
forma prefija. Por ejemplo,
lista_de (Nodo 4 (Nodo 1 Hoja Hoja) (Nodo 6 Hoja Hoja))

= [1,4,6]
__________________________________________________________________ *}
fun lista_de :: "arbol nat list'" where
"lista_de Hoja = [

| "lista_de (Nodo n al a2)

lista_de al @ [n] @ lista_de a2"

value "lista_de (Nodo 4 (Nodo 1 Hoja Hoja) (Nodo 6 Hoja Hoja))"
_ = [1,4’6]“

Ejercicto 16. Demostrar que T es menor o tgual que todos elmentos de
la concatenacion de dos stistas syss es menor o igual que todos los
elementos de cada una de las listas.

- "La demostracidén automatica es"
lemma menor_conc:

"menor x (a@b) = (menor x a menor x b)"
by (induct a) auto

text {*

Ejercicto 17. Definir la funcion
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mayor :: mat mnat list bool
tal que (mayor x ys) se verifica st T es mayor o igual que todos los
elementos de ys. Por ejemplo,

fun mayor :: "nat mnat list Dbool" where
"mayor a [] = True"
| "mayor a (x#xs) = (x a mayor a xs)"

value "mayor 7 [1,5,2]" --"= True"
value "mayor 7 [1,9,2]" --"= False"
text {+*

Ejercicio 18. Demostrar que = es mayor o tgual que todos elmentos de
la concatenacion de dos sistas syss es mayor o tgual que todos los
elementos de cada una de las listas.

- "La demostracién automatica es"
lemma mayor_conc:
"mayor x (a@b) = (mayor x a mayor x b)"
by (induct a) auto

Ejercicio 18. Demostrar que la lista (a@(z#b)) estd ordenada syss se
ay b esta ordenada, T es mayor o tgual que los elementos de a y es
menor o tgual que los elementos de b.

- "La demostracién automatica es"
lemma ordenada_conc:
"ordenada (a@(x#b)) = (ordenada a ordenada b mayor x a menor x b)"
by (induct a) (auto simp add: menor_conc mayor_conc menor_menor)

text {*

Ejercicto 19. Demostrar que n es mayor o tgual que todos los elementos
de la lista de elementos del arbol a syss es mayor o tgual que todos
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los elementos de a.

- "La demostracién automatica es"
lemma mayor_lista_de:
"mayor n (lista_de a) = mayorA n a"
by (induct a) (auto simp add: mayorA_insertaA mayor_conc)

text {#
Ejercicio 20. Demostrar que m es menor o tgual que todos los elementos
de la lista de elementos del drbol a syss es menor o igual que todos
los elementos de a.

- "La demostracidén automatica es"
lemma menor_lista_de:
"menor n (lista_de a) = menorA n a"
by (induct a) (auto simp add: menorA_insertaA menor_conc)

text {*
Ejercicio 21. Demostrar que (lista_de a) estd ordenada syss a es un
drbol ordenado.

- "La demostracidén automatica es"
lemma ordenada_lista_de:
"ordenada (lista_de a) = ordenadoA a"
by (induct a) (auto simp add: ordenada_conc mayor_lista_de menor_lista_de)

text {*

- "La demostracidén automatica es"
theorem ordenada_lista_de_arbol_de:
"ordenada (lista_de (arbol_de xs))"
by (auto simp add: ordenada_lista_de ordenadoA_arbol_de)
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text {x
Ejercicto 23. Demostrar que el numero de veces que aparece un elemento
en la concatenacion de dos listas es la suma del numero de veces que
aparece en cada una.

__________________________________________________________________ *}
- "La demostracién automatica es"
lemma cuenta_conc:
"cuenta (a@b) n = cuenta a n + cuenta b n"
by (induct a) auto
text {*
Ejercicto 24. Demostrar que el numero de veces que aparece n en
(lista_de a) es el mismo que el nimero de veces que aprece n en el
arbol a.
__________________________________________________________________ *}

- "La demostracidén automatica es"
lemma cuenta_lista_de:
"cuenta (lista_de a) n = cuentalA a n"
by (induct a) (auto simp add: cuenta_conc)

Ejercicto 25. Demostrar que el numero de veces que aparece n
(lista_de (arbol_de xs)) es el mismo numero de veces que aparece n en
Ts.

- "La demostracidén automatica es"
theorem cuenta_lista_de_arbol_de:
"cuenta (lista_de (arbol_de xs)) n = cuenta xs n"
by (induct xs) (auto simp add: cuenta_lista_de cuentaA_insertal)

end
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6.3. Ejercicios sobre aritmética

6.3.1. Potencias y sumatorios

chapter {* T6R3a: Potenctas y sumatorios *}

theory T6R3a
imports Main
begin

text {*
En esta relacion se definen las potencias y sumatorios y se demuestran
algunas de sus proptedades. *}

section {* Potencia +*}

text {*
Ejercicto 1. Definir la funcion
potencia :: mat => nat => nat
tal que (potencia = n) es z elvado a n. Por ejemplo,
potencia 2 3 = 8

------------------------------------------------------------------ *}
fun potencia :: '"nat => nat => nat" where
"potencia x 0 = Suc 0"
| "potencia x (Suc n) = x * potencia x n"
value "potencia 2 3" -- "= 8"
text {*
Ejercicio 2. Demostrar que
z\ < bsup>mn\<“~esup> = (z\< bsup>m\<~esup>)\< bsup>n\< esup>
Indicacion: Demostrar antes un lema.
------------------------------------------------------------------ *}

- "La demostracién automdtica del lema es"
lemma potencia_suma:
"potencia x (m + n) = potencia x m * potencia x n"
by (induct n) auto
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- "La demostracién estructurada del lema es"
lemma potencia_suma2:

"potencia x (m + n) = potencia x m * potencia x n"
proof (induct n)

show "potencia x (m + 0) = potencia x m * potencia x 0" by simp
next

fix n

assume HI: "potencia x (m + n) = potencia x m * potencia x n"

have "potencia x (m + Suc n) = potencia x (Suc (m + n))" by simp

also have "... = x * potencia x (m + n)" by simp

also have " = x * (potencia x m * potencia x n)" using HI by simp
also have " = potencia x m * (x * potencia x n)" by simp

also have " = potencia x m * potencia x (Suc n)" by simp

finally show ”potenc1a x (m + Suc n) = potencia x m * potencia x (Suc n)"
by simp
ged

- "La demostracidén automdtica del teorema es"
theorem potencia_mult:
"potencia x (m * n) = potencia (potencia x m) n"
by (induct n) (auto simp add: potencia_suma)

- "La demostracién estructurada del teorema es"

theorem potencia_mult2:
"potencia x (m * n) = potencia (potencia x m) n"

proof (induct n)

show "potencia x (m * 0) = potencia (potencia x m) 0" by simp
next

fix n

assume HI: "potencia x (m * n) = potencia (potencia x m) n"

have "potencia x (m * Suc n) = potencia x (m + m * n)" by simp

also have "... = potencia x m * potencia x (m * n)"
by (simp add: potencia_suma)

also have "... = potencia x m * potencia (potencia x m) n"
using HI by simp

also have "... = potencia (potencia x m) (Suc n)"
by simp

finally show "potencia x (m * Suc n) = potencia (potencia x m) (Suc n)"
by simp
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ged
section {* Sumatorios *}

text {*
Ejercicto 3. Definir la funcion
suma :: nat list => nat
tal que (suma ns) es la suma de los elementos de ns. Por ejemplo,
suma [3,2,5] = 10

------------------------------------------------------------------ *}
fun suma :: "nat list => nat'" where
"suma [] = 0"
| "suma (n#ns) = n + suma ns"
value "suma [3,2,5]" -- "= 10"
text {*
Ejercicio 4. Demostrar que
suma (zs @ ys) = suma TS + suma Ys
Indicacion: Conviene demostrar un lema previo.
__________________________________________________________________ *}

- "La demostracidén automatica del lema es"
lemma suma_append:
"suma (xs @ ys) = suma xs + suma ys"
by (induct xs) auto

- "La demostracidén estructurada del lema es"
lemma suma_append2:
"suma (xs @ ys) = suma xs + suma ys"
proof (induct xs)
show "suma ([] @ ys)
next

suma [] + suma ys" by simp

fix x xs

assume HI: "suma (xs @ ys) = suma xs + suma ys"

have "suma ((x#xs) @ ys) = suma (x # (xs @ ys))" by simp
also have "... = x + suma (xs @ ys)" by simp
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also have "... = x + (suma xs + suma ys)" using HI by simp
also have "...

(x + suma xs) + suma ys" by simp

also have "... = suma (x#xs) + suma ys" by simp

finally show "suma ((x#xs) @ ys) = suma (x#xs) + suma ys" by simp
ged

- "La demostracidén automatica del teorema es"
theorem suma_rev: "

suma (rev ns) = suma ns"
by (induct ns) (auto simp add: suma_append)

- "La demostracidén estructurada del teorema es"
theorem suma_rev2: "

suma (rev ns) = suma ns"
proof (induct ns)

show "suma (rev []) = suma []" by simp

next
fix n ns
assume HI: "suma (rev ns) = suma ns"
have "suma (rev (n#ns)) = suma (rev ns @ [n])" by simp
also have "... = suma (rev ns) + suma [n]" by (simp add: suma_append)
also have "... = suma ns + suma [n]" using HI by simp

also have "... = n + suma ns" by simp

also have "... = suma (n#ns)" by simp

finally show "suma (rev (n#ns)) = suma (n#ns)" by simp
ged
text {x*

Ejercicto 5. Definir la funcion
Suma :: (nat => nat) => nat => nat

tal que (Suma f n) es la suma f(0) + + f(n-1). Por ejemplo,
Suma (z. z+2) 3 = 9

fun Suma :: "(nat => nat) => nat => nat" where
"Suma f O = 0"
| "Suma f (Suc n) = Suma f n + £ n"

value "Suma (x. x+2) 3" -- "= g"
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text {*
Ejercicto 6. Demostrar que
Suma (i. f ¢ + g t) k = Suma f k + Suma g k

- "La demostracidén automatica es"
lemma "Suma (i. f i + g i) k = Suma f k + Suma g k"
by (induct k) auto

- "La demostracidén estructurada es"
lemma "Suma (i. £ i + g i) k = Suma f k + Suma g k"
proof (induct k)
show "Suma (i. £ i + g 1) 0 = Suma f 0 + Suma g 0" by simp
next
fix k
assume HI: "Suma (i. £ i + g i) k
have "Suma (i. f i + g i) (Suc k)
Suma (i. £ i+ g i) k+ (f k + g k)" by simp

Suma f k + Suma g k"

also have "... = (Suma f k + Suma g k) + (f k + g k)"

using HI by simp
also have "... = (Suma f k + £ k) + (Suma g k + g k)" by simp
also have "... = Suma f (Suc k) + Suma g (Suc k)" by simp

finally show "Suma (i. f i + g i) (Suc k) =
Suma f (Suc k) + Suma g (Suc k)" by simp
ged

text {*

Ejercicio 7. Determinar el wvalor de indefinida para que se verifique
la siguiente igualdad

Suma f (k + 1) = Suma f k + Suma indefinida 1
y demostrarla.

- "El valor de indefinida es (i. f (k + i))"

- "La demostracidn automatica es"
lemma "Suma f (k + 1) = Suma f k¥ + Suma (i. f (k + i)) 1"
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by (induct 1) auto

- "La demostracidén estructurada es"
lemma "Suma f (k + 1) = Suma f k + Suma (i. f (k + i)) 1"
proof (induct 1)
show "Suma f (k + 0) = Suma f k + Suma (i. £ (k + i)) 0" by simp
next
fix 1
assume HI: "Suma f (k + 1) = Suma f k + Suma (i. f (k + 1)) 1"
have "Suma f (k + Suc 1) = Suma f (Suc (k + 1))" by simp

also have "... = Suma f (k + 1) + £ (k + 1)" by simp

also have "... = Suma f k + Suma (i. £ (k + 1)) 1 + f (k + 1)"
using HI by simp

also have "... = Suma f k + Suma (i. f (k + 1)) (Suc 1)" by simp

finally show "Suma f (k + Suc 1) =
Suma f k + Suma (i. f (k + i)) (Suc 1)" by simp
ged

text {#
Ejercicio 8. Determinar el wvalor de indefinida para que se verifique
la siguiente igualdad
Suma f k = suma indefinida
y demostrarla.

- "El valor de indefinida es (map f [0..<k])"

- "La demostracién automatica es"
lemma "Suma f k = suma (map f [0..<k])"
by (induct k) (auto simp add: suma_append)

- "La demostracién estructurada es"
lemma "Suma f k = suma (map f [0..<k])" (is "?P k")
proof (induct k)
show "7P 0" by simp
next
fix k assume HI: "7P k"
have "Suma f (Suc k) = Suma f k + f k" by simp
also have "... = suma (map f [0..<k]) + f k" using HI by simp
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also have "... = suma (map f [0..<k]) + suma [f k]" by simp
also have "... = suma (map f [0..<k] @ [f k])"
by (simp add: suma_append)
also have "... = suma (map f [0..<Suc k])" by simp
finally show "?7P (Suc k)" by simp
ged
text {*

Ejercicto 9. Demostrar la formula de la suma de mnaturales:
1+2+ +n=(n(n+t1))/2

- "La demostracidén automatica es"
lemma suma_de_naturales:

fixes n :: "nat"

shows "2 * (i=1..n. i) = n * (n + 1)"
by (induct n) simp_all

- "La demostracidén estructurada es"
lemma suma_de_naturales_2:

fixes n :: "nat"

shows "2 * (i=1..n. i) = n * (n + 1)" (is "?P n")
proof (induct n)

show "7P 0" by simp
next

fix n assume HI: "7P n"

have "2 * {1..Suc n} = 2 x ({1..n} + Suc n)" by simp

also have "... =2 % {1..n} + 2 % Suc n" by simp
also have "... =n * (n + 1) + 2 * Suc n" using HI by simp
also have "... = Suc n * (Suc n + 1)" by simp
finally show "?P (Suc n)" by simp
ged
text {x*

Ejercicto 11. Demostrar la formula de la suma de impares:
1 +3+ + (2%¥(n-1)+1) = n\<"sup>2
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- "La demostracidén automatica es"
theorem suma_impares:
"(i::nat=0..<n. 2 * i + 1) = n~Suc (Suc 0)"
by (induct n) simp_all

- "La demostracién estructurada es"
lemma suma_impares_2:

"(i::nat=0..<n. 2 * i + 1) = n~Suc (Suc 0)"

(is "?P n")

proof (induct n)

show "7P 0" by simp
next

fix n assume HI: "7P n"

have "(i = 0..<Suc n. 2 * i + 1)

(1=0..<n. 2 i+ 1) +2*n+ 1" by simp

also have "... = n~Suc (Suc 0) + 2 * n + 1" using HI by simp

also have "... = Suc n ~ Suc (Suc 0)" by simp

finally show "?P (Suc n)" by simp
ged

text {x*
Nota: En los sigutentes ejercictos se usardan las siguientes
proptedades distributivas:
4 add_mult_distrib: (m + n) * k
4 add_mult_distrib2: k * (m + n)
que agruparemos en el lema distrzbd

*}

m+* k +mn %k
k*m+k *mn

lemmas distrib = add_mult_distrib add_mult_distrib2

text {*
Ejercicto 12. Demostrar la formula de la suma de cuadrados
1 + 2\<sup>2 + + n\<"sup>2 = (n*(n+1)*(2*n+1))/6

- "La demostracidén automatica es"
lemma suma_cuadrados:
"6 * (i::nat=0..n. i“Suc (Suc 0)) =n *x (n + 1) * (2 x n + 1)"
by (induct n) (auto simp add: distrib)
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- "La demostracidén estructurada es"

lemma suma_cuadrados_2:
"6 * (i::nat=0..n. i“Suc (Suc 0)) = n *x (n + 1) * (2 x n + 1)"
(is "?P n")

proof (induct n)
show "7P 0" by simp

next
fix n :: "nat"
assume HI: "6 * (i = 0..n. i ~ Suc (Suc 0)) =n * (n + 1) * (2 *n + 1)"
have "6 * (i = 0..Suc n. 1 ~ Suc (Suc 0)) =

6 * ((4 =0..n. i =~ Suc (Suc 0)) + (Suc n)~Suc (Suc 0))"

by simp

also have "... =6 * (i = 0..n. i = Suc (Suc 0)) + 6 * (Suc n)~Suc (Suc 0)"
by (simp add: distrib)

also have "... =n *x (n+ 1) * (2 * n + 1) + 6 * (Suc n)~Suc (Suc 0)"
using HI by simp

also have "... = Suc n * (Sucn + 1) * (2 * Sucn + 1)"

by (simp add: distrib)
finally show "?7P (Suc n)" by simp
ged

text {*

Ejercicto 12. Demostrar la formula de la suma de cubos

1 + 2\<"bsup>3\<tesup> + + n\<“sup>3 = (n*(n+1))\< sup>2/4
Indicacidon: Se pueden usar, ademds de distrib, el lema
4 power_eq_if: p ~m = (¢f m =0 then 1 elsep ¥p ~ (m - 1))

- "La demostracidén automatica es"
lemma suma_de_cubos:
"4 % (i::nat=0..n. i"3) = (n * (n + 1))~Suc (Suc 0)"
by (induct n) (auto simp add: distrib power_eq_if)

- "La demostracidén estructurada es"
lemma suma_de_cubos_2:
"4 x (i::nat=0..n. i"3) = (n * (n + 1))~ Suc (Suc 0)"
(is "?P n" is "?S n = _")

proof (induct n)
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show "7P 0" by simp
next
fix n
assume HI: "?Sn = (n * (n + 1))~Suc (Suc 0)"
have "?S (n + 1) = ?Sn + 4 x (n + 1)~3" by simp

also have "... = (n * (n + 1))"Suc (Suc 0) + 4 *x (n + 1)~3"
using HI by simp
also have "... = ((n + 1) * ((n + 1) + 1))~Suc (Suc 0)"

by (simp add: power_eq_if distrib)
finally show "7P (Suc n)" by simp
ged

end

6.3.2. Métodos de calculo de cuadrados

chapter {* T6R3b: Métodos de calculo de cuadrados *}

theory T6R3b
imports Main
begin

text {*
En esta relacion demostraremos la correccion de tres métodos para
calcular el cuadrado de numeros naturales que aparece en un libro de
matemdticas védicas.

La relacion estd basada en el trabajo de Farhad Mehta titulado
"Magical methods (Computing with natural numbers)". *}

text {*
Ejercicto 1. El primer método sirve para calcular el cuadrado cuyo
predecesor tenga un cuadrado fdcilmente calculable, Por ejemplo, para
el 61 se tiene
61\ < bsup>2\<~esup> = 60\<"bsup>2 \<“esup>+ 60 + 61 = 3600 + 121 = 3721
Basado en la tdea anterior, definir la funcion
cuadrado :: nat nat

fun cuadrado :: "nat nat'" where
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""cuadrado O = 0"

| "cuadrado (Suc n) (cuadrado n) + n + (Suc n)"

value '"cuadrado 61"

text {*
Ejercicto 2. Demostrar que cuadrado es correcta; es decir, que
cuadrado m = n * n

- "La demostracidn automatica es"
theorem cuadrado_correcta [simp]:
"cuadrado n = n * n"
by (induct n) auto

- "La demostracién estructurada es"
theorem cuadrado_correctal:

"cuadrado n = n * n"
proof (induct n)

show '"cuadrado 0 = 0 * 0" by simp
next

fix n assume HI: "cuadrado n = n * n"

have "cuadrado (Suc n) = cuadrado n + n + Suc n"by simp

also have "... =n * n + n + Suc n" using HI by simp

also have "... = Suc n * Suc n'" by simp

finally show '"cuadrado (Suc n) = Suc n * Suc n" by simp
ged

text {*
Ejercicio 2. El segundo método se aplica a los numeros mayores que 100
que estdn proximos a 100. Por ejemplo,
102\ < bsup>2\<~esup> = (102 + (102 - 100)) * 100 + (102 - 100)\<"sup>2
= (102 + 2) * 100 + 4
= 10404
En general, st n 100,
n\<“sup>2 = (n + (n - 100)) * 100 + (n - 100)\<"sup>2
que se puede generalizar para todo m, si m m
n\< sup>2 = (n + (n - m)) *m+ (n - m)\< sup>2
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Demostrar la ultima propiedad.

- "La demostracidén automdtica es"
lemma cuadrado2_correcta_aux [rule_format]:
"mn. cuadrado n = (n + (n - m)) * m + cuadrado (n - m)"
by (induct n) (auto, case_tac m, auto)

- "La demostracidn estructurada es"
lemma cuadrado2_correcta_aux2 [rule_format]:
"mn. cuadrado n = (n+(n-m))#*m + cuadrado (n-m)" (is "mn. ?P m n")
proof (induct n)
show "mO. 7P m 0" by simp
next
fix n
assume HI: "mn. ?P m n"
show "m Suc n. ?P m (Suc n)"
proof
fix m
show "m Sucn 7P m (Suc n)"
proof
assume "m Suc n"
show "?P m (Suc n)"
proof (cases "m")
assume "m = 0"
thus "7?P m (Suc n)" by simp
next
fix x
assume "m = Suc x"
thus "?P m (Suc n)" using HI ‘m Suc n‘ by auto
ged
qed
ged
ged

- "La demostracidén estructurada mas detallada es"
lemma cuadrado2_correcta_aux3 [rule_format]:
"mn. cuadrado n = (n+(n-m))*m + cuadrado (n-m)" (is "mn. ?P m n")
proof (induct n)
show "mO. 7P m O"
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proof
fix m
show "'m 0 %P m O"
proof
assume "m 0"
hence "m = 0" by auto
thus "7?P m 0" by auto
ged
ged
next
fix n
assume HI: "mn. 7P m n"
show "m Suc n. ?P m (Suc n)"
proof
fix m
show "m Suc n 7P m (Suc n)"
proof
assume "m Suc n"
show "?P m (Suc n)"
proof (cases "m'")
assume "m = 0"
thus "?P m (Suc n)" by simp
next
fix x
assume "m = Suc x"
show "?P m (Suc n)"
proof -
have "x n" using ‘m Suc n‘ ‘m = Suc x‘ by auto
have "cuadrado (Suc n) = cuadrado n + n + Suc n" by simp

also have "... = (n+(n-x))*x + cuadrado (n-x) + n + Suc n"
¢

4

using HI ‘x n‘ by simp
also have "... (Suc n + (Suc n - m)) * m + cuadrado (Suc n - m)"
using ‘m = Suc x‘ ‘m Suc n‘ by auto
finally show "?P m (Suc n)" by simp
ged
ged
qed
ged
ged
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text {*

Ejercicto 3. Demostrar que, si n 100,
n\<“sup>2 = (n + (n - 100)) * 100 + (n - 100)\<"sup>2

------------------------------------------------------------------ *}
- "La demostracidén automatica es"
lemma cuadrado2_correcta:
"100 n cuadrado n = (n + (n - 100)) * 100 + cuadrado (n - 100)"
by (rule cuadrado2_correcta_aux)
text {*
Ejercicto 3. El tercer método se aplica a los numeros mayores que
terminan en 5. Por ejemplo,
85\ < bsup>2\<esup> = ( 8 9)*100 + 25 = 7225
995\ < bsup>2\<esup> = (99%100)*100 + 25 = 990025
Demostrar que
((10#*n)+5)\<~sup>2 = (n*(n+1))*100 + 25
------------------------------------------------------------------ *}

- "La demostracidén automatica es"
lemma cuadrado3_correcta:
"cuadrado((10 * n) + 5) = ((n * (Suc n)) * 100) + 25"
by (auto simp add: add_mult_distrib add_mult_distrib2)

- "La demostracidén estructurada es"
lemma cuadrado3_correcta?2:
"cuadrado((10 * n) + 5) = ((n * (Suc n)) * 100) + 25"
proof -
have "cuadrado((10 * n) + 5) = ((10 * n) + 5) * ((10 * n) + 5)"
by (rule cuadrado_correcta)
also have "... = ((n * (Suc n)) * 100) + 25"
by (auto simp add: add_mult_distrib add_mult_distrib2)
finally show "cuadrado((10 * n) + 5) = ((n * (Suc n)) * 100) + 25"

by simp

ged

end



Capitulo 7

Caso de estudio: Compilacion de
expresiones

chapter {* Tema 7: Caso de estudio: Compilaction de expresiones *}

theory T7
imports Main
begin

text {*
El objetivo de este tema es contruir un compilador de expresiones
genéricas (construtdas con variables, constantes y operaciones
binarias) a una mdquina de pila y demostrar su correccioin.

*}
section {* Las exprestones y el intérprete *}

text {*
Definicion. Las expresiones son las constantes, las wvariables
(representadas por nimeros naturales) y las aplicactones de operadores
binarios a dos expresiones.

*}
type_synonym ’v binop = "’v ‘v ’v"
datatype ’v expr =

Const v

| Var nat
| App II)V banp” II)V eXprll II)V exprll

467



468 Capitulo 7. Caso de estudio: Compilacién de expresiones

text {*
Definicion. [Intérpretel
La funcion "walor" toma como arqumentos una expresion y un entorno
(¢.e. una aplicacion de las wvartables en elementos del lenguaje) y
devuelve el wvalor de la expresion en el entorno.

*}

fun valor :: "’v expr (mat ’v) ’v" where
"valor (Const b) ent = b"
| "valor (Var x) ent = ent x"
| "valor (App f el e2) ent = (f (valor el ent) (valor e2 ent))"

text {*
Ejemplo. A continuacion mostramos algunos ejemplos de evaluacion con
el wntérprete.

*}

lemma
"valor (Const 3) id = 3
valor (Var 2) id = 2
valor (Var 2) (x. x+1) =3
valor (App (op +) (Const 3) (Var 2)) (x. x+1)
valor (App (op +) (Const 3) (Var 2)) (x. x+4)
by simp

Il
()}

gll

section {* La mdquina de pila *}

text {#
Nota. La maquina de pila tiene tres clases de intrucciones:
1% cargar en la ptla una constante,
1% cargar en la ptla el contenido de una direccion y
4 aplicar un operador bimario a los dos elementos superiores de la pila.

*}

datatype ’v instr =
IConst ’v

| ILoad nat

| TApp "’v binop"
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text {x*
Definicion. [Ejecucion]
La ejecucion de la mdaquina de pila se modeliza mediante la funcion
"ejec" que toma una lista de intrucciones, una memoria (representada
como una funcion de las direcciones a los wvalores, andlogamente a los
entornos) y una pila (representada como una lista) y devuelve la pila
al final de la ejecucion.

*}

fun ejec :: "’v instr list (mat’v) ’v list ’v list" where
"ejec [] ent vs = vs"
| "ejec (i#is) ent vs =
(case i of
IConst v ejec is ent (v#vs)
| ILoad x ejec is ent ((ent x)#vs)
| TApp £ ejec is ent ((f (hd vs) (hd (t1l vs)))#(tl(tl vs))))"

text {*
4 continuacion se muestran ejemplos de ejecuction.

*}

lemma

"ejec [IConst 3] id [7] = [3,7]

ejec [ILoad 2, IConst 3] id [7] = [3,2,7]

ejec [ILoad 2, IConst 3] (x. x+4) [7] = [3,6,7]

ejec [ILoad 2, IConst 3, IApp (op +)] (x. x+4) [7] = [9,7]"
by simp

section {* El compilador *}

text {*
Definicion. El comptilador "comp" traduce una expresion en una lista de
wnstrucciones.

*}

fun comp :: "’v expr ’v instr list" where
"comp (Const v) = [IConst v]"
| "comp (Var x) = [ILoad x]"
| "comp (App f el e2) = (comp e2) @ (comp el) @ [IApp f1"
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text {x*
A continuacion se muestran ejemplos de compilacion.

*}

lemma

"comp (Const 3) = [IConst 3]

comp (Var 2) = [ILoad 2]

comp (App (op +) (Const 3) (Var 2)) = [ILoad 2, IConst 3, IApp (op +)1"
by simp

section {* Correccion del compilador *}

text {*
Para demostrar que el compilador es correcto, probamos que el
resultado de compilar una expresion y a continuacion ejecutarla es lo
mismo que interpretarla; es decair,

*}

theorem "ejec (comp e) ent [] = [valor e ent]"
oops

text {*
El teorema anterior no puede demostrarse por induccion en e. Para
demostrarlo, lo generalizamos a

*}

theorem "vs. ejec (comp e) ent vs = (valor e ent)#vs"
oops

text {x*
En la demostracion del teorema anterior usaremos el siguiente lema.

*}

lemma ejec_append:

" vs. ejec (xsQys) ent vs = ejec ys ent (ejec xs ent vs)" (is "7P xs")
proof (induct xs)

show "?P []" by simp
next

fix a xs

assume "7P xs"
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thus "7P (a#xs)" by (cases "a'", auto)
ged

- "La demostracién detallada es"
lemma ejec_append_1:

" vs. ejec (xsQys) ent vs = ejec ys ent (ejec xs ent vs)" (is "7P xs")
proof (induct xs)

show "?P []" by simp
next

fix a xs

assume HI: "7P xs"

thus "7P (a#xs)"

proof (cases "a")

case IConst thus 7thesis using HI by simp

next
case ILoad thus 7thesis using HI by simp
next
case IApp thus 7thesis using HI by simp
ged
ged
text {*

Una demostracion mds detallada del lema es la siguiente:

*}

lemma ejec_append_2:
"vs. ejec (xs@ys) ent vs = ejec ys ent (ejec xs ent vs)" (is "7P xs")
proof (induct xs)
show "?P []" by simp
next
fix a xs
assume HI: "7P xs"
thus "7P (a#xs)"
proof (cases "a")
fix v assume C1: "a=IConst v"
show " vs. ejec ((a#xs)@ys) ent vs = ejec ys ent (ejec (a#xs) ent vs)"
proof
fix vs
have "ejec ((a#xs)@ys) ent vs = ejec (((IConst v)#xs)@ys) ent vs"
using C1 by simp
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also have " = ejec (xs@ys) ent (v#vs)" by simp

also have " = ejec ys ent (ejec xs ent (v#vs))" using HI by simp
also have " = ejec ys ent (ejec ((IConst v)#xs) ent vs)" by simp
also have " = ejec ys ent (ejec (a#xs) ent vs)" using C1 by simp

finally show "ejec ((a#xs)@ys) ent vs =
ejec ys ent (ejec (a#xs) ent vs)"
qed
next
fix n assume C2: "a=ILoad n"
show " vs. ejec ((a#xs)@ys) ent vs = ejec ys ent (ejec (a#xs) ent vs)"
proof
fix vs
have "ejec ((a#xs)Qys) ent vs = ejec (((ILoad n)#xs)Qys) ent vs"
using C2 by simp
also have " = ejec (xs@ys) ent ((ent n)#vs)" by simp
ejec ys ent (ejec xs ent ((ent n)#vs))" using HI by simp
also have ejec ys ent (ejec ((ILoad n)#xs) ent vs)" by simp
also have " = ejec ys ent (ejec (a#xs) ent vs)" using C2 by simp
finally show "ejec ((a#xs)Qys) ent vs =
ejec ys ent (ejec (a#xs) ent vs)"

also have "

ged
next
fix f assume C3: "a=IApp f"
show "vs. ejec ((a#xs)@ys) ent vs = ejec ys ent (ejec (a#xs) ent vs)"
proof
fix vs
have "ejec ((attxs)@ys) ent vs = ejec (((IApp f)#xs)@ys) ent vs"
using C3 by simp

also have " = ejec (xsQ@ys) ent ((f (hd vs) (hd (t1 vs)))#(t1l(tl vs)))"
by simp
also have " = ejec ys
ent

(ejec xs ent ((f (hd vs) (hd (t1 vs)))#(t1l(tl vs))))"
using HI by simp

also have " = ejec ys ent (ejec ((IApp f)#xs) ent vs)" by simp

also have " = ejec ys ent (ejec (a#xs) ent vs)" using C3 by simp

finally show "ejec ((a#xs)Qys) ent vs =

ejec ys ent (ejec (at#txs) ent vs)"
gqed
ged
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ged

text {*
La demostracion automdtica del teorema es

*}

theorem "vs. ejec (comp e) ent vs = (valor e ent)#vs"
by (induct e) (auto simp add:ejec_append)

text {*
La demostracion estructurada del teorema es

*}

theorem "vs. ejec (comp e) ent vs = (valor e ent)#vs"
proof (induct e)
fix v

show "vs. ejec (comp (Const v)) ent vs = (valor (Const v) ent)#vs" by simp
next
fix x
show "vs. ejec (comp (Var x)) ent vs = (valor (Var x) ent) # vs" by simp
next
fix f el e2
assume HI1: "vs. ejec (comp el) ent vs = (valor el ent) # vs"
and HI2: "vs. ejec (comp e2) ent vs = (valor e2 ent) # vs"
show "vs. ejec (comp (App f el e2)) ent vs = (valor (App f el e2) ent) # vs"
proof
fix vs
have "ejec (comp (App f el e2)) ent vs
= ejec ((comp e2) @ (comp el) @ [IApp f]) ent vs" by simp

also have " = ejec ((comp el) @ [IApp f]) ent (ejec (comp e2) ent vs)"
using ejec_append by blast
also have " = ejec [IApp f]
ent

(ejec (comp el) ent (ejec (comp e2) ent vs))"
using ejec_append by blast

also have " = ejec [IApp f] ent (ejec (comp el) ent ((valor e2 ent)#vs))"

using HI2 by simp

also have " = ejec [IApp f] ent ((valor el ent)#((valor e2 ent)#vs))"
using HI1 by simp

also have " = (f (valor el ent) (valor e2 ent))#vs" by simp
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also have " = (valor (App f el e2) ent) # vs" by simp
finally
show "ejec (comp (App f el e2)) ent vs = (valor (App f el e2) ent) # vs"
by blast
ged

ged

end



Capitulo 8

Conjuntos, funciones y relaciones

chapter {* Tema 8: Conjuntos, functones y relactones *}
theory T8

imports Main

begin

section {* Conjuntos *}

subsection {* Operaciones con conjuntos *}

text {*
Nota. La teoria elemental de conjuntos es HOL/Set.thy.

Nota. En un conjunto todos los elemento son del mismo tipo (por
ejemplo, del tipo ) y el conjunto tiene tipo (en el ejemplo, " set").

Reglas de la interseccion:

% IntI: ¢ A4; ¢ B ¢ 4 B
4w IntD1: ¢ A4 B c¢ 4
4w IntD2: ¢ 4 B ¢ B

Nota. Propiedades del complementario:
4 Compl_<ff: (¢ - 4) = (c 4)
4 Compl_Un: - (A B) = -4 - B

Nota. El conjunto wvacto se representa por {} y el universal por UNIV.

Nota. Propiedades de la diferencia y del complementario:

475



476 Capitulo 8. Conjuntos, funciones y relaciones

4 Diff_disjoint: A (B - 4) = {}
4 Compl_partition: A4 - A = UNIV

Nota. Reglas de la relacion de subconjunto:
4 subsetI: (z. ¢ A = B) A B
4 subsetD: 4 B; ¢ 4 ¢ B

Nota. Ejemplo trivial.
*}

lemma "(A B C) = (A C B O)"
by blast

text {#
Nota. 0Otro ejemplo trivial.

*}

lemma "(A -B) = (B -A)"
by blast

text {x*
Principio de extensionalidad de conjuntos:
4 set_ext: (z. (x 4) = (zx B)) A =B

Reglas de la igualdad de conjuntos:
% equalityl: 4 B; B A 4 =B
% equalityE: A = B; A4 B, B A P P

Lema. [Analogia entre interseccidon y conjuncion]
Ila; A BII Syss le A " y Ilm BII‘
*}

lemma "(x A B) = (x A x B)"
by simp

text {x*
Lema. [Analogia entre unidon y disyuncion]
le A BII SySS Ilm AI/ 0’ /Im BII.

*}
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lemma "(x A B) = (x A x B)"
by simp

text {*
Lema. [Analogia entre subconjunto e implicacion]
"(4 B)" syss para todo "z", si "z A" entonces "r B".

*}

lemma "(A B) = (x. x A x B)"
by auto

text {*
Lema. [Analogia entre complementario y negacion]
T pertenece al complementario de A syss z no pertenece a 4.

*}

lemma "(x -A) = (x A)"
by simp

subsection {* Notacidon de conjuntos finitos *}

text {*
Nota. La teoria de conjuntos finitos es HOL/Finite_Set.thy.

Nota. Los conjuntos finitos se definen por induccion a partir de las
siguientes reglas inductivas:
% El conjunto wvacto es un conjunto fintito.
4 emptyl: "finite {}"
4 St se le afiade un elemento a un conjunto finito se obtiene otro
conjunto finito.
4 insertI: "finite 4 finite (insert a 4)"

4 continuacion se muestran ejemplos de conjuntos finitos.

*}

lemma
"insert 2 {} = {2}
insert 3 {2} = {2,3}
insert 2 {2,3} = {2,3}
{2,3} = {3,2,3,2,2}"
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by auto

text {*
Nota. Los conjuntos finitos se representan con la notacion conjuntista
habitual: los elementos entre llaves y separados por comas.

Nota. Lema trivial.

*}

lemma "{a,b} {C,d} = {a,b,C,d}"
by blast

text {*
Nota. Conjetura falsa.

*}

lemma "{a,b} {b,c} = {b}"
refute
oops

text {x*
Nota. Conjetura corregida.

*}

lemma "{a,b} A{b,c} = (if a=c then {a,b} else {b})"
by auto

text {*

Sumas y productos de conjuntos finitos:

4 (setsum f A) es la suma de la aplicacion de f a los elementos del
conjunto finito 4,

4 (setprod f A) es producto de la aplicacion de f a los elementos del
conjunto finito 4,

% A es la suma de los elementos del conjunto finito 4,

% A es el producto de los elementos del conjunto finito 4.

Ejemplos de definiciones recursivas sobre conjuntos finitos:
Sea 4 un conjunto finito de numeros naturales.

1% sumaConj A es la suma de los elementos 4.

1% productoConj A es el producto de los elementos de 4.
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1% sumaCuadradosconj A es la suma de los cuadrados de los elementos 4.

*}

definition sumaConj :: "nat set mnat" where
"sumaConj S S"

definition productoConj :: "nat set nat'" where
"productoConj S 8"

definition sumaCuadradosConj :: "nat set nat" where
"sumaCuadradosConj S setsum (x. x*x) S"

text {*
Nota. Para stmplificar lo que sigue, declaramos las anteriores
definiciones como reglas de stmplificacion.

*}

declare sumaConj_def [simp]
declare productoConj_def [simp]
declare sumaCuadradosConj_def [simp]

text {*
Ejemplos de evaluacion de las anteriores definiciones recursivas.

*}

lemma
"sumaConj {1,2,3,4} = 10
productoConj {1,2,3} = productoConj {3,2}
sumaCuadradosConj {1,2,3,4} = 30"

by simp

text {*
Induccion sobre conjuntos finitos: Para demostrar que todos los
conjuntos finitos tienen una propiedad P basta probar que
% El conjunto wvacio tiene la propiedad P.
% St a un conjunto finito que tiene la propiedad P se le afiade un

nuevo elemento, el conjunto obtenido sigue tentendo la propiedad P.

En forma de regla
% finite_induct: finite F;

P {};
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z F. finite F; £ F; PF P ({z} F)
PF

Lema. [Ejemplo de tnduccion sobre conjuntos finitos]
Sea S un conjunto finito de numeros naturales. Entonces todos los
elementos de S son menores o iguales que la suma de los elementos de S.

Demostracton automdatica:

*}

lemma "finite S xS. x sumaConj S"
by (induct rule: finite_induct) auto

text {*
Demostracion estructurada:

*}

lemma sumaConj_acota: "finite S xS5. x sumaConj S"
proof (induct rule: finite_induct)
show "x {}. x sumaConj {}" by simp
next
fix x and F
assume fF: "finite F"
and xF: "x F"
and HI: " xF. x sumaConj F"
show "y insert x F. y sumaConj (insert x F)"
proof
fix y
assume "y insert x F"
show "y sumaConj (insert x F)"
proof (cases "y = x")
assume "y = x"
hence "y x + (sumaConj F)" by simp

also have " = sumaConj (insert x F)" using fF xF by simp
finally show 7thesis

next
assume "y x"

hence "y F" using ‘y insert x F¢ by simp
hence "y sumaConj F" using HI by blast
also have " x + (sumaConj F)" by simp
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also have " = sumaConj (insert x F)" using fF xF by simp
finally show 7thesis
ged
ged

ged
subsection {* Definiciones por comprension *}

text {*
El conjunto de los elementos que cumple la proptedad P se representa
por {z. P}.

Reglas de comprension (relactdon entre coleccion y pertenencia):
4 mem_Collect_eq: (a {z. P x}) =P a
4 Collect_mem_eq: {z. = A} = 4

Dos lemas triviales.

*}

lemma "{x. Px x A} = {x. P x} A"
by blast

lemma "{x. Px Q x} = -{x. P x} {x. Q x}"
by blast

text {x*
Nota. Ejemplo con la sintazis general de comprension.

*}

lemma

"{p*q | p 9. p prime q prime} =

{z. pq. z=pxq p prime q prime}"
by blast

text {*

En HOL, la motacidn conjuntista es azicar sintdctica:
4z A es equivalente a A(z).
4 {z. P} es equivalente a z. P.

*}
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text {*
Definicion. [Ejemplo de definicion por comprension]
El conjunto de los pares es el de los numeros n para los que existe un
m tal que n = 2*m.

*}

definition Pares :: '"nat set" where
"Pares {n. m. n = 2xm }"

text {x*
Ejemplo. Los niumeros 2 y 34 son pares.

*}

lemma
"2 Pares
34 Pares"
by (simp add: Pares_def)

text {*
Definicion. El conjunto de los impares es el de los numeros n para los
que extste un m tal que n = 2*m + 1.

*}

definition Impares :: '"nat set" where
"Impares {n. m. n = 2*m + 1 }"

text {*
Lema. [Ejemplo con las reglas de interseccion y comprension]
El conjunto de los pares es disjunto con el de los impares.

*}

lemma "x (Pares Impares)"
proof
fix x assume S: "x (Pares Impares)"
hence "x Pares" by (rule IntD1)
hence "m. x = 2 * m" by (simp only: Pares_def mem_Collect_eq)
then obtain p where p: "x = 2 * p"
from S have "x Impares" by (rule IntD2)
hence " m. x = 2 * m + 1" by (simp only: Impares_def mem_Collect_eq)
then obtain q where q: "x =2 *x q + 1"
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from p and q show "False'" by arith
ged

subsection {* Cuantificadores acotados *}

text {*
Reglas de cuantificador universal acotado ("bounded"):
% balll: (z. ¢ A4 Pz) 4. Pz
14 bspec: zA. Pz; ¢ A Pz

Reglas de cuantificador existencial acotado ("bounded"):
% bexl: Px; © A zA. Pz
U bexE: ¢d. P x; ©. © A; Pz § @

Reglas de la union indezada:

4 UN_<ff: (b (zd. Bz)) = (zd. b B z)

% UN.I: a A; b Ba b (zd. B z)

% UN_E: b (zA. Bz); z. = A; b Bz R R

Reglas de la union de una familia:
4 Unton_def: S = (zS. z)
4 Unton_tiff: (A C) = (XC. 4 X)

Reglas de la interseccion indezada:

4 INT_iff: (b (z4. B z)) = (zd. b B z)

4 INT_I: (z. z 4 b Bz) b (z4. B z)

% INT_E: b (zA. Bz); b Ba R; a A R R

Reglas de la interseccion de una familia:
4 Inter_def: S = (zS. z)
4 Inter_<ff: (A C) = (XC. 4 X)

Abreviaturas:

4 "Collect P" es lo mismo que "{x. P}'".
4 "All P" es lo mismo que "z. P z".
4 "Ex P" es lo mismo que "z. P z'".
% "Ball A P" es lo mismo que "zd. P z".
4 "Bex A P" es lo mismo que "zd. P z".
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subsection {* Conjuntos finitos y cardinalidad *}
text {*
El nimero de elementos de un conjunto finito A es el cardinal de 4 y

se representa por 'card A".

Ejemplos de cardinales de conjuntos fintitos.

*}
lemma
"card {} =
card {4} =
card {4,1} =
x y card {x,y} = 2"
by simp
text {*

Propiedades de cardinales:
4% Cardinal de la union de conjuntos finitos:
card_Un_Int: finite 4; finite B
card A + card B = card (4 B) + card (4 B)"
1% Cardinal del conjunto potencia:
card_Pow: finite A card (Pow 4) = 2 ~ card 4

*}
section {* Funciones *}

text {x*
La teoria de funciones es HOL/Fun.thy.

*}
subsection {* Noctones bdsicas de funciones *}

text {*
Principio de extensionalidad para funciones:
4 ext: (z. fz=g9gz) f=

Actualizacion de funciones

4 fun_upd_apply: (f(z :=y)) z = f
4 fun_upd_upd: f(z =y, © := =

z =z then y else f z)
fz
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*}

Funceon 1dentidad
4 td_def: id z. T

Composicion de funciones:

i o_def: f g = (z. f (g z))

Adsocratrvidad de la composicion:
4 o_assoc: f (g h) = (f g) h

subsection {* Funciones tinyectivas, suprayectivas y biyectivas *}

te

*}

xt {*
Funcion tnyectiva sobre 4:
% tnj_on_def: inj_on f A z4. yA. fxz =fy T =1y

Nota. "wng f" es una abreviatura de "inj_on f UNIV".

Funcion suprayectiva:
4 surj_def: surj f y. z. y=f=z

Funcion biyectiva:
4 beg_def: big f wnjg f surg f

Propiedades de las funciones inversas:

4 inu_f_f: ing f v f (fz) =1
4 surj_f_anv_f: sury f f (inv fy) =y
4 inv_inv_eq: bij f inv (inv f) = f

Igualdad de funciones (por exztenstonalidad):

4 fun_eq_iff: (f =g9) = (z. fx =g x)

Lema. Una funcion inyectiva puede cancelarse en el lado tzquierdo de

la composicion de funciones.

lemma

assumes "inj f"
shows "(f g=f h) = (g =h)"
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proof

assume "f g =f h"

thus "g = h" using ‘inj f¢ by (simp add:fun_eq_iff inj_on_def)
next

assume "g = h"

thus "f g =f h" by auto
ged

text {#
Una demostracion mds detallada es la siguiente

*}

lemma
assumes "inj f"
shows "(f g
proof

Il
'_h

h) = (g = )"

f hll

assume "f g
show "g = h"
proof
fix x
have "(f g)(x) = (f h)(x)" using ‘f g =f h‘ by simp
hence "f(g(x)) = f(h(x))" by simp
thus "g(x) = h(x)" using ‘inj f¢ by (simp add:inj_on_def)
ged
next
assume "g = h"
show "f g =f h"
proof
fix x
have "(f g) x = f(g(x))" by simp

also have " = f(h(x))" using ‘g = h‘ by simp

also have " = (f h) x" by simp

finally show "(f g) x = (f h) x" by simp
ged

ged
subsubsection {* Functon imagen *}

text {*
Imagen de un conjunto mediante una funcion:
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4 image_def: f ‘A4 = {y. (zd. y = f z)

Propiedades de la imagen:

4 tmage_compose: (f g)‘r = ffg‘r

4 image_Un: ff(4 B) = f‘4 f‘B

4 image_Int: ing f f(4 B) = f‘4 f‘B"

Ejemplos de demostraciones triviales de proptedades de la imagen.

*}

lemma "f‘A g‘A = (xA. {f x, g x})"

by auto

lemma "f‘{(x,y). Px y} ={f(x,y) | xy. P x y}"

by auto

text {*

El rango de una funcion ("range f") es la tmagen del universo ("f‘UNIV").

Imagen inversa de un conjunto:
4 vimage_def: f - B {z. f z : B}

Propiedad de la tmagen inversa de un conjunto:
4 vimage_Compl: f -° (-4) = -(f -¢ 4)
*}

section {* Relaciones *}

subsection {* Relaciones basicas *}

text {*

La teoria de relactones es HOL/Relation.thy.
Las relactones son conjuntos de pares.

Relacion identidad:
4 Id_def: Id {p. z. p = (z,z)}

Composicidon de relaciones:
4 rel_comp_def: r 0 s {(z,z). y. (z, y) r (y, z) s}



488 Capitulo 8. Conjuntos, funciones y relaciones

Propiedades:
% R_0_Id: R 0 Id =R
4 rel_comp_mono: r’ r; s’ s (r’ 0 s’) (r 0 s)

Imagen inversa de una rTelacion:
4 converse_iff: ((a,b) r\<bsup>\<“sup>-1\<~esup>) = ((b,a) T)

Propiedad de la imagen inversa de una relacion:
4 converse_rel_comp: (r 0 s)\<“bsup>-1\<"esup> = s|<"bsup>-1\<"esup> 0 r\< bsup>-1\

Imagen de un conjunto mediante una relacion:
4 Image_iff: (b r‘‘4) = (z:4. (z, b) )

Dominio de una relacion:
4 Domain_iff: (a Domain r) = (y. (a, y) )

Rango de una relacion:
4 Range_iff: (a Range r) = (y. (y,a) 1)
*}

subsection {* Clausura reflexiva y transitiva *}

text {*
La teoria de la clausura reflexiva y transtitiva de una relacion es
HOL/Transitive_Closure. thy.

Potencias de relaciones:
4w R ~" 0 = Id
4R ~" (Sucn) = (R "~"n) 0R

La clausura reflexiva y transitiva de la relacion r es la menor
solucton de la ecuacion:
4 rtrancl_unfold: r\<“sup>* = Id (r\< sup>* 0 r)

Proptiedades basicas de la clausura refleziva y transitiva:

4 rtrancl_refl: (a,a) r\<"sup>«*

4 r_into_rtrancl: p r p r\<sup>*

4 rtrancl_trans: (a,b) r\<“sup>*; (b,c) r\<“sup>* (a,c) r\< sup>*
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Induccion sobre la clausura refleziva y transitiva

4 rtrancl_induct: (a,b) r\< sup>*;
P b,
y z. (y,z) 7; (2,b) r\<“sup>¥; Pz Py
P a"}

Idempotencia de la clausura refleziva y transitiva:
4 rtrancl_tdemp: (r\<~sup>* )\<“sup>* = r\< sup>*

Reglas de introduccion de la clausura transitiva:
4 r_into_trancl’: p r p r\< sup>+
% trancl_trans: (a,b) r\<sup>+; (b,c) r\<“sup>+ (a,c) r\<sup>+

Ejemplo de propiedad:
4 trancl_converse: (ri7z)\<"sup>+ = (r\<"sup>+)7z

*}
subsection {* Una demostracidon elemental +*}

text {x*
El teorema que se desea demostrar es que la clausura refleziva y
transitiva conmuta con la inversa (rtrancl_converse). Para
demostrarlo introducimos dos lemas auziliares: rtrancl_converseD y
rtrancl_conversel.

*}

lemma rtrancl_converseD: "(x,y) (rfz)\<“sup>* (y,x) 1r\<“sup>*"
proof (induct rule:rtrancl_induct)
show "(x,x) r\<“sup>*" by (rule rtrancl_refl)
next
fix y z
assume "(x,y) (rfz)\<"sup>*" and "(y,z) rfz" and "(y,x) r\<“sup>*"
show "(z,x) r\<“sup>*"
proof (rule rtrancl_trans)

show "(z,y) 1r\<"sup>*" using ‘(y,z) rfz‘ by simp
next

show "(y,x) 1r\<“sup>*" using ‘(y,x) r\<“sup>*‘ by simp
ged

ged
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lemma rtrancl_conversel: "(y,x) r\<“sup>* (x,y) (rfz)\< sup>*"
proof (induct rule:rtrancl_induct)
show "(y,y) (rfz)\<“sup>*" by (rule rtrancl_refl)
next
fix u z
assume "(y,u) r\<"sup>*" and "(u,z) r" and "(u,y) (rfz)\<“sup>x"
show "(z,y) (rfz)\< sup>*"
proof (rule rtrancl_trans)
show "(z,u) (rf£z)\<"sup>*" using ‘(u,z) r‘ by auto
next
show "(u,y) (rf£z)\<"sup>*" using ‘(u,y) (rfz)\<“sup>*‘ by simp
ged
ged

theorem rtrancl_converse: "(rfz)\<“sup>* = (r\< sup>*)rz"
proof

show "(rfz)\<“sup>* (r\<“sup>*)7z" by (auto simp add:rtrancl_converseD)
next

show "(r\<~sup>*)fz (rrz)\<"sup>*" by (auto simp add:rtrancl_conversel)
ged

text {*
Puede demostrarse de manera mds corta como sigue:

*}

theorem "(r£z)\<~sup>* = (r\<“sup>*)fz"
by (auto intro: rtrancl_conversel dest: rtrancl_converseD)

section {* Relaciones bien fundamentadas e induccion *}

text {x*
La teoria de las relaciones bien fundamentadas es
HOL/Wellfounded_Relations. thy.

La relacion-objeto "less_than" es el orden de los maturales que es
bien fundamentada:

i less_than_iff: ((z,y) less_than) = (z < y)

4 wf_less_than: wf less_than

Notas sobre medrdas:
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% Imagen inversa de una relacion mediante una funcion:
4 inv_image_def: inv_image r f {(z,y). (f z,fy) r
1% Conservacion de la buena fundamentacion:
4 wf_inv_image: wf r wf (inv_<mage T f)
% Definicion de la medida:
1% measure_def: measure inv_image less_than
1% Buena fundamentacion de la medida:
4 wf_measure: wf (measure f)

*}

text {*
Notas sobre el producto lexicogrdfico:
4 Definicion del producto lexicogrdfico (lex_prod_def):
ra <*lex*> rb {((a,b),(a’,b’)). (a,a’) ra
(a = a’ (b,b’) rb)}
1% Conservacion de la buena fundamentacion:
4 wf_lez_prod: wf ra; wf rb wf (ra <*lex*> rdb)

El orden de multiconjuntos estd en la teoria HOL/Library/Multiset.thy.

Induccion sobre relactones bien fundamentadas:
4 wf_induct: wf r; z. (y. (y,z) r Py) Pz Pa
+}

end

8.1. Gramaticas libres de contexto

chapter {* T8R1: Gramdticas libres de contexto *}

theory T8R1
imports Main
begin

text {#
En esta relacion se definen dos gramdaticas libres de contexto y se
demuestra que son equivalentes. Ademds, se define por Tecursion una
funcion para reconocer las palabras de la gramatica y se demuestra que
es correcta y completa. *}
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text {*

Ejercicto 1. Una gramdtica libre de contexto para las expresiones
parentizadas es

S /’(’S’)’/SS
definir inductivamente la gramdtica S usando 4 y B para (7 y ’)’,

respectivamente.
__________________________________________________________________ *}
datatype alfabeto = A | B
inductive_set S :: "alfabeto list set" where
Sl: II[] Sll
| S2: "w S [A]l @w @ [B] S"
| 83: "v S w S vG@w S"
text {*
Ejercicto 2. Otra gramdtica libre de contexto para las expresiones
parentizadas es
T / T ;() T )))
definir inductivamente la gramdtica T usando 4 y B para (7 y ’)’,
respectivamente.
__________________________________________________________________ *}
inductive_set T :: "alfabeto list set" where
Tl: ll[:l Tll
| T2: "v. T w T v @ [A] e w @ [B] T"
text {*
Ejercicto 3. Demostrar que T estd contenido en S
__________________________________________________________________ *}

lemma T_en_S:
assumes "w T"
shows "w S"

using assms

proof (induct rule: T.induct)
show "[] S" by (rule S1)
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next
fix v w
assume "v T" and "v S" and "w T" and "w S"
have "[A] @ w @ [B] S" using ‘w S°¢ by (rule S2)
with ‘v S‘ show "v @ [A] @ w @ [B] S" by (rule S3)
ged

text {*

text {+*
Se usardn dos lemas auztiliares:
% S_en_T auxl: w T [A] @ w @ [B] T
42 S_en_T auzx2: v T v T w@wv T

*}

- "La demostracién estructurada del primer lema es"
lemma S_en_T_auxl:
assumes "w T"
shows "[A] @ w @ [B] T"
proof -
have "[] T" by (rule T1)
hence "[] @ [A] @ w @ [B] T" using assms by (rule T2)
thus "[A] @ w @ [B] T" by simp
ged

- "La demostracidén automdtica del primer lema es"
lemma S_en_T_auxlb:
"w T [A]l ewe@ [B] T"
using T1 T2[where v = "[]"] by simp

- "La demostracién estructurada del segundo lema es"
lemma S_en_T_aux2:
"v. T/fa T unw@v T"
proof (induct rule: T.induct)
assume "u T"
thus "u @ [] T" by auto
next
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fix wl w2
assume "wil T"
"u T u@©@wi T"

"w2 T"
"u T u@w2 T
"y T"

hence "u @ wl T" by simp
hence "(u @ wi) @ [A] @ w2 @ [B] T" using ‘w2 T‘ by (rule T2)
thus "u @ w1 @ [A] @ w2 @ [B] T" by auto

ged

lemma S_en_T:

"w S w T"
proof (induct rule: S.induct)

show "[] T" by (rule T1)
next

fix w

assume "w S" "w T"

show "[A] @ w @ [B] T" using ‘w T‘ by (rule S_en_T_auxl)
next

fix v w

assume "v S" "v T" "w S" "w T"

show "v @ w T" using ‘w T¢ ‘v T¢ by (rule S_en_T_aux2)
ged

lemma S_igual_T:
g = T"
by (auto simp add: S_en_T T_en_S)

text {*
Ejercicto 5. En lugar de una gramdtica, se puede usar el siguiente
procedimiento para determinar st la cadena es una sucesion de
paréntesis bien balanceada: se recorre la cadena de tzquierda a
derecha contando cudntos paréntests de mecesitan para que esté bien
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balanceada. Si el contador al final de la cadena es 0, la cadena estd
bien balanceada.

Definir la funcion

balanceada :: alfabeto list bool
tal que (balanceada w) se verifica si w estd bien balanceada. Por
ejemplo,

balanceada [A,4,B,B] = True

balanceada [A,B,A,B] = True

balanceada [4,B,B,A]
Indicacion: Definir balanceada wusando la funcion auztliar

False

balanceada_auz :: alfabeto list mnat bool
tal que (balanceada_auz w 0) se verifica st w estd bien balanceada.
__________________________________________________________________ *}
fun balanceada_aux :: "alfabeto list nat bool" where
"balanceada_aux [] 0 = True"

balanceada_aux w (Suc n)"
balanceada_aux w n"
False"

| "balanceada_aux (A#w) n
| "balanceada_aux (B#w) (Suc n)
| "balanceada_aux w n

fun balanceada :: "alfabeto list bool'" where
"bpalanceada w = balanceada_aux w 0"

value "balanceada [A,A,B,B]" -- "= True"
value "balanceada [A,B,A,B]" -- "= True"
value "balanceada [A,B,B,A]" -- "= False"
text {*

Ejercicio 6. Demostrar que balanceada es un reconocedor correcto de la
gramdtica S; es decair,
w S balanceada w

text {#
Nota: En la demostracion se usaran los sigutentes lemas auziliares:
% balanceada_correcto_aux_1:
balanceada_auxz w n balanceada_auz (w @ [B]) (Suc n)
1% balanceada_correcto_auz_2:
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balanceada_aux ?v ?n;
balanceada_aux ?w 0
balanceada_aux (?v @ ?w) 2n

1% balanceada_correcto_auz_3:
w S balanceada_auz w 0  *}

- "La demostracién automdtica del primer lema auxiliar es"
lemma balanceada_correcto_aux_1:
"balanceada_aux w n balanceada_aux (w @ [B]) (Suc n)"
by (induct w n rule: balanceada_aux.induct) simp_all

- "La demostracién estructurada del primer lema auxiliar es"
lemma balanceada_correcto_aux_1b:
assumes "balanceada_aux w n"
shows "balanceada_aux (w @ [B]) (Suc n)"
using assms
proof (induct w n rule: balanceada_aux.induct)
assume "balanceada_aux [] 0"
thus "balanceada_aux ([] @ [B]) (Suc 0)" by simp
next
fix wn
assume "balanceada_aux w (Suc n) balanceada_aux (w @ [B]) (Suc (Suc n))"
"balanceada_aux (A # w) n"
thus "balanceada_aux ((A # w) @ [B]) (Suc n)" by simp
next
fix wn
assume "balanceada_aux w n balanceada_aux (w @ [B]) (Suc n)"
"balanceada_aux (B # w) (Suc n)"
thus  "balanceada_aux ((B # w) @ [B]) (Suc (Suc n))" by simp
next
fix v
assume "balanceada_aux (B # v) 0"
thus "balanceada_aux ((B # v) @ [B]) (Suc 0)" by simp
next
fix v
assume "balanceada_aux [] (Suc v)"
thus "balanceada_aux ([] @ [B]) (Suc (Suc v))" by simp
ged

- "La demostracién automatica del segundo lema auxiliar es"
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lemma balanceada_correcto_aux_2:
assumes 'balanceada_aux v n"
"balanceada_aux w 0"
shows "balanceada_aux (v @ w) n"
using assms
by (induct v n rule: balanceada_aux.induct) simp_all

- "La demostracidén automdtica del tercer lema auxiliar es"
lemma balanceada_correcto_aux_3:
"w S Dbalanceada_aux w 0"
by (induct rule: S.induct)
(auto simp add: balanceada_correcto_aux_1 balanceada_correcto_aux_2)

- "La demostracidén estructurada del tercer lema auxiliar es"
lemma balanceada_correcto_aux_3b:
"w S Dbalanceada_aux w 0"
proof (induct rule: S.induct)
show "balanceada_aux [] 0" by simp
next
fix w
assume "w S"
"balanceada_aux w 0"
thus "balanceada_aux ([A] @ w @ [B]) O"
by (simp add: balanceada_correcto_aux_1)

next
fix vw
assume "v S"
"balanceada_aux v 0"
Ilw SII

"balanceada_aux w 0"
thus "balanceada_aux (v @ w) 0"
by (simp add: balanceada_correcto_aux_2)
ged

- "La demostracidén estructurada del tercer lema es"
lemma balanceada_correcto:
"w S balanceada w"
by (simp add: balanceada_correcto_aux_3)

text {*
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Ejercicio 7. Demostrar que balanceada es un reconocedor completo de
la gramdtica S; es decir,
balanceada w w S

- "La demostracién automdtica del primer lema auxiliar es"
lemma balanceada_completo_aux_1:
"[A,B] S"
using S1 S2 [where w = "[]"] by simp

- "La demostracién estructurada del primer lema auxiliar es"
lemma balanceada_completo_aux_1b:

"[A,B] S"
proof -

have "[] S" using S1 by simp

hence "[A] @ [] @ [B] S" using S2 [where w = "[]1"] by simp

thus "[A,B] S" by simp
ged

- "La demostracién estructurada del segundo lema auxiliar es"
lemma balanceada_completo_aux_2:
assumes "u S"
shows "vw. u=vQw vOQA#B#w S"
using assms
proof (induct)
fix v w :: "alfabeto list"
assume "[] = v @ w"
thus "v @ A # B # w S" by (simp add: balanceada_completo_aux_1)
next
fix v uw :: "alfabeto list"
assume uS: "u S'" and
HI: "vw. u=vQ@w vOQ@A#B#w S" and
sup: "[A] @ u @ [B] =v Q@ w"
show "v @ A #B # w S"
proof (cases v)

case Nil

hence "w = A # u @ [B]" using sup by simp

hence "w S" using uS S2 by simp

hence "[A,B] @ w S" using balanceada_completo_aux_1 S3 by blast
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thus 7thesis using Nil by simp

next
case (Cons x v?)
show 7thesis

proof (cases w rule:rev_cases)

case Nil
have "A # u @ [B]

next
case (snoc w’ y)

S" using S2 uS by simp
hence "(A # u @ [B]) @ [A,B] 8"

using balanceada_completo_aux_1 S3 by blast
thus 7“thesis using Nil Cons sup by auto

hence u: "u = v’ @ w’" and [simp]: "x
using Cons sup by auto

from u have "v’ @ A # B # w’

hence "A # (v’ @ A # B # w’) @ [B]
using S2 [where w = "v’ @ A # B # w’"] by simp

thus 7thesis using Cons snoc by auto

gqed

ged

next

fix v’ w? vw

assume v’S: "v’ 8"
and HIv: "v w. v’
and w’S: "w’ S"
and HIw: "v w. w’
and sup: "v’ @ w’

vOQw v OAH#B

vOw vOAH#B
v @ w"

then obtain r where "v’? = v @r r Q@ w’

(is "?7A 7B")

by (auto simp: append_eq_append_conv2)
thus "v @ A # B # w S"

proof
assume A: 7A

hence "v @ A # B # r

hence "(v @ A # B # r) @ w’

Sll

#

= A y:B“

S" by (rule HI)

w S

W Sll

w v’ Q0r=v w

S" using HIv by blast

thus 7thesis using A by auto

next
assume B: 7B

hence "r Q A # B # w
with v’S have "v’> @ (r @ A # B # w)

S" using w’S by (rule S3)

S" using HIw by blast

S" by (rule S3)

r @ w"
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thus 7thesis using B by auto
ged
ged

- "La demostracidn estructurada del tercer lema auxiliar es"
lemma balanceada_completo_aux_3:
"balanceada_aux w n replicate n A @ w S"
proof (induct w n rule: balanceada_aux.induct)
assume "balanceada_aux [] 0"
thus "replicate 0 A @ [] S" using S1 by simp
next
fix wn
assume "balanceada_aux w (Suc n) replicate (Suc n) A @ w S"
and "balanceada_aux (A # w) n"
thus "replicate n A @ A # w S"
by (simp add: replicate_app_Cons_same)
next
fix wn
assume '"balanceada_aux w n replicaten A @ w S"
and "balanceada_aux (B # w) (Suc n)"
thus "replicate (Suc n) A @ B # w S"
by (simp add: balanceada_completo_aux_2
replicate_app_Cons_same[symmetric])
next
fix v
assume "balanceada_aux (B # v) 0"
thus "replicate 0 A @ B # v S" by simp
next
fix v
assume "balanceada_aux [] (Suc v)"
thus "replicate (Suc v) A @ [ S" by simp
ged

- "La demostracién del lema es"
lemma balanceada_completo:
assumes "balanceada w"
shows "w 8"
proof -
have '"balanceada_aux w 0" using assms by simp
hence "replicate 0 A @ w S" by (rule balanceada_completo_aux_3)



8.1. Gramaticas libres de contexto 501

thus "w S" by simp
ged

end
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